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OVERVIEW

1.  Computational journey of our research group

2.  Lattice Boltzmann Algorithms - Gordon Bell finalists 
2005 (Earth Simulator)

3.  QLA for NLS, KdV - 1D. :  exactly soluble - solitons

5.  QLA for GP/NLS for scalar BEC : quantum vortex

6.  QLA for Spin-2 BECs  :   non-Abelian vortices

7.  QLA for Maxwell Equations

- 2D and 3D Quantum Turbulence

4.  QLA for MHD-Burgers :  NMR Expt. Burgers Eq.



• Mean field theory for scalar Bose-Einstein Condensates 
collective s-wave bosonic interactions  :  i

∂ψ x,t( )
∂t

= −∇2 +Vext + gψ x,t( ) 2⎡
⎣⎢

⎤
⎦⎥
ψ x,t( )

GP/NLS equation: Hamiltonian H = d 3x ψ * −∇2 +Vext( )ψ + 1
2
gψ

4⎡

⎣
⎢

⎤

⎦
⎥∫ -non-integrable in 2D, 3D

Superfluid Equations (Madelung transformation)
∂ρ
∂t

+∇ i ρvBEC( ) = 0 with mean density ρ =ψψ *

superfluid velocity⇒ ρvBEC = i ψ
*∇ψ −ψ ∇ψ *( )

momentum eq.:  inviscid-Euler with singular "quantum pressure" term

ψ x,t( ) = ρ x,t( ) exp i nwϕ x,t( )⎡⎣ ⎤⎦ vBEC = 2nW∇ϕ x,t( )
d
!
ℓ i vBEC = 0C!∫

rotating BEC :  steady state density 
exhibits a lattice of quantum vortices

 if simply connected domain :                                - no circulation   

multi-connected domain ⇒ ∃ topological singularities: ρ = 0
at core of (scalar) quantum vortices

quantization of circulation d
!
ℓ i vBEC = nwκ!∫
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• Feynman : quantum turbulence -- tangled quantum vortices

Classical 3DFluidTurbulence :  incompressible ,  Kolmogorov k−5/3  inertial range

•  Viscosity critical for vortex 
reconnection

Plasmas - dual cascades (solar wind magnetic energy spectrum) 
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i
∂ψ x,t( )

∂t
= −∇2 +Vext + gψ x,t( ) 2⎡
⎣⎢

⎤
⎦⎥
ψ x,t( )

ETOT = EKE + Eint + Equ = const.

EKE = Eincomp + Ecomp

3D GP Eq.  -  2 qubits/spatial node
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•  more detailed spectral analysis on 30723 grid 

k−3incomp. quantum

comp

standard CFD simulations of quantum turbulence

i −γ x,t( )⎡⎣ ⎤⎦
∂ψ
∂t

= −∇2ψ + gψ
2
− µ⎡

⎣⎢
⎤
⎦⎥
ψ

dissipation for numerical stabilization

To recover  energy conservation
must inject appropriate energy ...
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Quantum Line Vortex Core Isosurfaces (n=5) 
  - energetically more favorable 
    to split into 5 non-deg vortices

phase : φ = 0 − blue
φ=2π − red

t = 0

t = 3000

t = 9000
Core Isosurfaces of order parameter
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t = 0 
  3 x 16 line

   Vortices
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t = 84000 
Vortex 

reconnection

- quantum 
turbulence 
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t = 115,000.    Half-recurrence Time (line inversion)

t = 0

C.f., Arnold cat map

t = 84,000
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t = 0

t = 230,000

Is this Poincare recurrence 
or
Fermi-Pasta-Ulam-Tsingou ?
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No vortices

No initial 
vortices

∇× ρ vBEC( )i ẑ

Poincare Recurrence
or
Fermi-Pasta-Ulam-Tsingou ?

2D Quantum Turbulence (GP Eq.)
t = 0 : ρ = const., φ − random
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QLA for 3D Vortex Solitons in Hyperbolic Self-Defocusing
Nonlinear Media

  
i ∂ψ
∂t

+ 1
2
∇2ψ − ψ

2
ψ = 0

•  Efremidis et. al. (2007)  :  stable vortex structures in 3D nonlinear optics

  
i ∂ψ
∂t

+ 1
2

∇⊥
2ψ − ∂2ψ

∂z2

⎛

⎝
⎜

⎞

⎠
⎟ − ψ

2
ψ = 0

elliptic hyperbolic

  

CE →
cosθE −isinθE

−sinθE cosθE

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟   

θE = π
4
− 1

8
2ψ

2

  
θH = 3π

4
− 1

8
2ψ

2
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Confine BEC in an optical trap : 

  spin-2 BEC (87Rb)

5-coupled BECs

BEC density N x,t( ) = ψ j x,t( ) 2
j=−2

2

∑

meanspinexpectation   F x,t( ) = ψ m
* x,t( ) fmnψ n x ,t( )

m,n=−3

3

∑ ,F± = Fx ± i Fy

spin-singlet pair  A= 2ψ 2ψ −2 − 2ψ 1ψ −1+ψ 0
2( )

order parameter manifold of the cyclic phase :  tetrahedral symmetry

--  non-Abelian vortices (homotopy group theory)

• reconnection of different vortex classes is restricted

• energy spectrum of non-Abelian quantum turbulence?

#6. SPIN-2  BECs   : Non-Abelian Vortices
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order parameter manifold of the cyclic phase :  tetrahedral symmetry

--  non-Abelian vortices (homotopy group theory)

QLA  for  spin-2 BECs   (Yepez....)  :  10 qubits/node for 5-spinor
!ψ

i
∂
!ψ
∂t

= Ĥdiag + Ĥnon
⎡⎣ ⎤⎦

!ψ , Ĥnon

!ψ = c1F ⋅ f
!ψ + c2 Â !ψ

Evolution :   
!ψ t +δ t( )= ÛnonÛdiag

!ψ t( )
can treat as in scalar BEC

Ûnon = exp −ic1N̂2 Fδ t⎡⎣ ⎤⎦ exp −ic2 N̂AAδ t⎡⎣ ⎤⎦
−can  we  approximate these expressions by tridempotent operators

- N̂tri
3 = N̂tri

exp i N̂tri
⎡⎣ ⎤⎦− can be summed to all orders

[c.f ., exp iθn⋅ !σ⎡⎣ ⎤⎦ = Î cosθ + i n⋅ !σ( )sinθ ]

Current Research:  how to generate initial conditions of non-Abelian line 
vortices in 3D spin-2 BECs ?
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#7. QLA  for  Maxwell Equations

Uhlenbeck (1931), Oppenheimer (1931) :    Dirac             Maxwell   

    

∇ i D x,t( ) = ρ x,t( ) , ∇ i B x,t( ) = 0

∇× H x,t( ) = J x,t( ) + ∂D x,t( )
∂t

, ∇×E x,t( )=− ∂B
∂t

   D x,t( ) = ε x,t( ) E x,t( )
   B x,t( ) = µ x,t( ) H x,t( )

   
F± = 1

2
ε E ± i B

µ

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

Riemann-Silberstein vector

Maxwell Eqs.
    
i ∂F±

∂t
= ±v∇×F± ± 1

2
∇v ×F± ± v

2h
∇h×F∓ + i

2
∂lnv
∂t

F± + ∂ln h
∂t

F∓
⎛
⎝⎜

⎞
⎠⎟
− i vh

2
J

    
∇ i F± = 1

2v
∇v i F± + 1

2h
∇h i F∓ + vh

2
ρ

   
v x,t( ) = 1

ε µ
, h x,t( )= µ

ε
• coupling of polarizations through 

derivatives on h(x,t)

(Khan 2002, 2005)
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• Maxwell into Dirac Form

8-component spinors

  

Ψ± =

−Fx
± ± i Fy

±

Fz
±

Fz
±

Fx
± ± i Fy

±

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

, W ± = 1
2ε

−Jx ± i J y

Jz − v ρ
Jz + v ρ
Jx ± i J y

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

    

∂
∂t

Ψ+

Ψ−

⎛

⎝⎜
⎞

⎠⎟
− 1

2
∂lnv
∂t

Ψ+

Ψ−

⎛

⎝⎜
⎞

⎠⎟
+

iMzα y

2
∂ln h
∂t

Ψ−

Ψ−

⎛

⎝⎜
⎞

⎠⎟

= − v
M i∇ +

!
Σ i

∇v
2v

−iMz

!
Σ i

∇h
h
α y

−iMz

!
Σ* i

∇h
h
α y M* i∇ +

!
Σ* i

∇v
2v

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

Ψ+

Ψ−

⎛

⎝⎜
⎞

⎠⎟
−

W +

W −

⎛

⎝⎜
⎞

⎠⎟

   
v x,t( ) = 1

ε µ
, h x,t( )= µ

ε

  
σ x =

0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
, σ y =

0 −i
i 0

⎛

⎝⎜
⎞

⎠⎟
, σ z =

1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟

    M =
!
σ ⊗ I2   Mz =σ z ⊗ I2

  

!
α = 0

!
σ

!
σ 0

⎛

⎝⎜
⎞

⎠⎟   

!
Σ =

!
σ 0
0
!
σ

⎛

⎝⎜
⎞

⎠⎟

Homogeneous Media 
    

∂Ψ+

∂t
= −v M i∇Ψ+ −W +

Ψ+ =

−Fx
+ + iFy

+

Fz
+

Fz
+

Fx
+ + iFy

+

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

, F+ = 1
2

ε E + i B
µ

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

Recovery of 
Maxwell Eqs. (a)  sum 1st and 4th rows             → ∂

∂t
E y ,By⎡⎣ ⎤⎦

(b)  difference of 1st and 4th rows → ∂
∂t

Ex ,Bx⎡⎣ ⎤⎦

(c)  sum of 2nd and 3rd rows         → ∂
∂t

Ez ,Bz⎡⎣ ⎤⎦

(d) diff. of 2nd and 3 rows      →∇ i E, B⎡⎣ ⎤⎦
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Ψ+ =

−Fx
+ + i Fy

+

Fz
+

Fz
+

Fx
+ + i Fy

+

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

≡

q0

q1

q2

q3

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

  

∂
∂t

q0

q1

q2

q3

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

= − ∂
∂x

q2

q3

q0

q1

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

+ i
∂
∂y

q2

q3

−q0

−q1

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

− ∂
∂z

q0

q1

−q2

−q3

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

Maxwell  Eqs.

Dirac for massless particle

  

∂ψ
∂t

= c a⊗σ j

∂ψ
∂x jj=1

3

∑ + ib⊗ I2 mψ

  

∂
∂t

ψ 0

ψ 1

ψ 2

ψ 3

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

= ∂
∂x

ψ 3

ψ 2

ψ 1

ψ 0

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

+ i
∂
∂y

−ψ 3

ψ 2

−ψ 1

ψ 0

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

+ ∂
∂z

ψ 2

−ψ 3

ψ 0

−ψ 1

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

2D Maxwell :  vacuum 4 qubits/node

  

CX =

cosθ 0 sinθ 0
0 cosθ 0 sinθ

−sinθ 0 cosθ 0
0 −sinθ 0 cosθ

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

, CY =

cosθ 0 isinθ 0
0 cosθ 0 isinθ

isinθ 0 cosθ 0
0 isinθ 0 cosθ

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

  

S± X
01

q0 x, y,t( )
q1 x, y,t( )
q2 x, y,t( )
q3 x, y,t( )

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

=

q0 x ±1, y,t( )
q1 x ±1, y,t( )
q2 x, y,t( )
q3 x, y,t( )

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

  

S± X
23

q0 x, y,t( )
q1 x, y,t( )
q2 x, y,t( )
q3 x, y,t( )

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

=

q0 x, y,t( )
q1 x, y,t( )
q2 x ±1, y,t( )
q3 x ±1, y,t( )

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

  

U X = S− X
01 CX S+ X

01 CX
† .S+ X

23 CX S− X
23 CX

†

U X
adj = S+ X

01 CX
† S− X

01 CX .S− X
34 CX

† S+ X
34 CX

  

UY = S−Y
23 CY S+Y

23 CY
†.S+Y

01 CY S−Y
01 CY

†

UY
adj = S+Y

23 CY
† S−Y

23 CY .S+Y
01 CY

† S−Y
01 CY

  

q0

q1

q2

q3

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

t+δ t

=UY
adj UY U X

adj U X

q0

q1

q2

q3

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

t

provided θ = ε
4

QLA for Maxwell to 2nd order
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t = 0

Ez

t = 1k

t = 30k +  periodicity
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1D normal incidence onto dielectric interface   Ez , Bx , n y( )
8-spinor

  

∂
∂t

q0

q1

q2

q3

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

= 1
n y( ) i ∂

∂y

q2

q3

−q0

−q1

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

− i
n ' y( )

2n2 y( )

q1 − q6

−q0 − q7

q3 + q4

−q2 + q5

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

  

∂
∂t

q4

q5

q6

q7

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

= 1
n y( ) i ∂

∂y

−q6

−q7

q4

q5

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

− i
n ' y( )

2n2 y( )

−q5 − q2

q4 − q3

−q7 + q0

q6 + q1

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

   

q0

q1

q2

q3

q4

q5

q6

q7

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

=

−Fx
+ + i Fy

+

Fz
+

Fz
+

Fx
+ + i Fy

+

−Fx
− − i Fy

−

Fz
−

Fz
−

Fx
− − i Fy

−

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

, with F± = 1
2

ε E± i
B
µ

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

  

CY θ( ) =

cosθ 0 isinθ 0 0 0 0 0
0 cosθ 0 isinθ 0 0 0 0

isinθ 0 cosθ 0 0 0 0 0
0 isinθ 0 cosθ 0 0 0 0
0 0 0 0 cosθ 0 −isinθ 0
0 0 0 0 0 cosθ 0 −isinθ
0 0 0 0 −isinθ 0 cosθ 0
0 0 0 0 0 −isinθ 0 cosθ

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

  
θ = ε

4n y( )

  
α = −iε 2 n ' y( )

2n2 y( )

  

V22 =

cosα 0 0 0 0 0 −sinα 0
0 cosα 0 0 0 0 0 −sinα
0 0 cosα 0 sinα 0 0 0
0 0 0 cosα 0 sinα 0 0
0 0 −sinα 0 cosα 0 0 0
0 0 0 −sinα 0 cosα 0 0

sinα 0 0 0 0 0 cosα 0
0 sinα 0 0 0 0 0 cosα

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

  

UYY = S−Y
23,67 CY θ( )S+Y

23,67 CY
† θ( ).S+Y

01,45 CY θ( )S− X
01,45 CY

† θ( )
UYY

adj = S+Y
23,67 CY

† θ( )S−Y
23,67 CY θ( ).S+Y

01,45 CY
† θ( )S−Y

01,45 CY θ( )
QLA to 2nd order:
!q t +δ t( ) = V11 V22 UYY

adj UYY
!q t( )
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1D normal incidence onto dielectric interface
Medium 1:  0 < L < 16000,   Medium 2 :  16000 < L < 32000
No boundary conditions are applied at interface

Case 1 :  n1 = 1 → n2 = 3

Refractive 
index near 
interface

  Ez blue( ) , Bx red( )

t = 0

t = 20k

t = 28k

t = 32k

t = 40k

t = 60k

Physics :
Bx
Ez

= nmed , Ez phase change , pulse speed & width in n2 reduced by
n1

n2
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Case II  :  n1 = 3 → n2 = 1   Ez blue( ) , Bx red( )

t = 0k

t = 60k

t = 84k

t = 96k

t = 120k
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  Ez blue( ) , Bx red( )Case III  :  n1 = 1 → n2 = 3 Gaussian wave packet

11000 12000 13000 14000 15000 16000
y

-0.010

-0.005

0.000

0.005

0.010

14000 15000 16000 17000
y

-0.010

-0.005

0.000

0.005

0.010

14000 15000 16000 17000
y

-0.010

-0.005

0.000

0.005

0.010

12000 13000 14000 15000 16000 17000 18000
y

-0.010

-0.005

0.000

0.005

0.010

t = 24k

t = 28k

t = 20k t = 32k

t = 40k
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