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Outline
Gravitational form factors

What are they?
Relation to GPDs & experimental results

GFFs on the lattice
Previously: computed glue GFFs at 450 MeV [Pefkou DH Shanahan 2022]

Ongoing: full set of GFFs at 170 MeV
Preliminary results
Spatial densities
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https://arxiv.org/abs/2107.10368


Gravitational form factors (GFFs)
Gluons  𝑇!

{#$} = 2 Tr[𝐺&{#𝐺$}&] Quarks  𝑇'
#$ = )𝑞 𝛾{#𝑖𝐷$} 𝑞
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𝑁(𝑝() 𝑇!,'
#$ 𝑁(𝑝) = )𝑢 𝑝′ 4𝐴!,' 𝑡 𝛾{#𝑃$} + 𝐵!,' 𝑡

𝑖 𝑃{#𝜎$}*Δ*
2𝑀

=+ 𝐷!,' 𝑡
Δ{#Δ$} − 𝑔#$Δ+

4𝑀
+ ̅𝑐!,' 𝑡 𝑀𝑔#$ 𝑢(𝑝)

Momentum fraction

𝐴',! 0 = 𝑥 ',!

𝐴! 0 + ∑'𝐴' 0 = 1

Spin fraction 

𝐽 = (𝐴 + 𝐵)/2

𝐽! 0 + ∑' 𝐽' 0 = ,
+

Internal forces

𝐷 0 = 𝐷! 0 + ∑'𝐷'(0)
“the last global unknown”

𝑎{"𝑏#} ≡ %
&
𝑎"𝑏# + a#b"

𝐷 = ⁄(𝐷 − 𝐷) 2
𝑢, ;𝑢 = Dirac spinors
𝑃 = (𝑝' + 𝑝)/2
Δ = 𝑝' − 𝑝
𝑡 = Δ&



𝐷 0 : ”the last global unknown”
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[Polyakov Schweitzer 2018]

https://arxiv.org/pdf/1805.06596.pdf


Experimental access?
GFFs related to Mellin moments of GPDs
∫ 𝑑𝑥 𝑥!"# GPD x, 𝜉, 𝑡

Unpolarized twist 2 nucleon GPDs, 𝑛 = 2:

+𝑑𝑥 𝑥 𝐻$,& 𝑥, 𝜉, 𝑡 = 𝐴$,& 𝑡 + 𝜉'𝐷$,&(𝑡)

+𝑑𝑥 𝑥 𝐸$,& 𝑥, 𝜉, 𝑡 = 𝐵$,& 𝑡 − 𝜉'𝐷$,&(𝑡)

→ relate to experiment via factorization
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[Polyakov Schweitzer 2018]

https://arxiv.org/pdf/1805.06596.pdf


Experimental results
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Experimental quark 
extraction from DVCS 

[Burkert Elouadrhiri Girod 2018]
Experimental glue extraction 
from 𝐽/Ψ photoproduction 

[JLab HallC 2207.05212]
Note: unpublished at present
Note’: strong method 
dependence

https://inspirehep.net/literature/1673606
https://arxiv.org/abs/2207.05212


Lattice calculation
Ensemble [“a091m170” (JLab/W&M/MIT/LANL)]

Tree-level tadpole-improved Symanzik gauge
2+1 stout-smeared Wilson clover
𝑀A = 170 MeV
𝑎 = 0.091 fm
48B×96

Sketch of calculation:
1. Compute three-point functions
2. Fit to extract bare matrix elements
3. Analyze to extract bare GFFs
4. Renormalize (non-perturbative)
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+

𝑝, 𝑡( 𝑝', 𝑡)

Δ, 𝜏

𝛾𝐷

𝑝, 𝑡( 𝑝', 𝑡)

Δ, 𝜏

𝑝, 𝑡( 𝑝', 𝑡)

𝛾𝐷
Δ, 𝜏

Glue

Connected quark (𝑢, 𝑑)

Disconnected quark (𝑢 + 𝑑, 𝑠)

Connected quark



Extracting the GFFs
𝑝′ 𝑇(Δ) 𝑝 = kinematic coeffs ⋅ GFFs 𝑡 + (excited states)
⇒ Bin constraints by 𝑡 = Δ' and fit
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Preliminary results
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Note: quark/glue mixing not 
accounted for!

Nucleon



Mass dependence in gluon GFFs(?)
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Compare: 170 MeV vs 450 MeV 
(similar 𝑎)

[Pefkou DH Shanahan 2107.10368]

Note: quark/glue mixing not 
accounted for in either result

Nucleon

https://arxiv.org/abs/2107.10368


Momentum fractions vs. other lattice results
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Note: quark/glue mixing 
not accounted for!

Note: other lattice studies 
also treated charm quark; 
not shown here

Check the sum rule:
∑D,E,F,!⟨𝑥⟩ = 1.12 10

Nucleon



Versus experimental results
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• Experimental quark extraction from DVCS 
[Burkert Elouadrhiri Girod 2018]

• Experimental glue extraction from 𝐽/Ψ
photoproduction 

[JLab HallC 2207.05212]
Note: unpublished at present
Note’: strong method dependence

Note: mixing w/ quarks 
expected to reduce 𝐴!

Nucleon

Nucleon

Nucleon

https://inspirehep.net/literature/1673606
https://arxiv.org/abs/2207.05212


Energy, pressure, and shear force densities
1. Parametrize 𝑇)* 𝑡 with GFFs

2. Fourier transform 𝑇)* 𝑡 → 𝑇)* 𝑟
3. Identify e.g.

𝑇#$ 𝑟 =
𝑇GG(𝑟)

𝑇HI(𝑟)
=

𝜖(𝑟)
𝑟H𝑟I
𝑟+ −

1
𝑑 𝛿HI 𝑠 𝑟 + 𝛿HI𝑝(𝑟)

→ Spatial densities
energy 𝜖 𝑟
pressure 𝑝 𝑟
shear forces 𝑠(𝑟)
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Note: frame dependent



Results: nucleon densities at 450 MeV
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Preliminary results: pressures
…for 3d Breit frame kinematics, tripole model
Note: likely strong model dependence, as with 450 MeV results
Note: quark/glue mixing not accounted for!
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Other states
Also calculating pion GFFs
Previous results: glue GFFs for 𝜌 meson, Δ baryon at 450 MeV [Pefkou DH Shanahan 2022]
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Pion Pion

https://arxiv.org/abs/2107.10368


Outlook
Preliminary results already compare well w/ other lattice, experiment
First calculation of complete set of 𝑁 GFFs on a single ensemble

(Away from forward limit!)

When complete: physical densities of energy, pressure, shear forces
Opportunities for synergy

Lattice: incorporate GFFs into quasi/pseudo extraction?
Experiment: incorporate GFFs into global fits

→ need full control over uncertainties!
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