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Hadron spectrum

Plot from https://home.cern/news/news/physics/59-new-hadrons-and-counting



Confinement
• Observed hadrons are color singlets

• The potential between static quark-antiquark pairs must 
be linear at large distances (before string-breaking)

• Wilson potential (from LQCD):

𝑉 𝑟 = 𝐴 +
𝐵

𝑟
+ 𝜎𝑟

• Many models for charmonium, bottomonium etc. come 
from this potential

• Problem: This gives no information about why quarks are 
confined!



One approach: Coulomb Gauge LQCD

• LQCD is the only way to probe quark-level interactions 
currently

• Need to fix the gauge to employ physical intuition

• Can understand QCD through analogy to QED in 
Coulomb Gauge

• A few related questions remain about specifics of flux 
tubes 1 2 3 on the Lattice in the Coulomb gauge
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𝑉 𝑟 QCD Coulomb Potential vs Wilson Potential

• Coulomb potential = potential of static quark antiquark 
pair interacting instantaneously in Coulomb gauge

• Both potentials parameterized by Cornell potential 

𝑉 𝑟 = 𝐴 +
𝐵

𝑟
+ 𝜎𝑟

• Wilson potential = potential of static quark antiquark 
pair in ground state

• Confining behavior of Coulomb potential is 
necessary for Wilson confinement4
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Coulomb Gauge Hamiltonian:

𝐻𝑄𝐶𝐷 = 𝐻𝑞 + 𝐻𝑔 + 𝐻𝑞𝑔 + 𝐻𝐶

𝑉 → 𝜎𝐶𝑟

𝑞ത𝑞𝑡𝑟𝑢𝑒 = 𝑞ത𝑞 + 𝑞ത𝑞𝑔 + 𝑞ത𝑞𝑔𝑔 +⋯

𝑉 →
1

𝑟

𝐻𝑄𝐶𝐷 𝑞ത𝑞𝑡𝑟𝑢𝑒 = 𝜎𝑊𝑟 𝑞ത𝑞𝑡𝑟𝑢𝑒

⟨𝑞ത𝑞|𝐻𝑄𝐶𝐷 𝑞ത𝑞 = 𝜎𝐶𝑟

• The static quark-antiquark state which produces the coulomb potential is not the 
ground state!



SU(N) Lattice QCD
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• Links are SU(N) matrices representing gauge transporters 
between lattice sites

𝑎

• Wilson action for SU(N) LQCD:

𝛽 = 2𝑁/𝑔2



• In Coulomb gauge (𝜕𝑖𝐴
𝑖 = 0), calculate the potential 

from correlation of two time-like Wilson lines

• 𝑇 → ∞ should recover the (minimal) Wilson Potential.

• 𝑇 → 0 gives the lattice version of the Coulomb potential
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• Can calculate chromoelectric energy density by inserting 
“probe” above the Wilson lines



Lattice Setup
• Use anisotropic lattice to access 𝑇 → 0: Different couplings for 

spatial/time directions
• Quenched Lattice QCD: 𝑁𝑓 = 0, no fermion determinant (pure gauge 

action, infinitely heavy quarks)
• SU(2) and SU(3) (in progress)

𝑡

𝑥

𝜉 = 1 𝜉 = 2𝑡

𝑥



Preliminary Results: SU(2)



Preliminary Results: Isotropic SU(3)
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Summary

• Currently it is difficult to see what exactly is going on (Gauge fixing issues, 
anisotropy,  etc.)

• Improvements in methods/algorithms and theoretical calculations 
necessary for Coulomb Gauge LQCD

• Coulomb Gauge Physics is important for understanding hadron spectrum, 
confinement



Backup Slides



Coulomb Gauge Hamiltonian:

𝐻𝑄𝐶𝐷 = 𝐻𝑞 +𝐻𝑔 + 𝐻𝑞𝑔 + 𝐻𝐶 (+ counter−terms)



Shape of the Electric Field’s Energy Distribution
• Bowman, Szczepaniak prediction: The Energy 

distribution has a power-law fall off in the 
transverse direction1

• Greensite, Chung calculation: The distribution 
decays exponentially in the transverse direction 
(“Flux tube”)2

• Dawid, Szczepaniak calculation: There might be 
some evolution between the two with increasing 
coupling strength3

• How does it really decay?
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• Basic idea: Equilibrate a 4D matrix of link variables according to the QCD action 
and calculate observables from link variables

𝑉 𝑟 = 𝐴 +
𝐵

𝑟
+ 𝜎𝑟

𝑉 𝑅, 𝑇 = ln
𝑊 𝑅, 𝑇

⟨𝑊(𝑅, 𝑇 + 1)⟩

• “Wilson loops” are oriented closed loops on the lattice from which we can extract 
the potential between heavy static quarks

𝑊 𝑅, 𝑇 = Tr ෑ

𝑛,𝜇 ∈𝐶

𝑈𝜇(𝑛)

𝑦
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𝐶

• In the limit 𝑇 → ∞ we identify the static quark potential

• 𝜎 is the “string tension”



𝑎𝑉 𝑅, 𝑇 = log
⟨Tr[𝐿𝑇 𝟎 𝐿𝑇

† 𝑹 ]⟩
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𝑎𝑉𝐶 𝑟 = 𝑎𝑉 𝑟, 0 = −log
1

𝑁
Tr 𝑈0(0, 𝟎)𝑈0

† 0, 𝑹

• 𝑇 → ∞ should recover the Wilson Potential.

• 𝑇 → 0 gives the lattice version of the Coulomb potential, an 
instantaneous “chromoelectric” interaction (“bare” state)
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Coulomb Potential Observable



𝑄𝑇 𝑅, 𝑌 =
Tr 𝐿𝑇 0 𝐿𝑇

† 𝑅
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• One def of energy density observable:
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• Extra plaquette acts as a probe for 𝐸𝑥
2

Coulomb Energy Density Observable







Gauge-Fixing


