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 Charmonium spectrum 
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Zcs(3982)

Evidence for Exotic States near thresholds

XYZ  quarkonium-like states

Pentaquark states: Pc(4312), Pc(4440), Pc(4457), Pcs(4459), Pcs(4337)

!

!

Fully charm tetraquark:   X(6900)

X(3872), X(3960), X(4020),…
Zc(3900), Zc(4020),  Zcs(3982) …

Zb(10610), Zb(10650)

Y(4230), Y(4360), Y(4660), …

Tcc+!

-sector:

Bottomonium sector:

Heavy-light sector: Ds0(2317),  Ds1(2460), X0/1(2900),…

!
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Conventional Exotic

meson baryon molecule tetraquark hadroquarkonium

compactextended

How to discriminate?

Nature?



Weinberg criterion:  general idea 
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◆
!   Assume there is a bound state. 

Its full wave function is
— compact part 
— continuum part 
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|h 0| i|2 = �2 — probability to find a compact component 

— probability to find a molecular component 
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!  Interaction  Hamiltonian: 
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Ĥ0
hh is a free Hamiltonian

Then, continuum w.f. reads
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 0with the transition vertex

Note:

Weinberg 1963-65

for details see Weinberg (1963),  V.B. et al (2010) 
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VB et al 2004



From probability to effective coupling
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f2(��2) = g20

Model-independent extraction of "2  is possible only
 in the weak binding limit for S-wave interaction
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Relation between "2  and measurable coupling of a state with a hadronic channel:
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—bare coupling
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2µEB—binding momentum, 

52) for P-waves  X  scales with #  ⇒  No model-independent Conc possible

Remarks:
1) for S-waves
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X = 1� �2 scales with $  — unitarity-driven leading term



One-channel scattering amplitude Weinberg 1963-65
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! Matching of the scattering amplitude to ERE:
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One-channel scattering amplitude Weinberg 1963-65

<latexit sha1_base64="tae+Ma3VyDHUJgh7nCfyozRk+YY="></latexit>

T (E) =
g20

E + EB + g2
0µ
2⇡ (ik + �)

<latexit sha1_base64="BgnFl2mVQ1/oa/a92/eq6HZHFbU="></latexit>

T (E) = �2⇡

µ

1

1/a+ (r/2)k2 � ik

! Matching of the scattering amplitude to ERE:

6

⟹

<latexit sha1_base64="pLjQuCqCkSjL9fi4UDgiB8uDgIE="></latexit>

a = �2
1� �2

2� �2

1

�
+O(1/�)

<latexit sha1_base64="gGsI68SV7Ci56YYorGkJjRbyvz4="></latexit>

r = � �2

1� �2

1

�
+O(1/�)

<latexit sha1_base64="4ue4DOJzeiDhB6ytDTficsFCj0o="></latexit>

g2R =
2⇡�

µ2
(1� �2) +O(1/�)

Physical coupling and the ERE parameters via  "2

a < 0 — bound state
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One-channel scattering amplitude Weinberg 1963-65
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Physical coupling and the ERE parameters via  "2

a < 0 — bound state
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!   Same information can be inferred from pole counting
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These results are valid only

— for bound states in S waves

— up to range corrections:  Weak binding  % ≪ # ~ 1/mex 

— if the ERE is valid at low energies:  no CDD zeros  near the threshold
Otherwise, generalisations are needed — see  VB et al. 2010,  Kang, Oller 2017,   Oller 2018
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Weinberg compositeness:  Applicability range

Beyond weak binding % ~ #

⟹ O(%/#) small

⟹ O(%/#)~1 100%
For insights on range effects, see  Albaladejo, Nieves 2022, Li et al. 2022,  Song et al 2022,   …

— for stable states: deuteron
Generalisations to narrow unstable states with remote inelastic thr.— see  VB et al. 2004
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! Many extensions mostly for resonances  by  Jido, Kamai, Nieves, Oller, Oset, Sekihara,…
review 

Kamai and Hyodo 2017



Extensions beyond bound states
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Fig. 1 Naming convention for the poles in the k-plane. The thick red
line for positive real valued k marks the physical momenta in the scat-
tering regime

wherea (r ) denotes the scattering length (the effective range).
This yields

a = −2
1 − Z
2 − Z

1
γ

+O(1/β),

r = − Z
1 − Z

1
γ

+O(1/β) . (16)

To see how these equations work, consider the two extreme
cases of a pure molecule and a purely compact state. The
former implies Z = 0 and thus the absolute value of the scat-
tering length gets maximal, a = −1/γ , while r = O(1/β)
is of natural size and typically positive, although below we
will discuss an example of a predominantly molecular state
with a negative effective range. On the other hand, in case
of a purely compact bound state the scattering length takes
a natural value, a = −O(1/β), and the effective range gets
unnaturally large and negative. Solving Eq. (16) for Z , in
the zero-range approximation (neglecting theO(1/β) terms),
one finds

1 − Z =
√

a
a + 2r

=: X , (17)

where we introduced the compositeness X . It follows directly
from Eq. (16) that Eq. (17) holds only when both a and r are
negative. While the former condition is correct as soon as the
relevant pole is on the physical sheet, the latter signals that
in the derivation range corrections were neglected.

2.2 Possible extensions of compositeness beyond bound
states

Physical states are associated with poles of the T -matrix.
From Eq. (15) it follows that there are two poles located at

k = i
r

(

1 ±
√

1 + 2r
a
.

)

(18)

The leading pole is the pole closest to the physical axis. States
with their leading pole on the positive imaginary momentum

Fig. 2 Types of poles in the r–a plane. The dotted line, located at
r = −a, refers to those poles that have a vanishing real part in the E
plane and accordingly are located right at threshold

axis are called bound states, since by definition the sheet
with momenta that have positive imaginary parts refers to
the physical sheet. On the other hand, states on the nega-
tive imaginary momentum axis are called virtual states and
all other physically allowed states resonances (see Fig. 1).
Analyticity demands that resonance poles always appear in
pairs, as shown in this figure. All of these possibilities can
be related to different values of the effective range param-
eters, as indicated in Fig. 2. Note that resonance poles are
located above the corresponding threshold when studied in
the (energy) k2 plane (or the Mandelstam s plane) only if the
following conditions are fulfilled simultaneously: |a| < |r |,
r < 0 and a > 0. The line a = −r is also shown as the dot-
ted line in Fig. 2. The region above the (r = −a/2)-line for
a < 0 in Fig. 2 is not carrying any name and is left white, for
it refers to poles in the complex plane of the physical sheet.
Such poles are unphysical since the resulting states would be
at odds with causality. Moreover, positive effective ranges
that vastly exceed the range of forces also lead to a violation
of causality — this fact, represented in the figure as the red
hatched area, is known as Wigner bound [36] (for a modern
discussion of the subject see Ref. [37]), see Appendix A.

It is not trivial to extend the notion of compositeness to
states other than bound states, since wave functions derived
from poles on the unphysical sheet are not normalizable and
the probabilistic interpretation is lost. Nevertheless, relying
formally on the definition of the field renormalization Z in
the nonrelativistic theory (Eqs. (7)–(10)), relations between
a, r, g2 and Z can be derived also for a virtual state with a
pole at k = −iγ = −i

√
2µEB and are similar to those of a

bound state (given above in Eqs. (13) and (16)): one simply
replaces γ in these equations by −γ to get the relations for
the virtual state with Z given in Eqs. (8) and (17).
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Fig. 1 Naming convention for the poles in the k-plane. The thick red
line for positive real valued k marks the physical momenta in the scat-
tering regime

wherea (r ) denotes the scattering length (the effective range).
This yields

a = −2
1 − Z
2 − Z

1
γ

+O(1/β),

r = − Z
1 − Z

1
γ

+O(1/β) . (16)

To see how these equations work, consider the two extreme
cases of a pure molecule and a purely compact state. The
former implies Z = 0 and thus the absolute value of the scat-
tering length gets maximal, a = −1/γ , while r = O(1/β)
is of natural size and typically positive, although below we
will discuss an example of a predominantly molecular state
with a negative effective range. On the other hand, in case
of a purely compact bound state the scattering length takes
a natural value, a = −O(1/β), and the effective range gets
unnaturally large and negative. Solving Eq. (16) for Z , in
the zero-range approximation (neglecting theO(1/β) terms),
one finds

1 − Z =
√

a
a + 2r

=: X , (17)

where we introduced the compositeness X . It follows directly
from Eq. (16) that Eq. (17) holds only when both a and r are
negative. While the former condition is correct as soon as the
relevant pole is on the physical sheet, the latter signals that
in the derivation range corrections were neglected.

2.2 Possible extensions of compositeness beyond bound
states

Physical states are associated with poles of the T -matrix.
From Eq. (15) it follows that there are two poles located at

k = i
r

(

1 ±
√

1 + 2r
a
.

)

(18)

The leading pole is the pole closest to the physical axis. States
with their leading pole on the positive imaginary momentum

Fig. 2 Types of poles in the r–a plane. The dotted line, located at
r = −a, refers to those poles that have a vanishing real part in the E
plane and accordingly are located right at threshold

axis are called bound states, since by definition the sheet
with momenta that have positive imaginary parts refers to
the physical sheet. On the other hand, states on the nega-
tive imaginary momentum axis are called virtual states and
all other physically allowed states resonances (see Fig. 1).
Analyticity demands that resonance poles always appear in
pairs, as shown in this figure. All of these possibilities can
be related to different values of the effective range param-
eters, as indicated in Fig. 2. Note that resonance poles are
located above the corresponding threshold when studied in
the (energy) k2 plane (or the Mandelstam s plane) only if the
following conditions are fulfilled simultaneously: |a| < |r |,
r < 0 and a > 0. The line a = −r is also shown as the dot-
ted line in Fig. 2. The region above the (r = −a/2)-line for
a < 0 in Fig. 2 is not carrying any name and is left white, for
it refers to poles in the complex plane of the physical sheet.
Such poles are unphysical since the resulting states would be
at odds with causality. Moreover, positive effective ranges
that vastly exceed the range of forces also lead to a violation
of causality — this fact, represented in the figure as the red
hatched area, is known as Wigner bound [36] (for a modern
discussion of the subject see Ref. [37]), see Appendix A.

It is not trivial to extend the notion of compositeness to
states other than bound states, since wave functions derived
from poles on the unphysical sheet are not normalizable and
the probabilistic interpretation is lost. Nevertheless, relying
formally on the definition of the field renormalization Z in
the nonrelativistic theory (Eqs. (7)–(10)), relations between
a, r, g2 and Z can be derived also for a virtual state with a
pole at k = −iγ = −i

√
2µEB and are similar to those of a

bound state (given above in Eqs. (13) and (16)): one simply
replaces γ in these equations by −γ to get the relations for
the virtual state with Z given in Eqs. (8) and (17).

123

  101 Page 4 of 13 Eur. Phys. J. A           (2021) 57:101 

Fig. 1 Naming convention for the poles in the k-plane. The thick red
line for positive real valued k marks the physical momenta in the scat-
tering regime

wherea (r ) denotes the scattering length (the effective range).
This yields

a = −2
1 − Z
2 − Z

1
γ

+O(1/β),

r = − Z
1 − Z

1
γ

+O(1/β) . (16)

To see how these equations work, consider the two extreme
cases of a pure molecule and a purely compact state. The
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with a negative effective range. On the other hand, in case
of a purely compact bound state the scattering length takes
a natural value, a = −O(1/β), and the effective range gets
unnaturally large and negative. Solving Eq. (16) for Z , in
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where we introduced the compositeness X . It follows directly
from Eq. (16) that Eq. (17) holds only when both a and r are
negative. While the former condition is correct as soon as the
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axis are called bound states, since by definition the sheet
with momenta that have positive imaginary parts refers to
the physical sheet. On the other hand, states on the nega-
tive imaginary momentum axis are called virtual states and
all other physically allowed states resonances (see Fig. 1).
Analyticity demands that resonance poles always appear in
pairs, as shown in this figure. All of these possibilities can
be related to different values of the effective range param-
eters, as indicated in Fig. 2. Note that resonance poles are
located above the corresponding threshold when studied in
the (energy) k2 plane (or the Mandelstam s plane) only if the
following conditions are fulfilled simultaneously: |a| < |r |,
r < 0 and a > 0. The line a = −r is also shown as the dot-
ted line in Fig. 2. The region above the (r = −a/2)-line for
a < 0 in Fig. 2 is not carrying any name and is left white, for
it refers to poles in the complex plane of the physical sheet.
Such poles are unphysical since the resulting states would be
at odds with causality. Moreover, positive effective ranges
that vastly exceed the range of forces also lead to a violation
of causality — this fact, represented in the figure as the red
hatched area, is known as Wigner bound [36] (for a modern
discussion of the subject see Ref. [37]), see Appendix A.

It is not trivial to extend the notion of compositeness to
states other than bound states, since wave functions derived
from poles on the unphysical sheet are not normalizable and
the probabilistic interpretation is lost. Nevertheless, relying
formally on the definition of the field renormalization Z in
the nonrelativistic theory (Eqs. (7)–(10)), relations between
a, r, g2 and Z can be derived also for a virtual state with a
pole at k = −iγ = −i
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2µEB and are similar to those of a

bound state (given above in Eqs. (13) and (16)): one simply
replaces γ in these equations by −γ to get the relations for
the virtual state with Z given in Eqs. (8) and (17).
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Fig. 1 Naming convention for the poles in the k-plane. The thick red
line for positive real valued k marks the physical momenta in the scat-
tering regime

wherea (r ) denotes the scattering length (the effective range).
This yields

a = −2
1 − Z
2 − Z

1
γ

+O(1/β),

r = − Z
1 − Z

1
γ

+O(1/β) . (16)

To see how these equations work, consider the two extreme
cases of a pure molecule and a purely compact state. The
former implies Z = 0 and thus the absolute value of the scat-
tering length gets maximal, a = −1/γ , while r = O(1/β)
is of natural size and typically positive, although below we
will discuss an example of a predominantly molecular state
with a negative effective range. On the other hand, in case
of a purely compact bound state the scattering length takes
a natural value, a = −O(1/β), and the effective range gets
unnaturally large and negative. Solving Eq. (16) for Z , in
the zero-range approximation (neglecting theO(1/β) terms),
one finds

1 − Z =
√

a
a + 2r

=: X , (17)

where we introduced the compositeness X . It follows directly
from Eq. (16) that Eq. (17) holds only when both a and r are
negative. While the former condition is correct as soon as the
relevant pole is on the physical sheet, the latter signals that
in the derivation range corrections were neglected.

2.2 Possible extensions of compositeness beyond bound
states

Physical states are associated with poles of the T -matrix.
From Eq. (15) it follows that there are two poles located at

k = i
r

(

1 ±
√

1 + 2r
a
.

)

(18)

The leading pole is the pole closest to the physical axis. States
with their leading pole on the positive imaginary momentum

Fig. 2 Types of poles in the r–a plane. The dotted line, located at
r = −a, refers to those poles that have a vanishing real part in the E
plane and accordingly are located right at threshold

axis are called bound states, since by definition the sheet
with momenta that have positive imaginary parts refers to
the physical sheet. On the other hand, states on the nega-
tive imaginary momentum axis are called virtual states and
all other physically allowed states resonances (see Fig. 1).
Analyticity demands that resonance poles always appear in
pairs, as shown in this figure. All of these possibilities can
be related to different values of the effective range param-
eters, as indicated in Fig. 2. Note that resonance poles are
located above the corresponding threshold when studied in
the (energy) k2 plane (or the Mandelstam s plane) only if the
following conditions are fulfilled simultaneously: |a| < |r |,
r < 0 and a > 0. The line a = −r is also shown as the dot-
ted line in Fig. 2. The region above the (r = −a/2)-line for
a < 0 in Fig. 2 is not carrying any name and is left white, for
it refers to poles in the complex plane of the physical sheet.
Such poles are unphysical since the resulting states would be
at odds with causality. Moreover, positive effective ranges
that vastly exceed the range of forces also lead to a violation
of causality — this fact, represented in the figure as the red
hatched area, is known as Wigner bound [36] (for a modern
discussion of the subject see Ref. [37]), see Appendix A.

It is not trivial to extend the notion of compositeness to
states other than bound states, since wave functions derived
from poles on the unphysical sheet are not normalizable and
the probabilistic interpretation is lost. Nevertheless, relying
formally on the definition of the field renormalization Z in
the nonrelativistic theory (Eqs. (7)–(10)), relations between
a, r, g2 and Z can be derived also for a virtual state with a
pole at k = −iγ = −i

√
2µEB and are similar to those of a

bound state (given above in Eqs. (13) and (16)): one simply
replaces γ in these equations by −γ to get the relations for
the virtual state with Z given in Eqs. (8) and (17).
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1
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To see how these equations work, consider the two extreme
cases of a pure molecule and a purely compact state. The
former implies Z = 0 and thus the absolute value of the scat-
tering length gets maximal, a = −1/γ , while r = O(1/β)
is of natural size and typically positive, although below we
will discuss an example of a predominantly molecular state
with a negative effective range. On the other hand, in case
of a purely compact bound state the scattering length takes
a natural value, a = −O(1/β), and the effective range gets
unnaturally large and negative. Solving Eq. (16) for Z , in
the zero-range approximation (neglecting theO(1/β) terms),
one finds

1 − Z =
√

a
a + 2r

=: X , (17)

where we introduced the compositeness X . It follows directly
from Eq. (16) that Eq. (17) holds only when both a and r are
negative. While the former condition is correct as soon as the
relevant pole is on the physical sheet, the latter signals that
in the derivation range corrections were neglected.

2.2 Possible extensions of compositeness beyond bound
states

Physical states are associated with poles of the T -matrix.
From Eq. (15) it follows that there are two poles located at
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plane and accordingly are located right at threshold

axis are called bound states, since by definition the sheet
with momenta that have positive imaginary parts refers to
the physical sheet. On the other hand, states on the nega-
tive imaginary momentum axis are called virtual states and
all other physically allowed states resonances (see Fig. 1).
Analyticity demands that resonance poles always appear in
pairs, as shown in this figure. All of these possibilities can
be related to different values of the effective range param-
eters, as indicated in Fig. 2. Note that resonance poles are
located above the corresponding threshold when studied in
the (energy) k2 plane (or the Mandelstam s plane) only if the
following conditions are fulfilled simultaneously: |a| < |r |,
r < 0 and a > 0. The line a = −r is also shown as the dot-
ted line in Fig. 2. The region above the (r = −a/2)-line for
a < 0 in Fig. 2 is not carrying any name and is left white, for
it refers to poles in the complex plane of the physical sheet.
Such poles are unphysical since the resulting states would be
at odds with causality. Moreover, positive effective ranges
that vastly exceed the range of forces also lead to a violation
of causality — this fact, represented in the figure as the red
hatched area, is known as Wigner bound [36] (for a modern
discussion of the subject see Ref. [37]), see Appendix A.

It is not trivial to extend the notion of compositeness to
states other than bound states, since wave functions derived
from poles on the unphysical sheet are not normalizable and
the probabilistic interpretation is lost. Nevertheless, relying
formally on the definition of the field renormalization Z in
the nonrelativistic theory (Eqs. (7)–(10)), relations between
a, r, g2 and Z can be derived also for a virtual state with a
pole at k = −iγ = −i

√
2µEB and are similar to those of a

bound state (given above in Eqs. (13) and (16)): one simply
replaces γ in these equations by −γ to get the relations for
the virtual state with Z given in Eqs. (8) and (17).
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Fig. 1 Naming convention for the poles in the k-plane. The thick red
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tering regime

wherea (r ) denotes the scattering length (the effective range).
This yields

a = −2
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r = − Z
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1
γ

+O(1/β) . (16)

To see how these equations work, consider the two extreme
cases of a pure molecule and a purely compact state. The
former implies Z = 0 and thus the absolute value of the scat-
tering length gets maximal, a = −1/γ , while r = O(1/β)
is of natural size and typically positive, although below we
will discuss an example of a predominantly molecular state
with a negative effective range. On the other hand, in case
of a purely compact bound state the scattering length takes
a natural value, a = −O(1/β), and the effective range gets
unnaturally large and negative. Solving Eq. (16) for Z , in
the zero-range approximation (neglecting theO(1/β) terms),
one finds

1 − Z =
√

a
a + 2r

=: X , (17)

where we introduced the compositeness X . It follows directly
from Eq. (16) that Eq. (17) holds only when both a and r are
negative. While the former condition is correct as soon as the
relevant pole is on the physical sheet, the latter signals that
in the derivation range corrections were neglected.

2.2 Possible extensions of compositeness beyond bound
states

Physical states are associated with poles of the T -matrix.
From Eq. (15) it follows that there are two poles located at

k = i
r

(

1 ±
√

1 + 2r
a
.

)

(18)
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Fig. 2 Types of poles in the r–a plane. The dotted line, located at
r = −a, refers to those poles that have a vanishing real part in the E
plane and accordingly are located right at threshold

axis are called bound states, since by definition the sheet
with momenta that have positive imaginary parts refers to
the physical sheet. On the other hand, states on the nega-
tive imaginary momentum axis are called virtual states and
all other physically allowed states resonances (see Fig. 1).
Analyticity demands that resonance poles always appear in
pairs, as shown in this figure. All of these possibilities can
be related to different values of the effective range param-
eters, as indicated in Fig. 2. Note that resonance poles are
located above the corresponding threshold when studied in
the (energy) k2 plane (or the Mandelstam s plane) only if the
following conditions are fulfilled simultaneously: |a| < |r |,
r < 0 and a > 0. The line a = −r is also shown as the dot-
ted line in Fig. 2. The region above the (r = −a/2)-line for
a < 0 in Fig. 2 is not carrying any name and is left white, for
it refers to poles in the complex plane of the physical sheet.
Such poles are unphysical since the resulting states would be
at odds with causality. Moreover, positive effective ranges
that vastly exceed the range of forces also lead to a violation
of causality — this fact, represented in the figure as the red
hatched area, is known as Wigner bound [36] (for a modern
discussion of the subject see Ref. [37]), see Appendix A.

It is not trivial to extend the notion of compositeness to
states other than bound states, since wave functions derived
from poles on the unphysical sheet are not normalizable and
the probabilistic interpretation is lost. Nevertheless, relying
formally on the definition of the field renormalization Z in
the nonrelativistic theory (Eqs. (7)–(10)), relations between
a, r, g2 and Z can be derived also for a virtual state with a
pole at k = −iγ = −i

√
2µEB and are similar to those of a

bound state (given above in Eqs. (13) and (16)): one simply
replaces γ in these equations by −γ to get the relations for
the virtual state with Z given in Eqs. (8) and (17).
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cases of a pure molecule and a purely compact state. The
former implies Z = 0 and thus the absolute value of the scat-
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axis are called bound states, since by definition the sheet
with momenta that have positive imaginary parts refers to
the physical sheet. On the other hand, states on the nega-
tive imaginary momentum axis are called virtual states and
all other physically allowed states resonances (see Fig. 1).
Analyticity demands that resonance poles always appear in
pairs, as shown in this figure. All of these possibilities can
be related to different values of the effective range param-
eters, as indicated in Fig. 2. Note that resonance poles are
located above the corresponding threshold when studied in
the (energy) k2 plane (or the Mandelstam s plane) only if the
following conditions are fulfilled simultaneously: |a| < |r |,
r < 0 and a > 0. The line a = −r is also shown as the dot-
ted line in Fig. 2. The region above the (r = −a/2)-line for
a < 0 in Fig. 2 is not carrying any name and is left white, for
it refers to poles in the complex plane of the physical sheet.
Such poles are unphysical since the resulting states would be
at odds with causality. Moreover, positive effective ranges
that vastly exceed the range of forces also lead to a violation
of causality — this fact, represented in the figure as the red
hatched area, is known as Wigner bound [36] (for a modern
discussion of the subject see Ref. [37]), see Appendix A.

It is not trivial to extend the notion of compositeness to
states other than bound states, since wave functions derived
from poles on the unphysical sheet are not normalizable and
the probabilistic interpretation is lost. Nevertheless, relying
formally on the definition of the field renormalization Z in
the nonrelativistic theory (Eqs. (7)–(10)), relations between
a, r, g2 and Z can be derived also for a virtual state with a
pole at k = −iγ = −i

√
2µEB and are similar to those of a

bound state (given above in Eqs. (13) and (16)): one simply
replaces γ in these equations by −γ to get the relations for
the virtual state with Z given in Eqs. (8) and (17).
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Fig. 1 Naming convention for the poles in the k-plane. The thick red
line for positive real valued k marks the physical momenta in the scat-
tering regime

wherea (r ) denotes the scattering length (the effective range).
This yields

a = −2
1 − Z
2 − Z

1
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+O(1/β),

r = − Z
1 − Z

1
γ

+O(1/β) . (16)

To see how these equations work, consider the two extreme
cases of a pure molecule and a purely compact state. The
former implies Z = 0 and thus the absolute value of the scat-
tering length gets maximal, a = −1/γ , while r = O(1/β)
is of natural size and typically positive, although below we
will discuss an example of a predominantly molecular state
with a negative effective range. On the other hand, in case
of a purely compact bound state the scattering length takes
a natural value, a = −O(1/β), and the effective range gets
unnaturally large and negative. Solving Eq. (16) for Z , in
the zero-range approximation (neglecting theO(1/β) terms),
one finds

1 − Z =
√

a
a + 2r

=: X , (17)

where we introduced the compositeness X . It follows directly
from Eq. (16) that Eq. (17) holds only when both a and r are
negative. While the former condition is correct as soon as the
relevant pole is on the physical sheet, the latter signals that
in the derivation range corrections were neglected.

2.2 Possible extensions of compositeness beyond bound
states

Physical states are associated with poles of the T -matrix.
From Eq. (15) it follows that there are two poles located at

k = i
r

(

1 ±
√

1 + 2r
a
.

)

(18)

The leading pole is the pole closest to the physical axis. States
with their leading pole on the positive imaginary momentum

Fig. 2 Types of poles in the r–a plane. The dotted line, located at
r = −a, refers to those poles that have a vanishing real part in the E
plane and accordingly are located right at threshold

axis are called bound states, since by definition the sheet
with momenta that have positive imaginary parts refers to
the physical sheet. On the other hand, states on the nega-
tive imaginary momentum axis are called virtual states and
all other physically allowed states resonances (see Fig. 1).
Analyticity demands that resonance poles always appear in
pairs, as shown in this figure. All of these possibilities can
be related to different values of the effective range param-
eters, as indicated in Fig. 2. Note that resonance poles are
located above the corresponding threshold when studied in
the (energy) k2 plane (or the Mandelstam s plane) only if the
following conditions are fulfilled simultaneously: |a| < |r |,
r < 0 and a > 0. The line a = −r is also shown as the dot-
ted line in Fig. 2. The region above the (r = −a/2)-line for
a < 0 in Fig. 2 is not carrying any name and is left white, for
it refers to poles in the complex plane of the physical sheet.
Such poles are unphysical since the resulting states would be
at odds with causality. Moreover, positive effective ranges
that vastly exceed the range of forces also lead to a violation
of causality — this fact, represented in the figure as the red
hatched area, is known as Wigner bound [36] (for a modern
discussion of the subject see Ref. [37]), see Appendix A.

It is not trivial to extend the notion of compositeness to
states other than bound states, since wave functions derived
from poles on the unphysical sheet are not normalizable and
the probabilistic interpretation is lost. Nevertheless, relying
formally on the definition of the field renormalization Z in
the nonrelativistic theory (Eqs. (7)–(10)), relations between
a, r, g2 and Z can be derived also for a virtual state with a
pole at k = −iγ = −i

√
2µEB and are similar to those of a

bound state (given above in Eqs. (13) and (16)): one simply
replaces γ in these equations by −γ to get the relations for
the virtual state with Z given in Eqs. (8) and (17).
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with a negative effective range. On the other hand, in case
of a purely compact bound state the scattering length takes
a natural value, a = −O(1/β), and the effective range gets
unnaturally large and negative. Solving Eq. (16) for Z , in
the zero-range approximation (neglecting theO(1/β) terms),
one finds
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where we introduced the compositeness X . It follows directly
from Eq. (16) that Eq. (17) holds only when both a and r are
negative. While the former condition is correct as soon as the
relevant pole is on the physical sheet, the latter signals that
in the derivation range corrections were neglected.
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axis are called bound states, since by definition the sheet
with momenta that have positive imaginary parts refers to
the physical sheet. On the other hand, states on the nega-
tive imaginary momentum axis are called virtual states and
all other physically allowed states resonances (see Fig. 1).
Analyticity demands that resonance poles always appear in
pairs, as shown in this figure. All of these possibilities can
be related to different values of the effective range param-
eters, as indicated in Fig. 2. Note that resonance poles are
located above the corresponding threshold when studied in
the (energy) k2 plane (or the Mandelstam s plane) only if the
following conditions are fulfilled simultaneously: |a| < |r |,
r < 0 and a > 0. The line a = −r is also shown as the dot-
ted line in Fig. 2. The region above the (r = −a/2)-line for
a < 0 in Fig. 2 is not carrying any name and is left white, for
it refers to poles in the complex plane of the physical sheet.
Such poles are unphysical since the resulting states would be
at odds with causality. Moreover, positive effective ranges
that vastly exceed the range of forces also lead to a violation
of causality — this fact, represented in the figure as the red
hatched area, is known as Wigner bound [36] (for a modern
discussion of the subject see Ref. [37]), see Appendix A.

It is not trivial to extend the notion of compositeness to
states other than bound states, since wave functions derived
from poles on the unphysical sheet are not normalizable and
the probabilistic interpretation is lost. Nevertheless, relying
formally on the definition of the field renormalization Z in
the nonrelativistic theory (Eqs. (7)–(10)), relations between
a, r, g2 and Z can be derived also for a virtual state with a
pole at k = −iγ = −i

√
2µEB and are similar to those of a

bound state (given above in Eqs. (13) and (16)): one simply
replaces γ in these equations by −γ to get the relations for
the virtual state with Z given in Eqs. (8) and (17).
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! ⟹ large  a:
 r  ~ O(1/M&)  

⟹
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and has a pole when  r/a is negative
— X was derived in the zero-range approximation 
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! Meanwhile,
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Large and negative effective range = compact state???

! 

— The conditions for a compact state are  
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! In a coupled-channel case the amplitude to be used in fits to data reads
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! Alternative methods ⟹ same results up to range corrections  
— First go to isospin limit, then estimate compositeness:

— Derivative of the self-energy loops in each channel:

Solution of the dynamical problem is needed to 
find the pole and the sc.length

<latexit sha1_base64="g0hCniHDf9LkE28DmXs8VnntMBA="></latexit>

Xi = g2i
d⌃i(Mpole

)

dM2

pole

Calculation is needed
Hyodo et al. (2012);  Aceti, Oset (2012);  Z.H.Guo, Oller (2016)
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Nature of the X(3872) from LHCb data

The signal from the threshold is 
smeared by the energy resolution

!  Recent LHCb study of
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always a contribution to both the imaginary and real part of
the denominator function in Eq. (2). Repeating the fit
results in a similar but worse fit quality with a log-
likelihood difference of 0.1. The width Γ0 is reduced by
0.2 MeV, which is the smallest systematic uncertainty on
this parameter.

C. Comparison between Breit-Wigner
and Flatté lineshapes

Figure 4 shows the comparison between the Breit-
Wigner and the Flatté lineshapes. While in both cases
the signal peaks at the same mass, the Flatté model results
in a significantly narrower lineshape. However, after
folding with the resolution function and adding the back-
ground, the observable distributions are indistinguishable.
To quantify this comparison the fit results for the mode,

the mean and the full width at half maximum (FWHM) of
the Flatté model and their uncertainties are summarized in
Table VI. The mode of the Flatté distribution agrees within
uncertainties with the Breit-Wigner solution. However, the
FWHM of the Flatté model is a factor of 5 smaller than the
Breit-Wigner width. To check the consistency of these
seemingly contradictory results, pseudoexperiments gen-
erated with the Flatté model and folded with the known
resolution function are analyzed with the Breit-Wigner
model. Figure 5 shows the resulting distribution of the
Breit-Wigner width determined from the pseudoexperi-
ments, which is in good agreement with the value observed

in the data. This demonstrates that the value obtained for
the Breit-Wigner width, after taking into account the
experimental resolution, is consistent with the expectation
of the Flatté model. The result highlights the importance of
a proper lineshape parametrization for a measurement of
the location of the pole.

D. Pole search

The amplitude as a function of the energy defined by
Eq. (2) can be continued analytically to complex values of
the energy E. This continuation is valid up to singularities
of the amplitude. There are two types of singularities,
which are relevant here: poles and branch points. Poles of

TABLE V. Systematic uncertainty on the measurement of the Flatté parameters.

Systematic g fρ × 103 Γ0 (MeV)

Model þ0.003 −0.004 þ0.6 −0.5 þ0.5 −0.4
Momentum scale þ0.003 −0.003 þ0.1 −0.2 þ0.1 −0.2
Threshold mass þ0.003 −0.003 þ0.2 −0.2 þ0.2 −0.3
D"0 width −0.001 −0.2

Sum in quadrature þ0.005 −0.006 þ0.7 −0.6 þ0.6 −0.6
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FIG. 4. Comparison of the Flatté (solid, red) and Breit–Wigner
(dotted, black) lineshapes. The left plot shows the raw lineshapes
for the default fits. The location of the D0 D̄"0 threshold is
indicated by the blue vertical line. On the right the distributions
are shown after applying smearing with the resolution function
and adding background.

TABLE VI. Results of the fit with the Flatté lineshape including
statistical and systematic uncertainties. The Flatté mass parameter
m0 ¼ 3864.5 MeV is used.

Mode (MeV) Mean (MeV) FWHM (MeV)

3871.69þ0.00þ0.05
−0.04−0.13 3871.66þ0.07þ0.11

−0.06−0.13 0.22þ0.06þ0.25
−0.08−0.17
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FIG. 5. Distribution of the FWHM obtained for simulated
experiments generated from the result of the Flatté model and
fitted with the Breit-Wigner model (filled histogram). Both
models account for the experimental resolution. The dashed
red line shows the FWHM of the Flatté lineshape, while the solid
blue line indicates the value of the Breit-Wigner width observed
in the data.
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Low-energy parameters and Compositeness
<latexit sha1_base64="ud6dB5MxBKsoNseJ3kmQ6qVn70w="></latexit>

TD⇤+D0!D⇤+D0(k) = � 2⇡

µc0

✓
1

a0
+

1

2
r0k

2 � ik +O(k4)

◆�1

<latexit sha1_base64="rE4mp9FyLmSudy6k/FhiEVjkF/w=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpBoNgY9iVoDZCUAvLCOYB2TXMTu4mQ2Znl5lZIYQUNv6KjYUitn6EnX/jJNlCEw8MnHvOvdy5J0g4U9pxvq3c0vLK6lp+vbCxubW9Y+/uNVScSgp1GvNYtgKigDMBdc00h1YigUQBh2YwuJr4zQeQisXiTg8T8CPSEyxklGgjdeyi7Dj3XiJZBPgCmwIfY+8auCamsEtO2ZkCLxI3IyWUodaxv7xuTNMIhKacKNV2nUT7IyI1oxzGBS9VkBA6ID1oGypIBMofTY8Y40OjdHEYS/OExlP198SIREoNo8B0RkT31bw3Ef/z2qkOz/0RE0mqQdDZojDlWMd4kgjuMglU86EhhEpm/oppn0hCtcmtYEJw509eJI2TsntartxWStXLLI48KqIDdIRcdIaq6AbVUB1R9Iie0St6s56sF+vd+pi15qxsZh/9gfX5A+19ll0=</latexit>

r00 = r0 ��r
Term from 2nd channel

<latexit sha1_base64="MjA+2OAmOsDEIiXwH88ALWn/RnI="></latexit>

�2 = mthr2 �mthr1

<latexit sha1_base64="0XpPcRVDivwcTHf9F2uopKqR/EY="></latexit>

�r = �
r

µ2

2µ2
1�2

' �3.8 fm

Eff. range in the 
1st  channel

Composite or Compact? (�rIV = �
q

1
2µ� = �3.78 fm)

+ Compositeness X̄A = 1 � Z

X̄A =

✓
1 + 2

���
r00

<a0

���
◆�1/2

, r00 = r0 � �rIV

+ Note here Tthr 6= � 2⇡
µ
a0

a0 [fm] r0 [fm] r00 [fm] X̄A

I

✓
�6.31+0.36

�0.45

±0.27

◆
+i

✓
0.05+0.01

�0.01

±0.00

◆
�2.78 ± 0.01

± 0.66
1.00 ± 0.01

± 0.66
0.87 ± 0.01

± 0.07

II

✓
�6.64+0.36

�0.50

±0.27

◆
�i

✓
0.10+0.01

�0.02

±0.01

◆
�2.80 ± 0.01

± 0.59
0.98 ± 0.01

± 0.59
0.88 ± 0.01

± 0.06

III

✓
�6.72+0.36

�0.45

±0.27

◆
�i

✓
0.10+0.03

�0.03

±0.03

◆
�2.40 ± 0.01

± 0.85
1.38 ± 0.01

± 0.85
0.84 ± 0.01

± 0.06

10 / 13

<latexit sha1_base64="qWYefIRli4UxIQHNLC/9vh7Y040="></latexit>

X̄ =

✓
1 + 2

����
r00

Rea0

����

◆�1/2

Compositeness:

Scattering amplitude 
in the 1st channel:

Tcc+  is consistent with a pure molecule!
30

Low-energy parameters and Compositeness
<latexit sha1_base64="ud6dB5MxBKsoNseJ3kmQ6qVn70w="></latexit>

TD⇤+D0!D⇤+D0(k) = � 2⇡

µc0

✓
1

a0
+

1

2
r0k

2 � ik +O(k4)

◆�1

<latexit sha1_base64="rE4mp9FyLmSudy6k/FhiEVjkF/w=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpBoNgY9iVoDZCUAvLCOYB2TXMTu4mQ2Znl5lZIYQUNv6KjYUitn6EnX/jJNlCEw8MnHvOvdy5J0g4U9pxvq3c0vLK6lp+vbCxubW9Y+/uNVScSgp1GvNYtgKigDMBdc00h1YigUQBh2YwuJr4zQeQisXiTg8T8CPSEyxklGgjdeyi7Dj3XiJZBPgCmwIfY+8auCamsEtO2ZkCLxI3IyWUodaxv7xuTNMIhKacKNV2nUT7IyI1oxzGBS9VkBA6ID1oGypIBMofTY8Y40OjdHEYS/OExlP198SIREoNo8B0RkT31bw3Ef/z2qkOz/0RE0mqQdDZojDlWMd4kgjuMglU86EhhEpm/oppn0hCtcmtYEJw509eJI2TsntartxWStXLLI48KqIDdIRcdIaq6AbVUB1R9Iie0St6s56sF+vd+pi15qxsZh/9gfX5A+19ll0=</latexit>

r00 = r0 ��r
Term from 2nd channel

<latexit sha1_base64="MjA+2OAmOsDEIiXwH88ALWn/RnI="></latexit>

�2 = mthr2 �mthr1

<latexit sha1_base64="0XpPcRVDivwcTHf9F2uopKqR/EY="></latexit>

�r = �
r

µ2

2µ2
1�2

' �3.8 fm

Eff. range in the 
1st  channel

Composite or Compact? (�rIV = �
q

1
2µ� = �3.78 fm)

+ Compositeness X̄A = 1 � Z

X̄A =

✓
1 + 2

���
r00

<a0

���
◆�1/2

, r00 = r0 � �rIV

+ Note here Tthr 6= � 2⇡
µ
a0

a0 [fm] r0 [fm] r00 [fm] X̄A

I

✓
�6.31+0.36

�0.45

±0.27

◆
+i

✓
0.05+0.01

�0.01

±0.00

◆
�2.78 ± 0.01

± 0.66
1.00 ± 0.01

± 0.66
0.87 ± 0.01

± 0.07

II

✓
�6.64+0.36

�0.50

±0.27

◆
�i

✓
0.10+0.01

�0.02

±0.01

◆
�2.80 ± 0.01

± 0.59
0.98 ± 0.01

± 0.59
0.88 ± 0.01

± 0.06

III

✓
�6.72+0.36

�0.45

±0.27

◆
�i

✓
0.10+0.03

�0.03

±0.03

◆
�2.40 ± 0.01

± 0.85
1.38 ± 0.01

± 0.85
0.84 ± 0.01

± 0.06
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<latexit sha1_base64="qWYefIRli4UxIQHNLC/9vh7Y040="></latexit>

X̄ =

✓
1 + 2

����
r00

Rea0

����

◆�1/2

Compositeness:

Scattering amplitude 
in the 1st channel:

Tcc+  is consistent with a pure molecule!
30

Calculation scheme

C0

3S1 3S1+

OPE

3S1
3D1

3S1
3D1

VLO  = →  
<latexit sha1_base64="mFjzUTs5LD7frB8AcX4jl2MNPsU=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9gVUY9BLx4j5AXZZemddJIhsw9mZgNhyZ948aCIV//Em3/jJNmDJhY0FFXddHeFqeBKO863VdrY3NreKe9W9vYPDo/s45O2SjLJsMUSkchuCAoFj7GluRbYTSVCFArshOOHud+ZoFQ8iZt6mqIfwTDmA85AGymw7WaQeyDSEVAvRA2zwK46NWcBuk7cglRJgUZgf3n9hGURxpoJUKrnOqn2c5CaM4GzipcpTIGNYYg9Q2OIUPn54vIZvTBKnw4SaSrWdKH+nsghUmoahaYzAj1Sq95c/M/rZXpw5+c8TjONMVsuGmSC6oTOY6B9LpFpMTUEmOTmVspGIIFpE1bFhOCuvrxO2lc196Z2/XRdrd8XcZTJGTknl8Qlt6ROHkmDtAgjE/JMXsmblVsv1rv1sWwtWcXMKfkD6/MHU4STeQ==</latexit>

T↵�

D⇤+
D0, p̄(p)

⇡+

D0, p(p̄)

=
D⇤+

D0, p̄(p)

⇡+

D0, p(p̄)

⇥ �

D⇤+

D0

D⇤+
D0, p̄(p)

⇡+

D0, p(p̄)

⇥ �

D⇤0

D+

D⇤+
D0, p̄(p)

⇡+

D0, p(p̄)

⇥
<latexit sha1_base64="zR8BSk4w1lQ1peTiPjnODmYaA+M=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9lIUY9FLx4rtLXQLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurO9/e4W19Y3NreJ2aWd3b/+gfHjUNirVlLWoEkp3QmKY4JK1LLeCdRLNSBwK9hCOb2f+wxPThivZtJOEBTEZSh5xSqyT2s1+hvG0X674VX8OtEpwTiqQo9Evf/UGiqYxk5YKYkwX+4kNMqItp4JNS73UsITQMRmyrqOSxMwE2fzaKTpzygBFSruSFs3V3xMZiY2ZxKHrjIkdmWVvJv7ndVMbXQcZl0lqmaSLRVEqkFVo9joacM2oFRNHCNXc3YroiGhCrQuo5ELAyy+vkvZFFV9Wa/e1Sv0mj6MIJ3AK54DhCupwBw1oAYVHeIZXePOU9+K9ex+L1oKXzxzDH3ifPwzjjsw=</latexit>

T11
<latexit sha1_base64="EXDENyoO5psd7NdETA219TUD77E=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewSoh6JXjxiAgsJbEi3dKHSbTdt14Rs+A9ePGiMV/+PN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eMTX8tUEdomkkvVDbGmnAnaNsxw2k0UxXHIaSec3M39zhNVmknRMtOEBjEeCRYxgo2V/NYgq3mzQbniVt0F0DrxclKBHM1B+as/lCSNqTCEY617npuYIMPKMMLprNRPNU0wmeAR7VkqcEx1kC2unaELqwxRJJUtYdBC/T2R4VjraRzazhibsV715uJ/Xi810U2QMZGkhgqyXBSlHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/XldeLXqt5Vtf5QrzRu8ziKcAbncAkeXEMD7qEJbSDwCM/wCm+OdF6cd+dj2Vpw8plT+APn8wcOaY7N</latexit>

T21

! Production amplitude:

! Only two parameters to be fitted  to the D0D0!+  spectrum:   

! LO isoscalar potential:

27

— a typical soft scale in the problem  
<latexit sha1_base64="lu4iYSrQ0jH9eNxA2TTaMxIJClU="></latexit>p
m� ' 45 MeV ⌧ ⇤ 2 [300, 1200] MeV

— The leading cutoff dependence can be fully absorbed into C0(")

<latexit sha1_base64="mewvVWLSy0dipcVXZXOjZbYVefs="></latexit>

�P1
<latexit sha1_base64="CWcipjNKmlGIl7BN3QZSXC5KH/o="></latexit>

P1
<latexit sha1_base64="CWcipjNKmlGIl7BN3QZSXC5KH/o="></latexit>

P1

C0  and overall Norm ~ 
<latexit sha1_base64="EK+AP9IwW+drRv9v8k9qItuX1zQ="></latexit>
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Calculation scheme
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3S1 3S1+

OPE

3S1
3D1
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⇥ �
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D0
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D0, p(p̄)

⇥ �
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D+
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⇥
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! Production amplitude:

! Only two parameters to be fitted  to the D0D0!+  spectrum:   

! LO isoscalar potential:
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— a typical soft scale in the problem  
<latexit sha1_base64="lu4iYSrQ0jH9eNxA2TTaMxIJClU="></latexit>p
m� ' 45 MeV ⌧ ⇤ 2 [300, 1200] MeV

— The leading cutoff dependence can be fully absorbed into C0(")

<latexit sha1_base64="mewvVWLSy0dipcVXZXOjZbYVefs="></latexit>

�P1
<latexit sha1_base64="CWcipjNKmlGIl7BN3QZSXC5KH/o="></latexit>
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<latexit sha1_base64="CWcipjNKmlGIl7BN3QZSXC5KH/o="></latexit>

P1

C0  and overall Norm ~ 
<latexit sha1_base64="EK+AP9IwW+drRv9v8k9qItuX1zQ="></latexit>

P 2
1

'EFT analysis of the LHCb data

0EB

Tcc+

<latexit sha1_base64="V0kC8ESKB29/5aWTKXWA5HxfWmY=">AAACKnicbVDLSgNBEJz1GddX1KOXxSB4CkkQzTEqgkcF44NsCL2TTjI4O7PM9AbDsl/hVf/Ar/EWvPohTmIOvgoaiqpuuruiRApLlcrYm5tfWFxaLqz4q2vrG5vFre0bq1PDscm11OYuAotSKGySIIl3iUGII4m30cPZxL8dorFCq2saJdiOoa9ET3AgJ92HXZQEnZrfKZYq5coUwV9SnZESm+Gys+Wthl3N0xgVcQnWtuoJtTMwJLjE3A9TiwnwB+hjy1EFMdp2Nj04D/ad0g162rhSFEzV7xMZxNaO4sh1xkAD+9ubiP95rZR69XYmVJISKv61qJfKgHQw+T7oCoOc5MgR4Ea4WwM+AAOcXEY/tiBpLSP9mPt+eEKn2BfqXA2F0WrycUYQpRJMnoUk1Ch38VV/h/WX3NTK1aPy4dVhqXE6C7LAdtkeO2BVdswa7IJdsibjLGZP7Jm9eK/emzf23r9a57zZzA77Ae/jE4WGp4U=</latexit>

�2
<latexit sha1_base64="AZ4IGxR8BNh2hvWXNroBBPYl7s0="></latexit>

EB << �2

<latexit sha1_base64="ruGGwHkGfHfRnvhGzdmM4X54MSI="></latexit>

D0D⇤+ <latexit sha1_base64="Gx+t/jBMtDt6YT2pQ13E5PJt7Rk="></latexit>

D+D⇤0

data: LHCb Nat.Com. 13 (2022) 1, 3351



Weinberg analysis & extensions: right tool for testing nature

Summary

⟹  uncertainty quantification as O(%/#)

16

⟹ model independent  in the weak binding limit

—Analyticity of the pole trajectories when sc. length and eff. range change sign ⟹                   
Extensions to virtual states and resonances are straightforward

—A simple method to estimate compositeness in a coupled-channel case if EB ≪ ( 

—Large and negative eff. range  may come from coupled channels 
⟹ not necessarily a compact state
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