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describes phase structure of ma@er following the QCD dynamics.

We apply the FuncIonal RenormalizaIon Group to an effecIve model
to take quantum fluctuaIons into account properly.

2



3

▶ previous studies
・FuncIonal RenormalizaIon Group EquaIon
C.	Wetterich ,Phys.Lett B	301	(1993)

・FRG analyses at ( ≠ 0 and ' ≠ 0
in the simplest approximaIon, “Local PotenIal ApproximaIon”

B.	-J.	Schaefer	and	J.	Wambach,	Nucl.	Phys.	A.	757.		(2005)	479-492

・FRG analyses at ( = 0 and ' ≠ 0 beyond the LPA
J.	Braun,	Phys.	Rev.	D	81.016008	(2010)

A.	J.	Helmboldt,	J.	M.	Pawlowski	and	N.	Strodthoff,	Phys.	Rev.	D	91.054010	(2015)

・FRG analyses at ( ≠ 0 and high T beyond the LPA

H.	Zuang,	D.	Hou,	T.	Kojo	and	B.	Qin,	Phys.	Rev.	D	96.	114029	(2017),	LPA+Z-meson

We focus on the phase structure at ( ≠ 0 and zero T beyond the LPA. 

J.	M.	Pawlowski	et	al.	,	Phys.	Rev.	D	90.076002	(2014)

F.	Rennecke et	al.	,	Phys.	Rev.	D	96.016009	(2017)



If we consider quantum fluctuaIons more properly than in the LPA, 
how does this change ?    Does this 1st phase transi4on remain ?
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Results for chiral phase transiIons in the 2-flavor Quark Meson model 
at ( ≠ 0 and ' = 0

・FRG in the LPA 

LPA

MFA

O.	Scavenius,	A.	Mocsy,	I.N.	Mishustin,	D.H.	Rischke,	Phys.	Rev.	C	64	(2001)	045202.

B.-J.	Schaefer and	J.	Wambach,	Phys.	Rev.	D	75	(2007)	085015.	

・Mean Field ApproximaIon
L.	Brandes,	N.	Kaiser	and	W.	Weise,	Eur.	Phys.	J.	A	(2021)	57:243



Quark Meson model and FRG
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ℒ = )* /0\1\ − 3 4 + /0]7⃗ 8 9 * +
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▶ The 2-flavor Quark Meson model

4 ：order parameter for SU 2 chiral symmetry

<_ = 9, 4 ：meson field* = (C , D)： quark field
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+ = (', /, 0, 10")",

3 ⋯ source of +
Γ F ` ≡ −logKLF Mab[d] +KDfN Og F `

KLF … =Q
hij

k

KDF R …

FRG allows to get 4 including effect of quantum fluctuaIons. 

▶ EffecIve AcIon Γ for the Quark Meson model

introduce Sl into Γ to give a “mass” Sl to F R , R < U (Γ → Γl)

(;# = /# + '#… chiral invariant)

GeneraIng FuncIonal



U
1Γl
1U =

1
2Tr U

1Sl
1U

1
Γl
(^) + Sl

=
1
2

High Energy Scale (U = Λ)

Low Energy Scale (U → 0)
Γlij = Γ quantum effec4ve ac4on

Γlik ≈ ∫DfN ℒ classical ac4on 

C.	Wetterich,	Phys.	Lett	B	301	(1993)▶ The exact Flow EquaIon for Γl

Γ$
# ≡

@#

@ + # Γ$

A
BΓ$

(#)

BA
= −

1
2

Γ$
(') Γ$

(()Γ$
(')

Flow

Problem : B$Γ$
()) = E) Γ$

()*+), Γ$
()*#)

This EquaIon is not closed.

Slik(R) gives large masses to F

Slij R = 0 at any R
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Γ$ = FG(H, I J-,$(10, 0, ;#) K 10 L/B/ + L!* 0 + M$(10, 0, ;#) K 10 ' + NL0P⃗ K / 0

Q+
1
2
J1,$ 10, 0, ;# K B/;

#
+
1
8
S1,$ 10, 0, ;# K ;2B/;2

#
+ T$ ;# − U' +⋯

・ignore higher order terms in derivaIves

1lΓl = K
j

k

DR 1lSl(R)… ≈ K
j

l

DR…

・ignore higher order terms in fields and flows of [m,l and 3l

▶ DerivaIve Expansion ( valid for low momentum )

Only low momenta R < U contribute to Γl.

Flow EquaIon
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G.	R.	Golner Phys.	Rev.		B	33	no.	11,	(1986)	7863-7866	

Γ$ contains all possible terms that do not break SU 2 chiral symmetry.

J$ 10, 0, ;# → J$, S1,$ → 0 , M$ 10, 0, ;# → M,

We consider \m,l and \!,l, wavefuncIon renormalizaIon constants. 



▶ Local PotenIal ApproximaIon LPA

Only >l depends on U. BT$(')
BA

=
1
2

−

=
A(

12/#
1 + 2Y3(Z4,$)

Z4,$
+ 3

1 + 2Y3(Z5,$)
Z5,$

quark part

=
A(

12/#
4\6\7

1 − Y8 Z-,$ − * − Y8 Z-,$ + *
Z-,$

1
2

Z4,$ = A# + B4#T$
Z5,$ = A# + '9+B4T$

Z-,$ = A# + M' #

meson part

It’s not fully confirmed whether LPA is enough to describe the chiral phase transi'on. 

B.	-J.	Schaefer	and	J.	Wambach,	Nucl.	Phys.	A.	757.		(2005)	479-492

9

To calculate this equaIon, we use the 3d opImized Regulator. 
D.F.	Litim ,	Phys.	Rev.	D	64,	105007	(2001)

We consider \!,l and \m,l as a next step of the LPA.



J.	M.	Pawlowski	et	al.	,	Phys.	Rev.	D	90.076002	(2014)	⋯p!,# , p$,# , q#

' ≠ 0 and ( = 0 beyond the LPA

A.	J.	Helmboldt et	al.	,	Phys.	Rev.	D	91.054010	(2015)			⋯p!,# r , s!,#(r)

F.	Rennecke et	al.	,	Phys.	Rev.	D	96.016009	(2017)	⋯p!,# , p%&,# , p',# , q%&,# , q',#

J.	Braun,	Phys.	Rev.	D	81.016008	(2010)			⋯p!,# , p$,#

>l is expanded in powers of <^…

▶ previous studies beyond the LPA

' ≠ 0 and ( ≠ 0 beyond the LPA

→ \l and [m,l have li@le effect on finite T chiral phase transiIons.

This method is not suitable for descrip'on of the 1st order phase transi'on.

We use the Grid Method that can access full 4 dependences of >l.
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BT$(')
BA

=
1
2 −

BJ1,$
BA

=
B

B ]⃗ # −2
r r r r

r(, r⃗ = 0, x = x),#

BJ-,$
BA

=
−N

4\7\6

B
B ]⃗ # tr +

r r r r]
r(, r⃗ = 0, x = x),#

①

③

②

・Momenta of external lines : R\
m → 0, 0 , R\

! → (9' = 0, 0)

・4 dependence : 4 → 4j,l ≡ argmin
y

>l(4) − ?4
11current mass term

The FRG flow equaIon reduces to closed integro-differenIal equaIons 
for >l, \!,l and \m,l.

=
A(

12/#
1 −

_1,$
5

1
Z4,$

+ 3
1
Z5,$

− 1 −
_-,$
4

4\6\7
1 − a * − Z-,$

Z-,$

_$ ≡ −AB$ log J$ : anomalous dimension



Results

12



▶ Flows of \m,l and \!,l at ', ( = 0

\m,l

\!,l
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Uz{
U [MeV]

\ m
,l
,\

!
,l

calculate up to a sufficiently small U (Uz{ = 50MeV)



▶ Flow of the >l 4 at ', ( = 0

iniIal condiIon >lik 4 = ok
^4^ + pk4f
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4 [MeV]

(T$ + J1,$, J-,$)
beyondLPA

(only T$)LPA

(>
−
m
in
>
)/
Λf

order parameter : 4j ', ( ≡ 4j,l!" = argmin
y

>l!"(4) − ?4



▶ chiral phase transiIons at ' = 0 and high (
in LPA and LPA +\m,l, \!,l

The 1st order phase transiIon becomes weak in the LPA +\m,l, \!,l.
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BT$(')
BA

=
A(

12/#
1 −

_1,$
5

1
Z4,$

+ 3
1
Z5,$

− 1 −
_-,$
4

4\6\7
1
Z-,$

meson term quark term

4

>l(4)

0

1 −
_-,$
4

The meson term reduces 4|}~,l.

4|}~,l ≡ argmin
y

>l(4)

4|}~,l
The quark term increases 4|}~,l.

(', ( = 0)

The meson effect is suppressed 
more strongly.

▶ The anomalous dimensions effect on the potenIal

1 −
_1,$
5

� [MeV]

tm,l = −U1l log \m,l
t!,l = −U1l log \!,l
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・The potenIal in the range of small 4 becomes larger.
・ 4|}~,lz{ is shieed toward larger value.

4 [MeV]

beyondLPA(( = 0)

LPA ( = 0

beyond the LPA
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▶Why does the 1st order phase transiIon become weaker?
BT$(')
BA

=
A(

12/#
1 −

_1,$
5

1
Z4,$

+ 3
1
Z5,$

− 1 −
_-,$
4

4\6\7
1 − a(* − Z-,$)

Z-,$

u(( − v!,l) term reduces the potenIal and change 4j(()
disconInuously at a transiIon point (Å. 

Due to t!,l, u(( − v!,l) effect becomes weak.

LPA

beyondLPA



▶ Summary FRG analysis of the 2-flavor Quark-Meson model

・LPA ... Only the potenIal >l depends on U.
・beyondLPA ... >l + \m,l, \!,l

Result

ApproximaIon
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▶ Outlook
consider the flow of [m,l, 3l and the dependence of <^

' !
(q
=
0,
*)
[M
eV
]

* [MeV]

The 1st order phase transiIon becomes weak.

(not negligible flows in terms of the derivaIve expansion)

tls suppress the u(( − v!,l) effect. 

It’s important to consider \l at finite (.


