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• More than 99 % of matter we see made of neutron and 
proton   

• Neutrons protons made of quarks, gluons 
• Quantum Chromodynamics  QCD 
• CONFINEMENT, test  QCD  lattice 
• Size influences atomic physics tests of QED 
• How does the nucleon stick together when struck by 

photon? 
• Where is charge and magnetization density located? 

Origin of angular momentum? 
• What is the shape of the proton? 
• Discover new phenomenon - proton GE/GM, neutron 

central charge density 

Why study the nucleon?



What is a form factor? How to tell !
how big something is?
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How proton holds together-high Q2

All reaction mechanisms included in light front wave function of proton
Need GPDs and color transparency to decide 4
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ÒT imeÓ, x

+ = x

0 + x

3
, ÒEvolveÓ, p

! = p

0 ! p

3

ÒSpaceÓ, x

! = x

0 ! x

3
, ÒMomentumÓ, p

+(Bjorken)

Transverse position, momentum b,p

Implement Relativity: Light front, Infinite momentum 

These variables are used in GPDs, TMDs, standard variables

transverse boosts in kinematic subgroup
k ! k " k+ v

then density is 2 Dimensional  
Fourier Trans form

|R = 0, �! =
!

d2p|p, �!

Momentum transfer in transverse direction

xBj = p+(quark)
p+(traget)
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Frank Jennings Miller PRC54, 920, 1996 
Impulse Approximation!

Three particles independent spatial variables 

Purpose of  model wave function - learn phenomena
Please know the difference between using wave functions and fits

Models give predictions and fits do not

9



1996  Frank, Jennings, Miller

GE/GM falls with increasing Q2 10/34



Ratio of Pauli to Dirac Form Factors  
Theory  1996

Data: Jones et al PRL 84,1398
Gayou et al, PRL 88,  092301 

Miller & Frank PRC 65, 920 Will flat trend continue?

Puckett et al PRL 104,242301 

11



Relativistic Explanation

Over range of existing data, future?
12

Lower component
 signature of relativistic effects



PRD 24, 216

GE ≠ 0

Updated : Miller, Phys.Rev. C66 (2002) 032201

From 3D Fourier 
Transform of GE

With pion

Good fits to other form factors mag. moments

13



1

!  

Model proton wave function: quark-diquark 

Lorentz and rotationally  invariant-more 
different forms!   
Light front variables 

Dirac spinors-orbital angular momentum 

Quark spin is 35 % of 
proton total angular 
momentum
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Unified model of nucleon elastic form factors and 
implications for neutrino oscillation experiments   

Zhang, Hobbs, Miller arXiv: 1912:08479

• Axial current form factors needed for neutrino-nucleus 
interactions 

• Light front wave function  model- includes  
• Fit parameters to electromagnetic (vector) form factors 
• Compute axial form factors and consequences for 

neutrino-nucleus interactions physics 

15

Δ − π

/34



Vector FF’s: Light Front Quark Model (LFQM) arXiv: 1912:08479  
Z-exp. Fit: Ye et al PLB 777, 8 (’18) 
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11

For the axial-transition form factors, the Adler
parametrization appearing in Ref. [42] is used,

CA
3 (Q2) = 0 ,

CA
5 (Q2) =

r

3
2
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The factor
q

3
2 is due to the deÞnition of the isospin

structure in Eq. (33).
For the ! elastic form factors needed in the calculation

of Diagram (III ) (see Eqs. (61) and (62), and Tables X
and XI), information is limited. The results from existing
LQCD calculations [46] are implemented:
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4M 2
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The above parametrizations are the Þts to them
⇡

= 353
MeV results in Ref. [46]. For the ! Õs axial elastic form
factors, we use the given parametrizations for the Òm

⇡

=
0.411 GeV with Quenched Wilson fermionsÓ results in
Ref. [43] (see Table III and VI therein),

eF1! =
(0.40 + 1.98Q2)

(Q2 + 0 .942)3 , (87)

eF3! = eF1!
3.8

Q2 + 0 .12 . (88)

Finally, all the pion-cloud diagrams involve strong-
interaction form factors (cf. the deÞnitions in Sec. II C):
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FIG. 2. Proton electric and magnetic form factors. The
green band is 1-� error band of the results from Ref. [47] with
its central value somewhere in the middle of the band. The
three red solid curves are the central value and error band of
our model results.

c

s

11 �

s1 c

s

20 c

s

21 �

s2

0.29+0.67
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! 0.02 0.35+0.03
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! 0.04 0.43+0.02
! 0.02

TABLE II. Parameter mean values and their error bars cor-
responding to 68% degree of belief.

with unknown " N, ! .
In short summary, we have 15 unknown parameters,

including mq, ms, ma, cs
11, " s1, cs

20, cs
21, " s2, ca

11, " a1,
ca

20, ca
21, " a2, " N , and " ! , which need to be calibrated

against experiment data.

IV. MODEL CALIBRATIONS AND
PREDICTIONS

To calibrate our model, we rely on a recent analysis of
the nucleonÕs elastic EM form factors in Ref. [47]. The
study applied the z-expansion approach to parametrize
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FIG. 3. Neutron electric and magnetic form factors. See the
caption of Fig. 2 for the illustrations of the legends used here.

the form factors’ Q2 dependence with minimal model as-
sumptions, and then fitted them to the existing measure-
ments. The predicted form factors and their error bars
are used as “data” to constrain the aforementioned model
parameters. Specifically, we pick 16 di! erent Q2 value for
each of nucleon’s four EM form factors,

GEp,n(Q
2) ⌘ F1p,n � ⌧F2p,n (91)

GMp,n(Q
2) ⌘ F1p,n + F2p,n . (92)

Eight of them are evenly distributed in the 0.01  Q

2 
1.5GeV2 region, with the other eight also evenly dis-
tributed in 1.5 < Q

2  10GeV2.
The Bayesian inference [48] is then used to compute

the posterior probability distribution function (PDF) of
the unknown parameter vector, schematically labeled as
vector g, given the existing “data” D, our theory T ,
and prior information I. According to the Bayes’ the-
orem [48], the desired PDF is related to the likelihood
function through

pr (g|D;T ; I) = pr (D|g;T ; I) pr (g|I) . (93)

The first term on the right side is proportional to the
likelihood:

ln pr (D|g;T ; I) = c�
N!

j =1

"
F (g;Q2

j )�Dj
#2

2�2
j

, (94)

FIG. 4. The ratio between protonÕs electric and magnetic
form factors. The legend is the same as that in Fig. 2.

where F (g;Q2
j ) is the form factor prediction at Q2

j of the
jth data point Dj , and �j is the statistical uncertainty
associated with Dj . The constant c ensures pr (g|D;T ; I)
at the right side is properly normalized. The second term
in the right side of Eq. (93), pr (g|I), is the prior for
g, which is chosen as uncorrelated multivariate Gaus-
sian distribution centered at 0 and with width equal to 5
along each dimension (the units for mass parameters and
" N and " ! are GeV). It should be pointed out that in
this work, the errors of “data” at our picked Q

2 values
are treated as uncorrelated, considering the correlation
information for the “data” are not available in public.
This simplification needs to be further improved in the
future study.
The Markov Chain Monte Carlo method is then em-

ployed to sample the posterior PDF in the 15 dimension
space. The particular sampling algorithm is the so-called
emceesampler [49] coupled with parallel tempering [50].
The sampler has been extensively used in e.g., astron-
omy for the same purpose [49, 50]. The detailed 2-dim
and 1-dim projections of this PDF can be seen in Fig. 12.
The central values and 68% degrees-of-belief error bars
of the model parameters can be found in Table II. It is
interesting to note that the preferred parameter values
are consistent with the naive expectation raised in the
previous section.
With the samples of the posterior PDF, we can com-

pute the central value and error bar for any quantity as a
function of g. Figs. 2, 3, and 4 plot our error bands (the
red curves) for the nucleon EM form factors—normalized
against the GD (Q2)—and proton’s form factor ratio, to
be compared with the results (the green bands) from
Ref. [47]. Note the normalizations for magnetic form
factors µp = 2.793 and µn = �1.913 are from the sup-
plementary material of Ref. [47]. The model results are
in good agreement with the “data”. In particular, the
G

p
E -Gp

M ratio as shown in Fig. 4 agrees very well with
the extraction from Ref. [47] in the shown Q

2 window,
which is an improvement over the previous calculations
using similar approach [25, 44]. However, the di! erence
between our Gn

E
result and the “data”, as shown in Fig. 3,
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FIG. 6. The model prediction of eF1N and its error band.
Panel (a) normalizes form factor against ÷G

D

with M
A

= 1
GeV, while panel (b) uses M

A

= 1 .28 MeV. Panel (a) shows
two sets of curves: ÒLFQMÓ (red curves) are the modelÕs orig-
inal prediction, and the ÒLFQM 0Ó (blue curves) re-scale the
curves such that the Q2 = 0 value agrees with g

A

[17]. The in-
set in panel (b) demonstrates that when Q2 ⇠ 0, the full form
factor is close to the corresponding dipole parametrization.

antineutrino scattering; and
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Here, F1V " F1p ! F1n, F2V " F2p ! F2n are the form
factor for the isovector component in the EM current.
When integrating the di ! erential cross section over the
Q

2 to get the total cross section, the range ofQ2 depends
on neutrino Lab energyE

⌫

; its lower and upper limits are

2E2
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Figs. 7 and 8 compares di! erential cross section due
to three di! erent axial form factor in the CC-induced
(anti)neutrino scatterings. Two di ! erent E

⌫

= 0 .5 and
2 GeV are chosen. We see even havingM

A

= 1 .28
GeV such that the dipole parametrization agrees with
the full form factor at Q

2 % 0, their cross section re-
sults can di! er up to 5-10% in the dominating Q

2 re-
gions. Fig. 9 shows the total cross sections vsE

⌫

based on
those form factors: the di! erence between the full-form-
factor based calculations and the dipole-parametrization
based (M

A

= 1 .28 GeV) increases to around 5% at about
E

⌫

% 0.5 GeV and mildly increase to a little below 8%
with E

⌫

= 10 GeV. This E

⌫

range covers the dominating
region of the DUNEÕs neutrino spectra. This di! erence
should be compared against the required a-few-percent
precision of neutrino scattering cross section in the future
DUNE experiment. Of course, the di! erence between the
full calculation and the M

A

= 1 GeV one is much larger
than the previous ones, reaching to 20% above 1 GeV
neutrino energy. Note in all the Þgures, the EM form
factors are the full form factor from our model.

B. Neutrino-nucleus cross sections

To study the form factorÕs impact on the neutrino-
nucleus cross sections relevant for the DUNE experiment,
we use the GiBUU transport code to compute the" (ø" )Ð
40Ar QE scattering [34, 52]. The initial state nuclear
e! ects, including Fermi motion, should be taken into ac-
count in the transport calculation. The two-particle-two-
hole process, resonance production, and deep inelastic
scatterings are not studied here. The neutrino ßuxes (see
Fig. 10) in our calculation are the so-called ÒReference,
204x4 m DPÓ from Ref. [35]. Note that in the calcula-
tions here, we simply use the vector current native to the
GiBUU package.

Panel (a) and (b) in Fig. 11 show the DUNE ßux-
averaged di! erential cross section vsQ2 for both neutrino
and antineutrino scatterings. Panel (c) shows the ratios
between the full-axial-form-factor based and the dipole-
parametrization-based (with M

A

= 1 .28 GeV) calcula-
tions. Indeed the di! erence is about 5% in the dominant
Q

2 region around 0.2GeV2 and increases to about 10% at
Q

2 % 1GeV2 and beyond. The wiggles in the tails of the
ratio plot is due to the diminishing simulation statistics
in the large Q

2 region. It is worth noting that, in panel
(c), for Q

2 below 0.5 GeV2, the di! erences between the
two calculations in both neutrino and antineutrino scat-
terings are almost the same, but then di! er at a few
percent level with Q

2 a little above 0.5 GeV2.
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FIG. 7. Di↵erential cross section for neutrino scattering at E! = 0.5 and 2 GeV. In the upper panels, three di↵erent calculations
are plotted with di↵erent axial form factor, while the lower panels show the ratio between the result using our full form factor
and the one using g

A

G̃

D

with M

A

= 1.28 GeV.

FIG. 8. Di↵erential cross section for anti-neutrino scattering at E! = 0.5 and 2 GeV. See the caption of Fig. 7 for the
illustrations of the legends.

VI. SUMMARY

In this work, the light-front quark model with pion
cloud is employed to correlate the nucleon’s EM form fac-
tors with its axial form factors. The model is calibrated
to the EM form factors’ measurements, and then used to
predict the axial form factor e

F1N . We found our form
factor’s r2A = 0.29 ± 0.03fm2; its central value is smaller
than the one resulted from a recent analysis [5] neutrino-
nucleon scattering data and the singlet muonic hydrogen
capture rate measurement, r2A = 0.46±0.16fm2, although
they are still consistent within 1-� error bar. Meanwhile,

our value is closer to the current Lattice QCD results
from 0.2 ! 0.45fm2, although these Lattice calculations
still have room to be improved [5]. Note the correspond-
ingMA = 1.28±0.07 MeV (based on the form factor’s Q2

derivative at zero) is larger than MA = 1.01± 0.17GeV2

from Ref. [5, 17]).

More importantly, we found the widely used dipole
approximation to our full e

F1N over-estimates the
(anti)neutrino scattering cross sections, as compared to
the calculation using the full expression, by about 5%
at neutrino energy around 0.5 GeV and reaches about
10% at 10 GeV. By using the GiBUU simulation pack-

Neutrino-nucleon scattering

Using non-dipole form factors 
Widely used dipole ansatz inadequate

Gives 5-10% overestimate of total cross section

Future JLab measurements will impact knowledge of axial form factor! 



Interpretation of Sachs - GE(Q2) is Fourier transform of charge density 

Correct non-relativistic:
wave function  invariant under Galilean transformation

Relativistic :  wave function is frame dependent, initial and final 
states differ 

interpretation of Sachs FF is wrong 

Final wave function is boosted from initial

Need relativistic treatment

WRONG
GE(~q 2) =

Z
d3r⇢(r)ei~q·~r !

Z
d3r⇢(r)(1� ~q 2r2/6 + · · · )

Meaning of form factors
• General idea- give charge and magnetization densities 
• What they do NOT mean and what they DO mean

18



⇢NR (r ) =
! d3Q

(2 ! )3 e! iQárGE (Q2).
<latexit sha1_base64="Fy2aWHva0GPr/xREnI7oEkWfpyY="></latexit><latexit sha1_base64="Fy2aWHva0GPr/xREnI7oEkWfpyY="></latexit><latexit sha1_base64="Fy2aWHva0GPr/xREnI7oEkWfpyY="></latexit><latexit sha1_base64="Fy2aWHva0GPr/xREnI7oEkWfpyY="></latexit>

not a density-physics

Charge radius of neutron magnetic moment =µn:

GEn(Q2
) = F1n(Q2

)� Q2

4M2µnF2(Q2
) ! �Q2R2

1/6�
Q2

4M2µn ⇡ � Q2

4M2µn

Charge radius of neutron determined by its magnetic moment. Gasp!

<latexit sha1_base64="CcFcD6c0+E9ptjYF8PHEsrc3iC0="></latexit><latexit sha1_base64="CcFcD6c0+E9ptjYF8PHEsrc3iC0="></latexit><latexit sha1_base64="CcFcD6c0+E9ptjYF8PHEsrc3iC0="></latexit><latexit sha1_base64="CcFcD6c0+E9ptjYF8PHEsrc3iC0="></latexit>

Charge radius of pion

F! (Q2) ⇡ 1
1+ Q 2

m 2
!

Fourier transform ! NR (r ) / e! m ! r

r

Singular at r = 0. Gasp!
<latexit sha1_base64="JkMF7hM3uhG+A0rLvyQebl0ie0g="></latexit><latexit sha1_base64="JkMF7hM3uhG+A0rLvyQebl0ie0g="></latexit><latexit sha1_base64="JkMF7hM3uhG+A0rLvyQebl0ie0g="></latexit><latexit sha1_base64="JkMF7hM3uhG+A0rLvyQebl0ie0g="></latexit>

1

r2n = � 6
4M2µn = �0.126 fm2. Experimental value = �0.116 fm2

-
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¥ Correct non-relativistic because center-of-mass and 
internal coordinates are independent - factorize

¥ Relativistic: Internal wave functions depend on total 
momentum. No factorization.

¥ Momentum q is absorbed by proton of momentum p. Initial 
and Þnal wave functions have different momenta, so no 
square of wave function appears

¥  

⇢NR (r ) =
! d3Q

(2 ! )3 e! iQárGE (Q2).
<latexit sha1_base64="Fy2aWHva0GPr/xREnI7oEkWfpyY="></latexit><latexit sha1_base64="Fy2aWHva0GPr/xREnI7oEkWfpyY="></latexit><latexit sha1_base64="Fy2aWHva0GPr/xREnI7oEkWfpyY="></latexit><latexit sha1_base64="Fy2aWHva0GPr/xREnI7oEkWfpyY="></latexit>

not a density formal  reasons

NO ! ! ! , NO density
<latexit sha1_base64="9zhboTDofYLQzpqV0hreQ83fXqY="></latexit><latexit sha1_base64="9zhboTDofYLQzpqV0hreQ83fXqY="></latexit><latexit sha1_base64="9zhboTDofYLQzpqV0hreQ83fXqY="></latexit><latexit sha1_base64="9zhboTDofYLQzpqV0hreQ83fXqY="></latexit>

P

p

P-p

 B.S.(P, p) = 1
p2! m 2

q+i ✏
1

(P ! p)2! M 2
S +I ✏

~P != 0 is called a ‘Boost’. Di↵erent boosts di↵erent wave functions

<latexit sha1_base64="yE8jcwYOk9tJVFIfsMGAc/hudTI="></latexit><latexit sha1_base64="yE8jcwYOk9tJVFIfsMGAc/hudTI="></latexit><latexit sha1_base64="yE8jcwYOk9tJVFIfsMGAc/hudTI="></latexit><latexit sha1_base64="yE8jcwYOk9tJVFIfsMGAc/hudTI="></latexit>

Form factor is overlap of  
different initial and final wave functions.   

There is no density in the square of wave function sense

.

1

Initial state 4-momentum =P, final state =P+q
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Where Sachs (1962) went wrong

Appendix claims three-dimensional density exists

Tries to get around boost by using wave packet

|! ! =
!

d3P g( !P)|P, s!

|g( !P)|2 = " ( !P)

Gets rid of boost- both initial and Þnal wave function are at 0 momentum

But deÞning momentum precisely means position is spread over all of space!

Technically- Sachs ignored derivative of" ( !P), dropping an inÞnite term
<latexit sha1_base64="JLqQdsLWijSqx2v8llYwrOmvoko="></latexit><latexit sha1_base64="JLqQdsLWijSqx2v8llYwrOmvoko="></latexit><latexit sha1_base64="JLqQdsLWijSqx2v8llYwrOmvoko="></latexit><latexit sha1_base64="JLqQdsLWijSqx2v8llYwrOmvoko="></latexit>

The only derivation of  the three-dimensional density is due to Sachs PR 126, 
2256 (1962)

Next - doing it right, a true density

For details see G A Miller Phys.Rev. C99 (2019) no.3, 035202
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ÒT imeÓ, x

+ = x

0 + x

3
, ÒEvolveÓ, p

! = p

0 ! p

3

ÒSpaceÓ, x

! = x

0 ! x

3
, ÒMomentumÓ, p

+(Bjorken)

Transverse position, momentum b,p

Implement Relativity: Light front, Infinite momentum 

These variables are used in GPDs, TMDs, standard variables

transverse boosts in kinematic subgroup
k ! k " k+ v

then density is 2 Dimensional  
Fourier Trans form

|R = 0, �! =
!

d2p|p, �!

Momentum transfer in transverse direction

!
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Absent in a Drell-Yan Frame

From Marc Vanderhaeghen

23



F1 = �p+ , p�, ! |J + (0)|p+ , p, ! ⇥

= J+ (x! , b)

 Transverse charge density 

Diagonal matrix element of density operator 

b is distance between struck quark and R = 0

GAM Phys.Rev.Lett.99:112001,2007  
Transverse
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Negative  

Results

BBBA

Kelly
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Negative  

Results

BBBA

Kelly
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Neutron
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Figure 5

Neutron F1 and bρ(b). (a) F1(Q2). (b) bρ(b). The solid light brown curves are obtained using Þt 1 of
Reference 91, and the dashed green curves are obtained by using Þt 2 of the same reference.

for which GE is as yet unmeasured. Approximately 30% of the value ofρ(0) arises from this region.
That ρ(b = 0) < 0 was conÞrmed in References 80 and 92Ð94.

The negative central density deserves further explanation. SeeFigure 5 a, which showsF1 for
the neutron from two parameterizations of Reference 91. In both cases,F1 is negative (because
of the dominance of theGM term of Equation 44) for all values ofQ2. This feature, along with
taking b = 0 so thatJ0(Qb) = 1 in Equation 44, immediately leads to the central negative result.
The long-range structure of the charge density is captured by displaying the quantitybρ(b) in
Figure 5 b. At very large distances from the center,bρ(b) < 0, which suggests the existence of the
long-ranged pion cloud. Thus, the neutron transverse charge density displays an unusual behavior,
in which the positive charge density in the middle region is sandwiched by negative charge densities
at the inner and outer reaches of the neutron. A simple model in which the neutron ßuctuates
into a proton and aπ− parameterized to reproduce the negative-deÞnite nature of the neutronÕs
F1 (95) reproduces the negative transverse central density. In this case, the negative nature arises
from pions that penetrate to the center. The change from the nominal positive value obtained
from GE can be understood as originating in the boost to the IMF (86).

One can gain information about the individualu and d quark densities by invoking charge
symmetry [invariance under a rotation byπ about thez (charge) axis in isospin space (96Ð99)] and
by neglecting the effects ofs øs pairs (100). Model-independent information about nucleon structure
is thereby obtained and shows, surprisingly, that the central density of the neutron is negative.

www.annualreviews.org • Transverse Charge Densities 15
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F1 is negative, 
so is central 
density

If F1 goes positive at higher 
Q2 then central density

 might be positive

Details in 
GAM

ARNPS 60,1 (’15)
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Meaning of b:
• Distance between struck quark and transverse 

center of momentum 
• Distance between struck quark and spectator 

system is r, with  r(1-x)=b. 
• b=0 corresponds to either r=0 or x=1 
• My opinion is that having a single quark carrying  all 

momentum (x= 1)  is very rare, so 
• b=0 corresponds to r=0 
• Need measurements of form factors and GPD H(x,t) 

to know  (so far many extractions of H use form 
factors)
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Shapes of the proton
•  How to learn influence of quark orbital angular 

momentum? 
• OAM present in all relativistic wave functions 
• Proton has spin 1/2, no quadrupole moment  
• Spin-dependent density (SDD) G A Miller 

PRC68,022201(2003)  
• SDD is probability that struck quark has a given 

momentum and also a spin in a given direction 
• Direction defined by proton angular momentum ̂s

28



Spin projection operator 

γ(K) from lower component Dirac spinor
Same mechanism that gave QF2/F1 ~constant

Take expectation value 

29



Shapes of the proton

Published in PRC and NY Times

Origin of term “pretzelocity”

Momentum space Coordinate space 

Increase K  

Quark spin || proton spin

• G A Miller PRC68,022201(2003)  

Quark spin opposes 
proton spin
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Problem with previous
• Three dimensional- not two

• Used three dimensional vectors, need to use 
transverse momentum k and fraction x=k+/P^+

• Use language of TMDs and GPDs! GAM Phys.Rev. C76 (2007) 
065209

S

This corresponds to the TMD 

h!
1T

31



Transverse Momentum 
Distributions TMDs

•  x=K+/P+ 

• Mulders & Tangerman ’96 
• 11 possible choices of Γ 
• one is like the SDD 
• the one TMD is called 

" +=t+z=0

h!
1T

32



Summary of SDD
• SDD are closely related to TMD’s 
• If       is not 0, proton is not round. 
Lattice calculations show not zeron 

h?1T

Experiment should show the same

See GAM Nucl.Phys.News 18 (2008) 12-16
For further explanations 33



Summary of SDD
• SDD are closely related to TMD’s 
• If       is not 0, proton is not round. 
Lattice calculations show not zeron 

The Proton

h?1T

Experiment should show the same

See GAM Nucl.Phys.News 18 (2008) 12-16
For further explanations 33



Summary
• Model wave functions allow an understanding of 

phenomena and relations between different quantities, 
example: vector form factors-> axial vector form factors 

• The charge density (and also magnetization density) are 
2 dimensional Fourier- transforms of form factors 

• The three-dimensional Fourier transform of  GE is NOT 
a density 

• Proton is not round 
• The upcoming form factor program at JLab is very 

exciting: a) measures fundamental properties of Nature    
b) Mechanism of form factors teach us about 
confinement c) pin down charge density of neutron
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Spares follow



Generalized densities
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O�
q

(px,b) =
Z

dx

�
e

ipxx

�

4⇡

q

†
+(0,b)�q+(x�,b)

! �(b) =
Z

dx
X

q

eqhp+, R = 0, " |O�
q (p+x, b)|p+, R = 0, " i

!
dx setsx! = 0, get q 

+ (0, b)! q+ (0, b) Density!

� = 1/2(1 + n · �) gives spin-dep density

Local operators calculable on lattice M. Göckeler et al 
PRL98,222001  eA!!

T 10 ! sdd

Schierholtz, 2009 -this quantity is not zero, proton is not 
round

spin-dependent density

http://publish.aps.org/search/field/author/Gockeler_M


Transverse spin dependent densities 
darker  is larger density QCDSF, UKQCD

38

Nucleon and quarks both polarized Spin-orbit coupling



e

eÕ

!

ST

Cross section has term proportional to cos 3#  
$%er Mulders Ô98

Measure h!
1T : e," p! e"!X



e

eÕ

!

ST

Cross section has term proportional to cos 3#  
$%er Mulders Ô98

Measure h!
1T : e," p! e"!X



Interpretation of Sachs - GE(Q2) is Fourier transform of 
charge density 

Correct non-relativistic:
wave function  invariant under Galilean 
transformation

-

Relativistic :  wave function is frame 

dependent , initial and final states differ 
interpretation of Sachs FF is wrong 

Final wave function is boosted  from initial

Need relativistic treatment

R2 = ! 6
dGE (Q2)

dQ2 |Q 2 =0



Interpretation of Sachs - GE(Q2) is Fourier transform of 
charge density 

Correct non-relativistic:
wave function  invariant under Galilean 
transformation

-

Relativistic :  wave function is frame 

dependent , initial and final states differ 
interpretation of Sachs FF is wrong 

Final wave function is boosted  from initial

Need relativistic treatment

R2 = ! 6
dGE (Q2)

dQ2 |Q 2 =0

WRONG



Meaning of form factor
• GE(Q2) is NOT Fourier transform of charge density 
• Relativistic treatment needed- wave function is frame-

dependent, initial and final states differ, no density 
• Light front coordinates,      momentum frame

41

!
ÒTimeÓx+ = ( ct + z)/

!
2 = ( x0 + x3)/

!
2, ÒevolutionÓ p! = (p 0 " p3)/

!
2

ÒSpaceÓx! = ( x0 " x3)/
!

2, ÒMomentumÓp+ = ( p0 + p3)/
!

2

ÒTransverse position, momentum, b, p

These coordinates are used to analyze form factors, deep inelastic 
scattering, GPDs,TMDS



! ! (b) =
!

q

eq

"
dx! q+ (x! , b)" + ! q+ (x! , b)

! =
1
2

(1 + n á! ) gives spin! dependent density

Generalized Coordinate Space Densities

42

Schierholtz, Zanotti  2009 -this quantity is not zero, proton 

spin-dependent density 
-depends on direction of 
b: proton is not round

Transverse Spin Structure of the Nucleon from Lattice-QCD Simulations

M. Go¬ckeler,1 Ph. Ha¬gler,2,* R. Horsley,3 Y. Nakamura,4 D. Pleiter,4 P. E. L. Rakow,5 A. Scha¬fer,1 G. Schierholz,6,4

H. Stu¬ben,7 and J. M. Zanotti3

(QCDSF and UKQCD Collaborations)

1Institut fu¬r Theoretische Physik, Universita¬t Regensburg, 93040 Regensburg, Germany
2Physik-Department der TU Mu¬nchen, Institut fu¬r Theoretische Physik T39, James-Franck-Stra§e, 85747 Garching, Germany

3School of Physics, University of Edinburgh, Edinburgh EH9 3JZ, United Kingdom
4John von Neumann-Institut fu¬r Computing NIC/DESY, 15738 Zeuthen, Germany

5Theoretical Physics Division, Department of Mathematical Sciences, University of Liverpool, Liverpool L69 3BX, United Kingdom
6Deutsches Elektron-Synchrotron DESY, 22603 Hamburg, Germany

7Konrad-Zuse-Zentrum fu¬r Informationstechnik Berlin, 14195 Berlin, Germany
(Received 9 January 2007; published 29 May 2007)

We present the Þrst calculation in lattice QCD of the lowest two moments of transverse spin densities of
quarks in the nucleon. They encode correlations between quark spin and orbital angular momentum. Our
dynamical simulations are based on two ßavors of clover-improved Wilson fermions and Wilson gluons.
We Þnd signiÞcant contributions from certain quark helicity ßip generalized parton distributions, leading
to strongly distorted densities of transversely polarized quarks in the nucleon. In particular, based on our
results and recent arguments by Burkardt [Phys. Rev. D72, 094020 (2005)], we predict that the Boer-
Mulders functionh?1 , describing correlations of transverse quark spin and intrinsic transverse momentum
of quarks, is large and negative for both up and down quarks.

DOI: 10.1103/PhysRevLett.98.222001 PACS numbers: 12.38.Gc, 14.20.Dh

Introduction.ÑThe transverse spin (transversity) struc-
ture of the nucleon received a lot of attention in recent
years from both theory and experiment as it provides a new
perspective on hadron structure and QCD evolution (for a
review, see [1]). A central object of interest is the quark
transversity distribution! q!x" # h1!x", which describes
the probability of Þnding a transversely polarized quark
with longitudinal momentum fractionx in a transversely
polarized nucleon [2]. Much progress has been made in the
understanding of so-called transverse momentum depen-
dent parton distribution functions (TMD PDFs) like, e.g.,
the Sivers functionf?1T!x; k2?" [3], which measures the
correlation of the intrinsic quark transverse momentum
k? and the transverse nucleon spinS?, as well as the
Boer-Mulders functionh?1 !x; k2?" [4], describing the cor-
relation ofk? and the transverse quark spins?. While the
Sivers function is beginning to be understood, still very
little is known about the sign and size of the Boer-Mulders
function.

A particularly promising approach is based on
3-dimensional densities of quarks in the nucleon," !x; b?;
s?; S?" [5], representing the probability of Þnding a quark
with momentum fractionx and transverse spins? at dis-
tanceb? from the center of momentum of the nucleon with
transverse spinS?. As we will see below, these transverse
spin densities show intriguing correlations of transverse
coordinate and spin degrees of freedom. According to
Burkardt [6,7], they are directly related to the above men-
tioned Sivers and Boer-Mulders functions. Our lattice re-
sults on transverse spin densities therefore provide for the
Þrst time quantitative predictions for the signs and sizes of

these TMD PDFs and the corresponding experimentally
accessible asymmetries.

Lattice calculations give access tox moments of trans-
verse quark spin densities [5]
 

" n #
Z 1

$1
dxxn$1" !x; b?; s?; S?"

# 1

2

!
An0!b2?" % si?S

i
?

"
ATn0!b2?" $

! b?
~ATn0!b2?"
4m2

#

% bj?#ji

m
&Si?B0

n0!b2?" % si?B
0
Tn0!b2?"'

% si?!2bi?b
j
? $ b2?! ij"Sj?

1

m2
~A00
Tn0!b2?"

$
; (1)

where " n # " n!b?; s?; S?" and m is the nucleon mass.
The b?-dependent nucleon generalized form factors
(GFFs) An0!b2?"; ATn0!b2?"; . . . in Eq. (1) are related to
GFFs in momentum spaceAn0!t"; ATn0!t"; . . . by a Fourier
transformation

 f!b2?" (
Z d2! ?

!2$ "2 e
$ib?)! ?f!t # $! 2

?"; (2)

where ! ? is the transverse momentum transfer to the
nucleon. Their derivatives are deÞned byf0 ( @b2?f and
! b?f ( 4@b2?!b

2
?@b2?"f. The generalized form factors in

this work are directly related tox moments of the corre-
sponding vector and tensor generalized parton distributions
(GPDs) (for a review, see [8]). The probability interpreta-
tion of GPDs in impact parameter space was Þrst noted in
[9]. Apart from the orbitally symmetric monopole terms in
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We present the Þrst calculation in lattice QCD of the lowest two moments of transverse spin densities of
quarks in the nucleon. They encode correlations between quark spin and orbital angular momentum. Our
dynamical simulations are based on two ßavors of clover-improved Wilson fermions and Wilson gluons.
We Þnd signiÞcant contributions from certain quark helicity ßip generalized parton distributions, leading
to strongly distorted densities of transversely polarized quarks in the nucleon. In particular, based on our
results and recent arguments by Burkardt [Phys. Rev. D72, 094020 (2005)], we predict that the Boer-
Mulders functionh?

1 , describing correlations of transverse quark spin and intrinsic transverse momentum
of quarks, is large and negative for both up and down quarks.
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Introduction.—The transverse spin (transversity) struc-
ture of the nucleon received a lot of attention in recent
years from both theory and experiment as it provides a new
perspective on hadron structure and QCD evolution (for a
review, see [1]). A central object of interest is the quark
transversity distribution!q!x" # h1!x", which describes
the probability of Þnding a transversely polarized quark
with longitudinal momentum fractionx in a transversely
polarized nucleon [2]. Much progress has been made in the
understanding of so-called transverse momentum depen-
dent parton distribution functions (TMD PDFs) like, e.g.,
the Sivers functionf ?

1T!x; k2? " [3], which measures the
correlation of the intrinsic quark transverse momentum
k? and the transverse nucleon spinS? , as well as the
Boer-Mulders functionh?

1 !x; k2? " [4], describing the cor-
relation ofk? and the transverse quark spins? . While the
Sivers function is beginning to be understood, still very
little is known about the sign and size of the Boer-Mulders
function.

A particularly promising approach is based on
3-dimensional densities of quarks in the nucleon,"!x; b? ;
s? ; S? " [5], representing the probability of Þnding a quark
with momentum fractionx and transverse spins? at dis-
tanceb? from the center of momentum of the nucleon with
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We present the Þrst calculation in lattice QCD of the lowest two moments of transverse spin densities of
quarks in the nucleon. They encode correlations between quark spin and orbital angular momentum. Our
dynamical simulations are based on two ßavors of clover-improved Wilson fermions and Wilson gluons.
We Þnd signiÞcant contributions from certain quark helicity ßip generalized parton distributions, leading
to strongly distorted densities of transversely polarized quarks in the nucleon. In particular, based on our
results and recent arguments by Burkardt [Phys. Rev. D72, 094020 (2005)], we predict that the Boer-
Mulders functionh?1 , describing correlations of transverse quark spin and intrinsic transverse momentum
of quarks, is large and negative for both up and down quarks.
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Introduction.ÑThe transverse spin (transversity) struc-
ture of the nucleon received a lot of attention in recent
years from both theory and experiment as it provides a new
perspective on hadron structure and QCD evolution (for a
review, see [1]). A central object of interest is the quark
transversity distribution! q!x" # h1!x", which describes
the probability of Þnding a transversely polarized quark
with longitudinal momentum fractionx in a transversely
polarized nucleon [2]. Much progress has been made in the
understanding of so-called transverse momentum depen-
dent parton distribution functions (TMD PDFs) like, e.g.,
the Sivers functionf?1T!x; k2?" [3], which measures the
correlation of the intrinsic quark transverse momentum
k? and the transverse nucleon spinS?, as well as the
Boer-Mulders functionh?1 !x; k2?" [4], describing the cor-
relation ofk? and the transverse quark spins?. While the
Sivers function is beginning to be understood, still very
little is known about the sign and size of the Boer-Mulders
function.

A particularly promising approach is based on
3-dimensional densities of quarks in the nucleon," !x; b?;
s?; S?" [5], representing the probability of Þnding a quark
with momentum fractionx and transverse spins? at dis-
tanceb? from the center of momentum of the nucleon with
transverse spinS?. As we will see below, these transverse
spin densities show intriguing correlations of transverse
coordinate and spin degrees of freedom. According to
Burkardt [6,7], they are directly related to the above men-
tioned Sivers and Boer-Mulders functions. Our lattice re-
sults on transverse spin densities therefore provide for the
Þrst time quantitative predictions for the signs and sizes of

these TMD PDFs and the corresponding experimentally
accessible asymmetries.

Lattice calculations give access tox moments of trans-
verse quark spin densities [5]
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s? ; S? " [5], representing the probability of Þnding a quark
with momentum fractionx and transverse spins? at dis-
tanceb? from the center of momentum of the nucleon with
transverse spinS? . As we will see below, these transverse
spin densities show intriguing correlations of transverse
coordinate and spin degrees of freedom. According to
Burkardt [6,7], they are directly related to the above men-
tioned Sivers and Boer-Mulders functions. Our lattice re-
sults on transverse spin densities therefore provide for the
Þrst time quantitative predictions for the signs and sizes of

these TMD PDFs and the corresponding experimentally
accessible asymmetries.
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verse quark spin densities [5]
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Charge Density



“Spin Crisis”
• Proton Spin (total angular momentum) is ~1/2 
• Experiments show quarks carry only 30 % 

• three ideas-  
   u,d quarks surrounded by  s s 
   
   gluons carry angular momentum 
    
   quarks carry orbital angular  momentum
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Neutron interpretation
• Impact parameter gpd Burkardt 
• From Drell-Yan-West relation between high x DIS and high 

Q2 elastic scattering 
• High x related to low b, not uncertainty principle 
• d quarks dominate DIS from neutron at high x 
• d quarks dominate at neutron center, or 

45

! (x, b)

! !

Density is u � ū, d� ¯d
! !

is ūd
decreases u contribution

enhances d contribution



 Electron-nucleon scattering 

Cross section for scattering 
 from a point-like object

Form factors describing 
nucleon shape/structure

j µ=<eÕ|! µ|e> J µ=<pÕ|&µ|p>

Nucleon vertex:

Dirac                Pauli

1990 Nobel Prize

1961 Nobel Prize

Deep inelastic  
scattering



Ratio of Pauli to Dirac Form Factors 
2003



Two More Form Factors Needed



! (x, b)

! (b) =
!

dx! (x, b)

R = 0 =
N!

i

xi bi

Impact parameter dependent GPD Burkardt
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Probability that quark at b from CTM has long momentum fraction x: 

Quark of x=1, must have b=0

Transverse density is integral over longitudinal position or momenta 
example of Parseval’s theorem

1! x

b / (1! )xr =
b

x x=1 is rare



What is charge density at the center 
of the neutron? 

• Neutron has no charge, but 
charge density need not vanish 

• Is central density positive or 
negative? 

 Fermi: n fluctuates to   
 

p at center, 
pion floats 
to edge

One gluon exchange favors   dud 



Other ways to observe 
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only P + and M where we work in a frame in which P + ! M).
Depending on the Lorentz structure of the Dirac matrix ! the
projections "[!] are ordered according to powers of M/P +

multiplied with a function depending only on x and K2
T . Each

factor M/P + leads to a suppression by a power in cross
sections [13] so that one may refer to the projections as having
a “twist” t related to the power (M/P +)t" 2 that appears. Then
moments (in x) of the KT -integrated functions involve local
operators of twist t [14].

We use certain transverse-momentum-dependent parton
distribution functions of Ref. [12], which for transversely
polarized nucleons are given by
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)
, (13)
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. (15)

Terms of higher order in (M/P +) are neglected in the
extraction of the functions gT , g$

T from high energy data.
Similarly, at high energies, we may replace γ+ by

%
2γ 0. Note

that the quantity g$
T is closely related to the quantity CT , while

the quantity h$
1T is closely related to CRELT because iσ i+γ 5 =

γ+γ iγ 5 &
%

2γ 0γ iγ 5. Extracting g$
T would require a higher

twist analysis, while h$
1T appears at leading order in the cross

sections for semi-inclusive leptoproduction experiments [15]
and is about the same size as f1 [16]. Thus the relativistic
spin-dependent density Eq. (11) is easier to measure than the
quantity of Eq. (10).

We integrate the above parton distribution functions over
all x so that the field operators are evaluated at ξ± = 0 as in
our spin-dependent densities. A tilde is placed over a given
quantity to define the x-integrated result, e.g., "̃[!](KT ) '∫

dx"[!](x, KT ), f̃1(K2
T ) '

∫
dxf1(x,K2

T ), etc. Then

"̃[!](KT ) =
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e" iKT ·! T (P, S|ψ(0)!
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ξ+=0,ξ " =0

. (16)

The various "[!] are expressed, in the infinite momentum
frame, in terms of transverse-momentum-dependent parton
distribution functions Eqs. (14) and (15). To relate these to the
densities of Eqs. (10) and (11) we evaluate Eq. (16) in the rest
frame (P + & M/

%
2, γ+ &

%
2γ 0) and choose the operators

! to correspond to those appearing in the spin-dependent
densities. We find that
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Finding a nonzero value of either g̃T or h̃$
1T would demonstrate

that the proton is not spherical. The difference between the two
functions arises from the presence of the extra γ 0 in the γ 5 term
of Eq. (10). In the spectator model [16] and the quark model [9]
the TMDs are determined by the matrix element in a single
quark spinor, and the γ 0 causes the overlap between upper and
lower components to change sign so that g̃T = " h̃$

1T . This
relation is not general. The most general parametrization of
the correlation functions [12,17] in terms of scalar functions
Ai(K,P ) shows that g$

T is proportional to A8 and h$
1T

is proportional to P +/MA11, so that, in the nucleon rest
frame, the ratio g$

T /h$
1T is simply a function of (x, K2

T ).
Furthermore, the quantity h̃$

1T is known to characterize the
dependence of the transverse polarization of quarks in a
transversely polarized nucleon on the direction of KT [18,19].
Thus the two quantities g̃$

T and h̃$
1T each characterize the

nonspherical nature of the nucleon, and the density ρRELT can
be thought of as “the” spin-dependent density.”

Next we focus on experimental means to access h̃$
1T . The

presence of the term h̃$
1T causes distinctive signatures in semi-

inclusive leptoproduction experiments [15] in which a hadron
h is produced. If the target is polarized in a direction transverse
to the lepton scattering plane, the cross section acquires a
term proportional to cos(3φl

h), where φl
h is the angle between

the hadron production plane (defined by the momenta of the
incoming virtual photon and the outgoing hadron) and the
lepton scattering plane. A similar effect occurs in electroweak
semi-inclusive deep inelastic leptoproduction and this could
be accessed at high energies such as those found at HERA
[20]. Another signature occurs in the angular distribution
of the leptoproduction of ρ mesons [21], obtained using an
unpolarized lepton beam and a transversely polarized target.
Similarly the term h̃$

1T makes its presence felt in studying
the production of two pions inside the same current jet [22].
In each of these cases, the momentum of the virtual photon
and its vector nature provide the analog of two of the three
vectors n and ST needed to define the spin-dependent density.
The hadronic transverse momentum provides the third, KT .

Another interesting possibility occurs in the Drell-Yan
reaction pp(* ) & ll̄X, using one transversely polarized pro-
ton [23]. Here the term h$

1T causes a distinctive oscillatory
dependence on the angle 3φ " φS1 , where φ is the angle
between the momentum of the outgoing lepton and the reaction
plane in the lepton center of mass frame and φS1 denotes the
direction of polarization with respect to the reaction plane.

The obtainable shapes are illustrated using the spectator
model of Ref. [16]. We rewrite Eq. (18) as

ρRELT (KT , n)/M
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+ 1
2
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) , (19)
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