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 Current problem in theoretical description in high energy
Scattering.

 Dipole scattering amplitudes: phenomenological input.

 Leading twist approximation: for nonlinear evolution in NLO

 Saturation scale and b dependence.

 Results of the fit: deep inelastic structure function 𝐹2

 Conclusions.
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Proton Structure functions and DIS cross section
 Proton structure Function: 𝐹2 and the Longitudinal 𝐹𝐿(Q, x)

 Y = ln (1/x) = ln s

 Ψ𝐿/𝑇
𝛾∗

(Q, r, z, 𝑚𝑓) Light front wave function

 N(Q,Y; b), N(r,Y; b), in the dipole Picture: dipole ത𝑞𝑞-proton scattering Amplitude

 r dipole tranverse-size, b impact parameter

 z fraction of the light-front momenta of the virtual photon carried by the quark

 𝑚𝑓 mass of the quarks

 Total cross section for DIS 𝜎𝑇 and 𝜎𝐿




 fit: deep inelastic structure function 𝐹2
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• BFKL Kernel in the LO

• 𝐾𝐿𝑂 BFKL Kernel in the LO 
Balinsky, Fadin, Kuraev and Lipatov

N(r,Y; b) in the dipole Picture:  Scattering  Amplitude

Solution:   JIMWLK (Iancu, Jalilian-Marian,Kovner, Leonidov, McLerrran and Weigert) and large Nc limit

BK equation (Balinky-Kovchegov)



BK equation and  NLO  corrections

 NLO for the eigenvalues 𝑤𝑁𝐿𝑂 Fadin-Lipatov arXiv 9802290 Ciafaloni-Camici arXiv 9803389

𝛾 → 1 𝑖𝑠 𝑠𝑖𝑛𝑔𝑢𝑙𝑎𝑟

Ciafaloni, Colferai, Salam  Stasto arXiv 0307188

resumation in high order correction

Khoze, Martin, Rymskim and Stirling:  arXiv 0406135



Effects of the NLO in BFKL

𝛾→ 1 BFKL

𝛾→ 0  BK saturation region

For soft processes

largest Transversal distances

small Momenta, large but finite

energies

𝛾→ 1 

𝛾→ 0 



Resummed anomalous dimensions in NLO

Phys. Rev. D 106 (2022) 3, 034011 



Scattering amplitude N(r,Y; b)

 Ψ𝐿/𝑇
𝛾∗

(Q, r, z, m) Light front wave function

 N(r,Y; b) --> saturation condition

 Three differents Kinematics region

𝑸𝒔
𝟐𝒓𝟐 < 𝟏 ; 𝑷𝒆𝒓𝒕𝒖𝒓𝒃𝒂𝒕𝒊𝒗𝒆 𝒓𝒆𝒈𝒊𝒐𝒏 𝑩𝑭𝑲𝑳 𝑬𝒒𝒖𝒂𝒕𝒊𝒐𝒏

𝑸𝒔
𝟐𝒓𝟐 > 𝟏 ; 𝑺𝒂𝒕𝒖𝒓𝒂𝒕𝒊𝒐𝒏 𝒓𝒆𝒈𝒊𝒐𝒏 𝑩𝑲 𝑬𝒒𝒖𝒂𝒕𝒊𝒐𝒏

𝑸𝒔
𝟐𝒓𝟐~𝟏 ; 𝒗𝒆𝒄𝒊𝒏𝒊𝒕𝒚 𝒐𝒇 𝑺𝒂𝒕𝒖𝒓𝒂𝒕𝒊𝒐𝒏 𝒓𝒆𝒈𝒊𝒐𝒏



Scattering Amplitud

 𝑸𝒔
𝟐𝒓𝟐 < 𝟏 (Perturbative region)

 𝑸𝒔
𝟐𝒓𝟐 ~ 𝟏 (Vicinity of saturation scale)

 𝑸𝒔
𝟐𝒓𝟐 ≫ 𝟏 (Saturation region)





Scattering Amplitud

 𝑸𝒔
𝟐𝒓𝟐 ≫ 𝟏 (Saturation region)



For z >>1 Levin-Tuchin Solution



Geometric Scaling and Saturation

 𝑸𝒔
𝟐𝒓𝟐 ~ 𝟏 (Vicinity of saturation scale)



N→ No  parameter  
free

 Saturation condition → linear BFKL equation

 Saddle Point condition with saturation 𝑸𝒔
𝟐𝒓𝟐 ~ 𝟏



𝜔(ഥ𝛾)

ഥ𝛾
𝑌 − 𝜉𝑠 = 0 → 𝜉𝑠 = ln (𝑄𝑆

2/𝑄0
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𝑸𝑺
𝟐 𝐘, 𝐛 = 𝑸𝑺

𝟐 𝟎, 𝒃 𝑬𝒙𝒑(𝝀(𝜶) 𝒀) Qo, 𝝀(𝜶) free

parameters



Two approaches: saturation scale and impact 

parameter impact 

 𝑸𝑺
𝟐 𝐘, 𝐛 = 𝑸𝑺

𝟐 𝟎, 𝒃 𝑬𝒙𝒑(𝝀 𝒀)

• Different approach summing pion loops in Qs. (Gotsman-Levin 2020)  

• We introduced exponential suppression which follows from Froissart 
theorem.

m, 𝝀(𝜶) free  parameters

𝜶´𝒆𝒇𝒇 free  parameters



Restriction of kinematics region and 

parameters of our fit.

Quark mass:

Set 1 and 2 is with ligh quark masses 140 MeV

Set 3 and for is for currents masses

Mass of the c quark  1.4 GeV and we need to modify 𝑥 → 𝑥𝑐 = 1 + 4
𝑚𝑐

2

𝑄2 𝑥



Confronting the model with experimental data:

𝑭𝟐 vs 𝒙𝑩𝒋

[arXiv:0911.0884 [hep-ex]]



Confronting the model with experimental data:

𝑭𝟐 vs 𝒙𝑩𝒋
, (at low 𝑸𝟐 )

[arXiv:0911.0884 [hep-ex]]

Combined Measurement and QCD Analysis of the Inclusive 

e ± p Scattering Cross Sections at HERA



Confronting the model with experimental data:

𝑭𝐋 vs 𝒙𝑩𝒋
- 𝑭𝟐

𝒄ത𝒄 vs 𝒙𝑩𝒋

arXiv:0911.0884 [hep-ex]]

arXiv:1211.1182 [hep-ex]]

Combination and QCD Analysis of Charm 

Production Cross Section Measurements in 

Deep-Inelastic ep Scattering at HERA



Summary

 We treated the non-linear evolution equation including

NLO corrections.

 We have found numerical solution and analytical

approximation to BK equation.

 Two approaches in Saturation momentum, in accordance

with Froissart theorem.

 Our fits describe quite well the experimental data of DIS.



Thank You 


