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Introduction: the nuclear many-body problem

Degrees of Freedom Energy (MeV)
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@ in principle can derive everything from here

Physics of Hadrons
v
r
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00 .= Effective theory for nuclear systems

nnnnnnnnnnn

eﬁ oo e H = -|- Z Vl] + - Z Wz]k 4 .

1,5,k

Physics of Nuclei

@ easier to deal with than the QCD lagragian

@ describes correctly low energy physics

Bertsch, Dean, Nazarewicz (2007) @ non-perturbative — still very challenging

Two main goals:

@ energy spectrum (eigenvalues)

@ scattering cross sections/response to external probes (eigenvectors)
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Why is this difficult?

GOAL: compute the ground state energy with error at most €

H = Zp—+ ZVWL ZWMk—i—

i,5,k

PROBLEM: large dimension of the Hilbert space N = dim(H) > 44

Classical computational cost T g e e

o Full diagonalization: O(N?)

log(N i, A
@ sparse Lanczos*: O (dNM) W me OF
\/g & 10 10Be 108
lo ( ) —g0] GFMC calculations l;Bm
@ MC no sign prob.: O (gT) B I —

e MC with sign prob.: O <]X—f)

*see eg. Kuczynski & Wozniakowski (1989)
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Why quantum computing?

GOAL: compute the ground state energy with error at most e

H= Zp—+ ZV”+ ZWUH

i,5,k

Quantum Phase Estimation (QPE) ]

Time evolution is cheap

@ many Hamiltonians such that
(W (t+ 7)) =exp (itH) [¥(t))

N)%)
@ QPE uses this to solve our goal
|n0<1°g( ) ) for1<k<3

costs only O (7 log(

v
Alessandro Roggero

IMPORTANT REMARKS:
@ many repetitions required, need
stable quantum processor for
log(N)” ;
only O <f> operations
@ this is not always possible*

@ if it is, dynamics is as

easy/complicated as static
* see eg. Childs&Kothari(2009)
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Plan for the next 4 lectures

General scheme for many-body quantum simulations

@ Discretize physical problem on finite Hilbert space
@ Encode discrete problem into spin problem
@ Prepare an encoded low energy state

@ Measure it's properties

@ introduction @ Quantum Phase Estimation

@ measurements @ simple time evolution
Lecture 3 Lecture 4

@ scattering cross sections o efficient time evolution

@ exclusive processes @ Qubitization
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Quick recap on quantum gates

single-qubit gates

o= (§ o) =
w=(3 o) =&
o= (p %) -2
s=(; §) -1

see DL lectures

0) HUa}+—
0) 4z} O—e— UL -
0) —{Z}-P—s—D—e—HUl -
0) —{Up |—+—
1 0 00
CNOT — o — 01 0 O
N 0 0 0 1
0 01 0
o) = @[00) + b[01) + ¢[10) + d|11)
[®1) = a[00) +b01) +¢[11) +d[10)

EXERCISE: show that YUy4, Up the output of the circuit above is |0000)
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Quick recap on quantum gates

single-qubit gates 10) % Ua

see DL lectures

e
N>

Caeay| 0 HzHo—e T Ul -
R;(0) —=exp ( i0 5 | |
0) 2@ &4 U |-
0) —|Up |-+

two-qubit entangling gate

v~ (i 3)-- o

1 0 NOT="—9==1¢ ¢ 0 1

"Z:<0 —1): P o010
S:((l) 0): |®o) = a|00) +b|01) + ¢|10) + d|11)
! |®1) = a|00) +b[01) +c|11) +d[10) |

EXERCISE: show that YUy4, Up the output of the circuit above is |0000)
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Quick recap on quantum gates ||
see DL lectures

Hadamard Gate Generic controlled unitary
g_ L (1 1 ) _ (1 0>
V2 \1l -1 0 U
@ rotates between Z and X basis Single qubit U Barenco et al. (1995)
S Y
—{BI-o—{cl-o-{ D]

@ generates uniform superposition

10) Controlled CNOT: Toffoli
10) .

0) —e— = [6 CNOT + 9 single qubit]x
23-1
_69_
H220) = —= ) |k) /
23 k=0 * see eg. Nielsen & Chuang
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Measuring an observable: single qubit case
Computational basis is eigenbasis of Z so that, if |¥) = Uy |0), we have

(|Z|%) = [(0|W)* — [(1]@)]* = |0)
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Measuring an observable: single qubit case
Computational basis is eigenbasis of Z so that, if |¥) = Uy |0), we have

(|Z|%) = [(0|W)* — [(1]@)]* = |0)

We now need to repeat calculation M times to estimate the probabilities

P(0) = [(0]B)[*> ~ % Var[P(0)] ~ 77 — 0.
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Measuring an observable: single qubit case
Computational basis is eigenbasis of Z so that, if |¥) = Uy |0), we have

(|Z|%) = [(0|W)* — [(1]@)]* = |0)

We now need to repeat calculation M times to estimate the probabilities
)
PO) = [(0) ~ 25050 arplo)] ~ 22 0.

Other expectation values accessible by basis transformation

0) Uy [ Vx| 1A \ 0) — U [V A

o for X we can use X = VXZV)T( where Vx is the Hadamard

C0=:C D0 D6

o for Y we can use Y = SX St so that V- = SVy = SH
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Measuring an observable: the Pauli group

Given a state |¥) defined over n qubits and an encoded operator
Nk
O0=> P Pe{(1,X,Y,2)""}
k=1
we want to measure the expectation value (U|O|¥) [McClean et al. (2014)].

Example: XoY12575Y, e Vk perform M experiments to get (Py) with
P2y —(P)? 11— (P)?
Var[Pk]rv( k>M< k) - ]f/[k>

@ we can now evaluate (O) with variance

Var[O] = lek|“Var| Py
- ; k k

= total error oc \/Ng /M.

v
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Measuring an observable: the Pauli group

Given a state |¥) defined over n qubits and an encoded operator
Nk
O0=> P Pe{(1,X,Y,2)""}
k=1
we want to measure the expectation value (U|O|¥) [McClean et al. (2014)].

Example: X0Y122Z3Y4 | e naive estimator has total error oc /Ny /M

@ we can measure multiple terms together!
,
XoY112Z3Y,

XoY11215Ys o
XoXN1ZoZ3 X,

refs: 1907.03358,1907.07859,1907.09040,1907.13117,1908.06942,. . .

v
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Measuring an observable: Hadamard test

Kitaev (1995)

|0) Rz(@) H A
@) U |
When 6 = 0 we have:
o |‘1>o>=| ) ® )
0 (o) =" o|v)
0 |Py) = ®|‘1’ + \1>63/U§\‘1’>
0 |B3) = ®(1+U)|‘P> + |1>®(1;U)|W>

Result of ancilla measurement

(VU + U)]¥) _

<Z>a =

2

R(V|U|T)

EXERCISE: find the proper angle 6 needed to measure the imaginary part
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EXAMPLE 1: the SWAP test

o State Tomography: reconstruction of state |¥) costs O(N) samples
o State Overlap: we can compute |(¥|®)|? using only O(log(N)) gates
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EXAMPLE 1: the SWAP test

o State Tomography: reconstruction of state |¥) costs O(N) samples
o State Overlap: we can compute |(¥|®)|? using only O(log(N)) gates

’0) Buhrman, Cleve, Watrous & de Wolf (2001)
H = (Z) = |(¥]0)P
|®)

The SWAP gate Why should we care?
SWAP ) @ [8) = |2) @ |¥) | o)
| swap [ _ )

SWAP

1000 D)

2 qubits = 00 10 =M — f ?
010 0 (W 6 @) = (9] Wi[0)
0001 Efficient transition matrix element!
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EXAMPLE 2: eigenvalue estimation

Take a unitary U and an eigenvector |¢) so that: U |¢) = 2™ |¢)
|0> - I RZ(G) HHA
|¢) U]

e for 0 =0: (Z), = cos(2m¢)

I — cos(2md)
0.5F -

1 . 1 . . 1 .
0.25 0.75 1

0.5
Eigenvalue ¢
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EXAMPLE 2: eigenvalue estimation

Take a unitary U and an eigenvector |¢) so that: U |¢) = 2™ |¢)
0) Rz(0) {H A
|¢) U]

e for 0 =0: (Z), = cos(2m¢)

e error § with M oc 1/62 samples:

0.5

1

Var(Z,| ~ —

I —  cos(2mf) M
05+ E

1 L 1 L L 1 L
0.25 0.75 1

0.5
Eigenvalue ¢
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EXAMPLE 2: eigenvalue estimation

Take a unitary U and an eigenvector |¢) so that: U |¢) = 2™ |¢)
0) Rz(0) {H A
|¢) U]

e for 0 =0: (Z), = cos(2m¢)
e error § with M o 1/6% samples:

0.5
oF y 1

1% N

- ar|Z,] i

—  cos(2mf)

-0.5

@ not enough to separate (¢,1 — ¢)

1 L 1 L L 1 L
0.25 0.75 1

0.5
Eigenvalue ¢
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EXAMPLE 2: eigenvalue estimation

Take a unitary U and an eigenvector |¢) so that: U |¢) = 2™ |¢)

|0) Rz(9) HHA
) U |

0.5

I —  cos(2mf)
05+ — sin2n)

1 ) 1

N

0.25

0.5
Eigenvalue ¢

1
0.75

e for 0 =0: (Z), = cos(2m¢)
e error § with M o 1/§2 samples:

1
Var|Z,] ~ i

@ not enough to separate (¢,1 — ¢)
o for 0 = 0cp: (Z)g = sin(2mwe)
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EXAMPLE 2: eigenvalue estimation

Take a unitary U and an eigenvector |¢) so that: U |¢) = 2™ |¢)

|0) Rz(9) HHA
) U |

0.5

I —  cos(2mf)
05+ — sin2n)

1 ) 1

N

0.25

0.5
Eigenvalue ¢

1
0.75

e for 0 =0: (Z), = cos(2m¢)
e error § with M o 1/§2 samples:

1
Var|Z,] ~ i

@ not enough to separate (¢,1 — ¢)
o for 0 = 0cp: (Z)g = sin(2mwe)
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EXAMPLE 3: Can we apply a non-unitary operation?

YES, but only with some probability J

@ this can be useful for example if the transition matrix element we
considered before is genereated by a non unitary operator

0) > 0@+ 1)@ 5|
9 U

[~ ]
e we will measure |0) with Py = % 14+ R(o|U|¢)) = o) = ]2-\‘/1‘; 16)
0
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EXAMPLE 3: Can we apply a non-unitary operation?

YES, but only with some probability )

@ this can be useful for example if the transition matrix element we
considered before is genereated by a non unitary operator

0) > 0@+ 1)@ 5|
9 U

[~ ]
e we will measure |0) with Py = %(1 + R(B|U|¢)) = |6o) = ]2-\‘;];] 16)
0

Concrete example: projection operators

If we take U to be the reflection around |¢), like U = (2|¢)(¢0|—1), we find

Po= () = \¢o>=%|¢>=w>
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