
QNP2022 – The 9th International Conference on Quarks and Nuclear Physics 
5 – 9 September 2022 1

𝛬(1405) mediated triangle singularity in the 𝐾!𝑑 ⟶ 𝑝Σ!: 

a window to 𝐾𝑁subthreshold amplitudes.

In collaboration with:

Albert Feijoo Aliau
Institut de Física Corpuscular (IFIC), Centre Mixt U. de València-CSIC, Spain

Nuclear Physics Institute, Rez, Czech Republic

Raquel Molina and Eulogio Oset
Institut de Física Corpuscular (IFIC), Centre Mixt U. de València-CSIC, Spain

Lian-Rong Dai
School of Science, Huzhou University, China



QNP2022 – The 9th International Conference on Quarks and Nuclear Physics 
5 – 9 September 2022 2

Motivation: 𝐾𝑁 interaction background

Aim: 

Study of the 𝐾!𝑑 ⟶ 𝑝Σ! (𝑝Σ! ⟶ 𝐾!𝑑) reactions close to threshold for the first time.

𝑲𝑵 Interaction:

Perturbative QCD is inappropriate to treat low energy hadron interactions. 

Chiral Perturbation Theory (ChPT) is an effective theory with hadrons as degrees of freedom which 
respects the symmetries of QCD.
• limited to a moderate range of energies above threshold
• not applicable close to a resonance (singularity in the amplitude)

But it is not so straight forward …

• Process driven by a triangle singularity (TS).

• This reaction have access to 𝑲𝑵 subthreshold amplitudes
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Motivation: 𝐾𝑁 interaction background
(𝑲𝑵 interaction is dominated by the presence of  the 𝜦 𝟏𝟒𝟎𝟓 resonance, located only 27 MeV below
the #𝐾𝑁 threshold.

• In 1995 Kaiser, Siegel and Weise reformulated the problem in terms of a Unitary extension of ChPT
(UChPT) in coupled channels.
The pioneering work  -- Kaiser, Siegel, Weise, NP A594 (1995) 325

E. Oset, A. Ramos, Nucl. Phys. A 636, 99 (1998).

All of them obtaining in general similar features:
• (𝐾𝑁 scattering data reproduced very satisfactorily
• Two-pole structure of 𝛬 1405

J. A. Oller, U. -G. Meissner, Phys. Lett. B 500, 263 (2001).
M. F. M. Lutz, E. Kolomeitsev, Nucl. Phys. A 700, 193 (2002).
B. Borasoy, E. Marco, S. Wetzel, Phys. Rev. C 66, 055208 (2002).
C. Garcia-Recio, J. Nieves, E. Ruiz Arriola and M. J. Vicente Vacas, Phys. Rev. D 67, 076009
(2003).
D. Jido, J. A. Oller, E. Oset, A. Ramos and U. G. Meissner, Nucl. Phys. A 725, 181 (2003).
B. Borasoy, R. Nissler, W. Wiese, Eur. Phys. J. A 25, 79 (2005).
V.K. Magas, E. Oset, A. Ramos, Phys. Rev. Lett. 95, 052301 (2005).
B. Borasoy, U. -G. Meissner and R. Nissler, Phys. Rev. C 74, 055201 (2006).
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M. Bazzi et al.,
Phys. Lett. B 704, 113 (2011).

The energy shift and width of the 1s state in kaonic hydrogen 
measured by SIDDHARTA@DAΦNE fixes the  𝐾!𝑝 scattering 
length with a 20% precision!!! 

K. Moriya et al., Phys. Rev. C87, 035206(2013).

Photoproduction 𝛾𝑝 ⟶ 𝐾"𝜋𝛴 data by the CLAS@Jlab
provided detailed line shape results of the Λ(1405)

Y. Ikeda, T. Hyodo, W. Wiese, Nucl. Phys. A 881, 98 (2012).
A. Cieply and J. Smejkal, Nucl. Phys. A 881, 115 (2012).
Zhi-Hui Guo, J. A. Oller, Phys. Rev. C 87, 035202 (2013).
T. Mizutani, C. Fayard, B. Saghai and K. Tsushima, Phys. Rev. C 87, 035201 (2013).
L. Roca and E. Oset: Phys. Rev. C 87, 055201 (2013), Phys. Rev. C 88, 055206 (2013).
M. Mai and U. G. Meissner, Eur. Phys. J. A 51, 30 (2015).
Feijoo, V. Magas, A. Ramos, Phys. Rev. C 92, 015206 (2015); Nucl. Phys. A 954, 58 (2016); Phys. Rev. C 99 (2019) 035211.

This topic has experienced a renewed interest after recent experimental advances:
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FIG. 5. Total cross sections of the K�p ! K�p, K̄0n,⇡�⌃+,⇡+⌃�,⇡0⌃0,⇡0⇤, ⌘⇤, ⌘⌃0,K+⌅�,K0⌅0 reactions obtained
for the WT+Born+NLO fit (solid line), with the corresponding estimation of the error bands (grey area), and for the
WT+Born+NLO+RES fit (dashed line). Experimental data has been taken from [33–36, 60–70]. See text for a detailed
description of the models. The inset in the fourth panel of the left column shows the K�p ! ⌘⇤ cross-section in a reduced
energy range close to threshold.

Fig. 5, while the grey area depicts the corresponding es- timation of the error bands. Because of the novelty, we

ZHI-HUI GUO AND J. A. OLLER PHYSICAL REVIEW C 87, 035202 (2013)
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FIG. 1. (Color online) The ten panels from (a) to (j) correspond to the cross sections of K−p → K−p, K−p → K̄0n,K−p → π+"−,
K−p → π−"+, K−p → π 0"0, K−p → π 0#, the π−"+ event distribution from K−p → "+(1660)π−, the K−p → η# cross section, the
π 0"0 event distribution from the reaction K−p → π 0π 0"0 with pK = 0.687 GeV, and the total cross section of K−p → π 0π 0"0, respectively.
The data points represented by black diamonds, magenta squares, orange circles, blue crosses, cyan down-triangles, and blue up-triangles in the
first four panels are taken from Refs. [48,56–60], respectively. The data in the panels (e) and (f) are from Ref. [61]. The π−"+ event distribution is
from Ref. [25] and the K−p → η# cross-section data are from Ref. [26]. The measurements on the reaction K−p → π 0π 0"0 are from Ref. [27].
The red solid lines and blue dashed lines represent the best fits from Fit I using Eqs. (11) and (12) (which is indicated by Fit I S), respectively.
The areas covered by green hatched lines and the gray shaded areas correspond to our estimates of error bands for Fit I and Fit I S, in order.

L2 in Eq. (1) read

σπN = −2M2
π (2b0 + bD + bF ) ,

a+
0+ = − M2

π

2πf 2

[
(2b0 + bD + bF ) − (b1 + b2 + b3 + 2b4)

+ (D + F )2

8mp

]
,

mN = m0 − 2(b0 + 2bF )M2
π − 4(b0 + bD − bF )M2

K ,

m# = m0 − 2
3

(3b0 − 2bD)M2
π − 4

3
(3b0 + 4bD)M2

K ,

m" = m0 − 2(b0 + 2bD)M2
π − 4b0M

2
K ,

m& = m0 − 2(b0 − 2bF )M2
π − 4(b0 + bD + bF )M2

K ,

(8)

035202-4

Zhi-Hui Guo, J. A. Oller, Phys. Rev. C 87, 035202 (2013).108 Y. Ikeda et al. / Nuclear Physics A 881 (2012) 98–114

Fig. 3. Calculated K−p elastic, charge exchange and strangeness exchange cross sections as functions of K− laboratory
momentum, compared with experimental data [19]. The solid curves represent best fits of the full NLO calculations to
the complete data base including threshold observables. The shaded uncertainty bands are explained in the text.

3.3.2. The two-poles scenario
Next we look for poles in the second Riemann sheet of the complex energy plane to study

the coupled-channels structure of the Λ(1405) resonance. With the best-fit result in the NLO
scheme, pole singularities between the K̄N and πΣ thresholds are found at

Page 4 of 10 Eur. Phys. J. A (2015) 51: 30

Table 1. Quality of the various fits in the description of the hadronic and the photoproduction data from CLAS. For the
definition of χ2

p.p., see the text.

Fit # 1 2 3 4 5 6 7 8

χ2
d.o.f. (hadronic data) 1.35 1.14 0.99 0.96 1.06 1.02 1.15 0.90

χ2
p.p. (CLAS data) 3.18 1.94 2.56 1.77 1.90 6.11 2.93 3.14

Fig. 1. Fit results compared to the experimental data from refs. [27–30]. Different colors correspond to the eight best solutions,
while the bands represent the 1σ uncertainty due to errors of the fit parameters. The color coding is specified in fig. 3.

that describe the data equally well. For each of these sets
the amplitudes were analytically continued to the posi-
tive and negative complex plane. Thereafter, every un-
physical solution, e.g. poles on the first Riemann sheet for
Im(W ) < 200MeV (W :=

√
p2), was sorted out. The re-

maining sets were used in the second step as starting point
of the fit procedure, including all threshold and cross sec-
tion data points,

∑
i ni = 155. In both steps the minimizer

of the MINUIT2 [34] library was applied on the

χ2
d.o.f. :=

∑
i ni

(N
∑

i ni − p)

∑

i

χ2
i

ni
,

where ni, p and N denote the number of data points for
the observable i, the number of parameters and the over-
all number of observables, respectively. Eight best solu-
tions were obtained by this two-step procedure, see table 1,
whereas the next best χ2

d.o.f. are at least one order of mag-
nitude larger. Although the fit results look very promising,
we would like to point out that there are quite a few free
parameters in the model. The latter are assumed to be of
natural size, but not restricted otherwise. Thus, we can
not exclude that there might be more solutions which de-
scribe the assumed experimental data equally well.

Fig. 2. Fit results for the threshold values as well as energy
shift and width of kaonic hydrogen measured in [31,32] and [5],
respectively. Different colors correspond to the eight best so-
lutions, while the bands represent the 1σ uncertainty due to
errors of the fit parameters. The color coding is specified in
fig. 3 and the numerical values can be found in appendix C.

2.3 Results

The results of the fits are presented together with the ex-
perimental data in figs. 1 and 2, where every solution is
represented by a distinct color. The data are described
equally well by all eight solutions, showing, however, dif-

Y. Ikeda, T. Hyodo, W. Wiese, Nucl. Phys. A 881, 98 (2012).

M. Mai and U. G. Meissner, Eur. Phys. J. A 51, 30 (2015).

𝐾!𝑝 ⟶ 𝑀𝐵 𝑆 = −1 total cross sections from different groups:

A. Feijoo, V. Magas, A. Ramos, Phys. Rev. C 99 (2019) 035211. 
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12

� Rn Rc ap(K
�p ! K�p) �E1s �1s

Ikeda-Hyodo-Weise (NLO) [23] 2.37 0.19 0.66 �0.70 + i 0.89 306 591
Guo-Oller (fit I + II) [25] 2.36+0.24

�0.23 0.188+0.028
�0.029 0.661+0.012

�0.011 (�0.69± 0.16) + i (0.94± 0.11) 308± 56 619± 73
Mizutani et al (Model s) [26] 2.40 0.189 0.645 �0.69 + i 0.89 304 591
Mai-Meissner (fit 4) [29] 2.38+0.09

�0.10 0.191+0.013
�0.017 0.667+0.006

�0.005 288+34
�32 572+39

�38

Cieply-Smejkal (NLO) [76] 2.37 0.191 0.660 �0.73 + i 0.85 310 607
Shevchenko (two-pole Model) [77] 2.36 �0.74 + i 0.90 308 602
WT+Born+NLO 2.36+0.03

�0.03 0.188+0.010
�0.011 0.659+0.005

�0.002 �0.65+0.02
�0.08 + i 0.88+0.02

�0.05 288+23
�8 588+9

�40

WT+NLO+Born+RES 2.36 0.189 0.661 �0.64 + i 0.87 283 587

Exp. 2.36± 0.04 0.189± 0.015 0.664± 0.011 (�0.66± 0.07) + i (0.81± 0.15) 283± 36 541± 92

TABLE III. Threshold observables obtained from our fits and from other recent studies [23, 25, 26, 29, 76, 77] which incorporated
the SIDDHARTA measurements in the fitting procedure. Experimental data is taken from [20, 71, 72].

first inspect the total cross sections of the ⌘ channels.
One can clearly see that these cross sections are prop-
erly reproduced with this fit, excluding the small bump
in the ⌘⇤ cross section around 2000 MeV where this the-
oretical model slightly underestimates its strength. The
agreement with the experimental data just above the ⌘⇤
threshold describing the ⇤(1670) resonant structure im-
plies that this fit is able to dynamically generate such
a resonance. It should be noted that the dynamical
generation of this resonance was confirmed for the first
time in [75] by means of a unitarized coupled-channels
method using the lowest order (WT) chiral lagrangian.
The authors examined the contribution of the ⇤(1670)
tail, and hence the role of the rescattering terms, on the
K�p ! K⌅ reactions, because they found this resonance
to couple strongly to K⌅, being the squared value of
the corresponding coupling one or two orders of magni-
tude larger than the ones to other isospin 0 states in the
S = �1 sector. Relatedly, the position of the pole as-
sociated to the ⇤(1670) was quite sensitive to the aK⌅

subtraction constant. The results obtained there clearly
suggest that there is a correlation between the ability of
a model in reproducing the ⇤(1670) resonance and the si-
multaneous accommodation of the K⌅ production cross
sections. This is a very valuable argument to discrimi-
nate among all possible parametrizations which describe
in an acceptable way theK⌅ cross sections. In this sense,
the set of parameters of the present WT+Born+NLO

fit is in line with the findings of [75].

Concerning the K�p ! K+⌅� cross section (bottom
panels in Fig. 5), the WT+Born+NLO model gives a
reasonable reproduction of data, although slightly worse
than those obtained by our previous best pure chiral
models [31, 32], since the maximum of the present dis-
tribution is shifted 50 MeV towards higher energy. From
[31, 32], one can also appreciate that the older mod-
els (WT+NLO and WT+NLO+Born respectively)
clearly o↵er a better agreement with the experiment than
the new one for the K�p ! K0⌅0 cross section. We
note that this is the price one has to pay in order to in-
clude and correctly describe the new channels K�p !
⌘⇤, ⌘⌃. Actually both older models, WT+NLO and
WT+NLO+Born, miss the experimental data in these

channels by up to an order of magnitude, as can be seen in
[43]. The di↵erence in the behaviour of the K�p ! K⌅
cross sections in WT+Born+NLO model with respect
to the older models, in particular the rather sharp rise of
the K�p ! K0⌅0 cross section just above the threshold,
is related to the changed role of the isospin I = 0 compo-
nent, which becomes dominant at threshold energies as
it picks up the tail of the dynamically generated ⇤(1670)
resonance that describes the K�p ! ⌘⇤ reaction. Below
we will discuss in detail the interplay between I = 0 and
I = 1 components at di↵erent energies in the present
and older models, showing in particular that our new
model gives a much better prediction for the pure I = 1
K0

Lp ! K+⌅0 reaction.

Coming back to the K�p ! K0⌅0 and K�p ! K+⌅�

cross sections, the model can be improved by the inclu-
sion of resonant terms, similarly to what is done in [31],
where these proved to be very helpful to accommodate
the theoretical cross section to the experimental data.
We will discuss such a development in subsection IVC.
However, looking at bottom panels in Fig. 5, we can al-
ready anticipate that the explicit inclusion of the ⇤(1890)
is a good strategy, since it is located in the energy region
of interest and it is an isospin 0 resonance, the relevance
of which is clarified at the end of this section.

Finally, the total cross sections of the classical pro-
cesses obtained by the WT+Born+NLO fit, repre-
sented in the three top rows of Fig. 5, reproduce the
experimental data very well. This agreement is con-
sequently reflected on the threshold observables, whose
values are collected in Table III, together with the re-
sults obtained by other works which include in their fits
the recent experimental data from [20]. A similar degree
of accuracy is reached by all the fits in reproducing the
branching ratios, while, for the K�p scattering length
and the related energy shift and width of the 1s state of
kaonic hydrogen, the various models show slightly larger
di↵erences, yet all of them being within the error range.
These similarities can be attributed to their similar values
of the f parameter, given the dominance of the WT term
at threshold, with the exception of the study [77], which
is based on a phenomenological strong isospin-dependent
K�N � ⇡⌃ potential.

A. F., V. Magas, A. Ramos, Phys. Rev. C 99 (2019) 035211. 

Threshold observables obtained from recent studies:

The role of high spin hyperon resonances in the ⌅ production
meson-baryon reactions

A. Feijoo1, V.K. Magas1 and A. Ramos1

1Departament d’Estructura i Constituents de la Matèria and Institut de Ciències del Cosmos,
Universitat de Barcelona, Mart́ı Franquès 1, E08028 Barcelona, Spain

M⇤⇤(2000) = 2000 MeV
�⇤⇤(2000) = 200 MeV

M(M⌘⇤,MJ/ ⇤) = Vp

h
h⌘⇤ +

X

i

hiGi(M⌘⇤)ti,⌘⇤(M⌘⇤) + h⌘⇤GJ/ ⇤(MJ/ ⇤) tJ/ ⇤,J/ ⇤(MJ/ ⇤)

+ � GD̄⇤⌅0
c
(MD̄⇤⌅0

c
) tD̄⇤⌅0

c,J/ ⇤
(MJ/ ⇤) + ↵

M⇤⇤(2000)

M⌘⇤ �M⇤⇤(2000) + i
�⇤⇤(2000)

2

i

(1)

T 7/2+

ij (s0, s) = F7/2(k, k
0) ūs

0
j (p

0)k0�1k
0
�2k

0
�3S7/2(q)k

↵1k↵2k↵3usi (p) , (2)

� =
�(K�p ! ⇡+⌃�)
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A. Cieply, J. Hrtánková, J. Mareš, E. Friedman, A. Gal and A. Ramos, AIP Conf. Proc. 2249, no.1, 030014 (2020). 

𝐾!𝑝 ⟶ 𝐾!𝑝 scattering amplitudes generated by recent chirally motivated approaches: 
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Our Model

A. F., V. Magas, A. Ramos, Phys. Rev. C 99 (2019) 035211. 

Pole positions of the Λ(1405) for some state-of-the-art models: 
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𝐾!𝑛 ⟶ 𝜋!Λ amplitude (pure 𝐼 = 1 process)

L. ROCA AND E. OSET PHYSICAL REVIEW C 88, 055206 (2013)
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FIG. 3. (Color online) Solution from the fit procedure described in the text.

search for the positions of the two !(1405) poles and look for a
possible I = 1 resonance in the range of energies considered.

If at this point we carry on a global fit allowing for
all the parameters to be free from the beginning in the
fitting algorithm, there are many local minima of the χ2

function, most of them having clearly unphysical values of
the parameters. We consider a fit unphysical if the parameters
of the potentials αi and βi are very different from 1, since
we expect reality not to be much different from what the
chiral unitary approach gives. In order to get physically
meaningful results, in the way defined above, we implement
the following strategy in line with the one used in Ref. [1]:
As mentioned above, the previous fit of Fig. 2, i.e., fixing the
potential parameters to 1, is already reasonably fair, and the
potential (not yet fitted) is consistent with scattering data [8];
hence a good physical global fit should not be very far from
having values of αi ∼ 1 and βi ∼ 1. Therefore, in the first
step, we start from the fit of Fig. 2, which was obtained by
fixing the potential parameters to 1 (αi = 1 and βi = 1), but
fixing now the IP parameters and allowing only the potential
parameters to change. In the next step, we fix the new potential
parameters obtained in the previous step and fit again the
IP parameters. We iterate the process, alternating between
fitting the IP or fitting the potential parameters, until we get a
convergence of the χ2 value. In this way we obtain a minimum

of the χ2 value with potential parameters not very different
from 1, which are then physically meaningful. After this
iterative procedure we get the results shown in Fig. 3, which
have χ2/dof = 2.1. The bands account for the uncertainties of
the fit at one standard deviation confidence level. The potential
parameters obtained are shown in Table I.

It is important to note that the parameters obtained are not
very different from one. This means that by allowing for just a
small variation in the parameters of the chiral unitary approach
the photoproduction data can be nicely reproduced.

It is also worth noting that there are other minima for χ2

close to the previous one with different values for the IP pa-
rameters but with similar results for the parameters of Table I.
This means that there might be some important correlation
between the IP parameters and some mathematical symmetry
between them which allows those parameters to change
without altering the numerical final result for the photopro-
duction. However, note that the important parameters for the
meson-baryon amplitudes are the potential parameters (those
in Table I), and the values of these parameters are rather stable.

In Table II we show the results obtained for the pole
positions in the complex energy (

√
s) plane in unphysical

Riemann sheets of the scattering amplitudes.
In the table we also show the modulus of the couplings to

the different isospin meson-baryon channels obtained from the

TABLE I. Parameters of the unitarized amplitudes.

α0
11 α0

12 α0
22 α1

11 α1
12 α1

13 α1
22 β1 β2 β3

1.037 1.466 1.668 0.85 0.93 1.056 0.77 1.187 0.722 1.119

055206-4

L. Roca and E. Oset, Phys. Rev. C 88, 055206 (2013).
Fit to photoproduction data from CLAS
K. Moriya et al. (CLAS Collaboration), Phys. Rev. C 87, 035206 (2013).

Many efforts have been made in order to extract information about subthreshold amplitudes… 
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Nilanga Wickramaarachchi et al., oral presentation at HYP2022, Prague.

Exciting results reported by GlueX Collaboration in the 𝜋#𝛴# invariant mass distribution from the 𝛾𝑝 ⟶ 𝐾"𝜋#𝛴# process!!!  

• The fitting procedure supports the composite
state nature of the 𝜦 𝟏𝟒𝟎𝟓

• Very valuable information can be extracted
from further experimental and theoretical
analysis of these data.
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FIG. 2. Feynman diagrams for the p⌃� ! K�d reaction. The momenta of the lines are shown in brackets.
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and

𝑝Σ! ⟶ 𝐾!𝑑 reaction proceeds via these 2 mechanisms:
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Formalism I: Triangle singularity

⇤(1405) mediated triangle singularity in the K�d ! p⌃� reaction

A. Feijoo⇤

Departamento de F́ısica Teórica and IFIC, Centro Mixto Universidad de Valencia-CSIC,

Institutos de Investigación de Paterna, Aptdo. 22085, 46071 Valencia, Spain and

Nuclear Physics Institute, 25068 Rez, Czech Republic

R. Molina† and Eulogio Oset‡

Departamento de F́ısica Teórica and IFIC, Centro Mixto Universidad de Valencia-CSIC,

Institutos de Investigación de Paterna, Aptdo. 22085, 46071 Valencia, Spain

L. R. Dai§

School of Science, Huzhou University, Huzhou 313000, Zhejiang, China

Department of Physics, Liaoning Normal University, Dalian116029, China

We study for the first time the p⌃� ! K�d and K�d ! p⌃� reactions close to threshold and
show that they are driven by a triangle mechanism, with the ⇤(1405), a proton and a neutron
as intermediate states, which develops a triangle singularity close to the K̄d threshold. We find
that a mechanism involving virtual pion exchange and the K�p ! ⇡+⌃� amplitude dominates
over another one involving kaon exchange and the K�p ! K�p amplitude. Moreover, of the two
⇤(1405) states, the one with higher mass around 1420 MeV, gives the largest contribution to the
process. We show that the cross section, well within measurable range, is very sensitive to di↵erent
models that, while reproducing K̄N observables above threshold, provide di↵erent extrapolations of
the K̄N amplitudes below threshold. The observables of this reaction will provide new constraints
on the theoretical models, leading to more reliable extrapolations of the K̄N amplitudes below
threshold and to more accurate predictions of the ⇤(1405) state of lower mass.

A

2

3

1
B

C

FIG. 1. Feynman diagram from where a triangle singularity
can emerge. Particle A decays into 1 and 2, 1 decays into B
and 3, and 2 and 3 merge to form particle C.

I. INTRODUCTION

Introduced early in the 50’s [1, 2], the triangle singu-
larities (TS) are getting a growing attention nowadays
since they are helping to understand many phenomena
observed in hadron physics. The singularity stems from
a mechanism that can be depicted by a triangle Feynman
diagram, see Fig. 1, where a particle A decays into 1 and
2, 1 decays into B and 3, and 2 and 3 merge to form
particle C. If this mechanism can occur at the classical
level, a singularity appears in the amplitude (Coleman-
Norton theorem [3]), which requires that 1 and B move
in the same direction in the A rest frame, and 3 moves

⇤
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in the direction of 2 and faster such that it catches up
with 2 and fuses with it to give C. The subject has been
reformulated recently with a more intuitive and practical
formalism in Ref. [4] and a thorough review has been
done in Ref. [5].

Recent examples of TS are found in the study of the
⌘(1405) ! f0(980)⇡0 decay [6] performed in Refs. [7–
10]. Another relevant case was the explanation of the
“a1(1420)” structure observed by the COMPASS collab-
oration [11], which is explained in terms of a TS in Refs.
[12–15]. Some other recent examples can be seen in [16–
18] and a rather complete list of reactions studied along
TS is given in Ref. [5].

Another example of TS is given by the ⇡+d ! pp re-
action [19, 20] which has been much studied in the past
[21–24]. Recently, this latter reaction got again atten-
tion in [25, 26] by looking at the time reversal reaction
pp ! ⇡+d, because it was shown to be driven by a tri-
angle mechanism with �NN 0 in the intermediate states
and NN 0 fusing to give the deuteron. This mechanism
was found responsible for the relatively large cross sec-
tion of the fusion reaction. The relevance of this re-
action was stressed by the fact that the sequential one
pion production process, pn(I = 0) ! ⇡�pp ! ⇡�⇡+d
(plus pn(I = 0) ! ⇡+nn ! ⇡+⇡�d) produced a peak in
the cross section [26] with the right strength and width
around

p
s = 2350 MeV which provided a natural expla-

nation of the experimental peak seen in the pn ! ⇡+⇡�d
and pn ! ⇡0⇡0d reactions around this energy [27, 28],
which so far has been attributed to a dibaryon d⇤(2380).
In addition to the properties of the peak generated by
this reaction, the nature of the TS gave rise to a par-

M. Bayar, F. Aceti, F.-K. Guo, and E. Oset, Phys. Rev. D 94, 074039 (2016)

TS can be developed when the 3 intermediate particles 𝛬(1405) (1), n (2), p (3): 

1, 2, 3 particles are simultaneously placed on Shell and 
they are colinear fulfilling Norton-Coleman theorem

These conditions are encoded in the following equation: 

S. Coleman and R. E. Norton, Nuovo Cim. 38, 438 (1965).

Momentum of the n
in the 𝑝Σ! rest frame

Solution for the n momentum
in the decay of the d for the
moving d in the 𝑝Σ! rest
frame

àFor this study, TS should appear at
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Formalism I: 

Differential cross section for the 𝐾!𝑑 ⟶ 𝑝Σ! reaction.

E. Oset, A. Ramos, Nucl. Phys. A 636, 99 (1998).

𝑝Σ!spin configurations𝑑 (𝑆 = 1) polarizations

Pole couplings and coordinates needed to compute the cross section: 
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Results I: spin transitions

Contribution of several spin transitions to the 𝐾!𝑑 ⟶ 𝑝Σ! cross section.
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Results I: role of the mechanisms and poles in the total cross section
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FIG. 7. Contributions of the high and low mass poles (left) and diagrams (a) and (b) (right), compared to the total k
p�.

FIG. 8. Comparison of k
p� using the ✓ function or the

deuteron wave funtions.

K̄N invariant masses in the subthreshold region where
the K̄N models present the greatest disagreements.
One expects that, as the energy of the K� increases,
the ⇤(1405) invariant mass, still restricted by the
nucleon dynamics in the deuteron, has more access to
values where all models have a better agreement among
themselves because they have been fitted to the same
experimental data. This e↵ect is somewhat seen in
Fig. 10 by the convergent trend shown by the models at
higher energies. Roughly speaking, the process proposed
in the present study acts as an indirect window to the
subthreshold K̄N amplitudes that cannot only be used
as a tool to discern which models are suitable to describe
the physics in such a region but also may shed some light
on the location of the lower mass pole of the ⇤(1405)
resonance.

IV. CONCLUSIONS

We have investigated the p⌃� ! K�d and its time
reversal K�d ! p⌃� reactions, which are driven by a

triangle mechanism with the ⇤(1405), a proton and a
neutron in the intermediate states. We show that the
triangle mechanism develops a triangle singularity which
magnifies the cross section and produces a particular
shape in the cross section. We show analytically that in
the case of a narrow ⇤(1405) width, a TS appears a few
MeV above threshold, and this peak becomes broader
upon consideration of the ⇤(1405) width. We could show
that of the mechanisms involving a ⇡ or K exchange, the
one involving the ⇡ exchange is the dominant one, and
of the two ⇤(1405) resonances, the one of higher mass
gives also the largest contribution. We showed, from
the analytical expression of the transition amplitude,
that it was weighting the K�p ! ⇡+⌃� amplitude
below threshold with a particular configuration tied to
the TS which produced a shape quite distinct from the
one of the K�p ! ⇡+⌃� amplitude. This dependence
on the K̄N and ⇡⌃ amplitude below threshold makes
this reaction quite sensitive to di↵erent models that,
giving similar cross sections for K̄N reactions above
threshold, produce rather di↵erent extrapolations of
the K̄N amplitudes below threshold. This information
is relevant in the issue of K̄ bound states in nuclei
[81–83] and, thus, the measurement of this reaction will
provide new and valuable information concerning this
problem. On the other hand, concerning the two poles
of the ⇤(1405), one around 1420 MeV and the other
one around 1385 MeV, while practically all theoretical
models coincide on the features of the ⇤(1420), they
di↵er substantially in the the position and width of the
lower mass one. The new information provided by this
reaction will help to narrow the predictions around the
second state.
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Formalism II: imcorporation of the explicit 𝐾𝑁 amplitudes and 𝜓 Bonn deuteron wave function

R. Machleidt, Phys. Rev. C 63, 024001 (2001)

Deuteron wave function replacement: 

Formal equivalence between Breit-Wigner amplitudes and theoretical amplitudes: 
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Results II: using explicit 𝐾𝑁 amplitudes + 𝜓 Bonn deuteron wave function
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Results II: using explicit 𝐾𝑁 amplitudes + 𝜓 Bonn deuteron wave function

𝐾!𝑑 ⟶ 𝑝Σ! cross sections for different considered models.
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CONCLUSIONS 

We have studied the 𝐾!𝑑 ⟶ 𝑝Σ! (𝑝Σ! ⟶ 𝐾!𝑑) reaction via a triangular topology (with two possible 
mechanisms) that embeds a TS.

• The peak associated to the TS shows up few MeV above 𝐾!𝑑 threshold, being clearly visible 
in the case of the narrow (high mass) Λ(1405) state.   

• The mechanism involving the pion exchange has shown to be the dominant one.

• We have seen that the particular dependence of the 𝐾!𝑑 ⟶ 𝑝Σ! transition on the #𝐾𝑁
amplitudes below threshold weighted by the structures tied to TS makes this process very 
sensitive to the different models.

The measurement of this reaction will provide valuable information for #𝑲 bound states in
nuclei as well as it will help to narrow the uncertainty around the location of the lower mass
pole of the 𝜦(𝟏𝟒𝟎𝟓).
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Motivation: 𝐾𝑁 interaction background

L(1)
MB = hB̄(i�µD

µ �M0)Bi+ 1

2
DhB̄�µ�5{uµ, B}i+ 1

2
F hB̄�µ�5[u

µ, B]i
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Leff (B,U) = L(1)
MB(B,U) + L(2)

MB(B,U)
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• Leading order (LO)

Effective Chiral Lagrangian:

à derive an interaction kernel Vij
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Motivation: 𝐾𝑁 interaction background

Leff (B,U) = L(1)
MB(B,U) + L(2)

MB(B,U)
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• Leading order (LO)

Effective Chiral Lagrangian:

à derive an interaction kernel Vij
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1. Dominant contribution.
2. Interaction mediated, basically, by the constant 𝒇 of the leptonic decay of 

the pseudoscalar meson
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Tomozawa-Weinberg term (WT)
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Motivation: 𝐾𝑁 interaction background
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Leff (B,U) = L(1)
MB(B,U) + L(2)

MB(B,U)
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• Leading order (LO)

Lagrangian:

à derive an interaction kernel Vij

1 2

1. Direct diagram (s-channel Born term)

2. Cross diagram (u-channel Born term)
V C
ij = V C

ij (D,F )
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ij (D,F )
<latexit sha1_base64="Igjn3htqGMa+w6xjh/e+ny+h0h0=">AAACI3icfVBNS0JBFJ1nX2ZfVss2QxIYhLwXQW0CKYmWBvkBajJvvOrkvA9m7gvk4c+pP5OrqKBF/6XR3qI0OovLufecgTnHDaXQaNsfVmphcWl5Jb2aWVvf2NzKbu9UdRApDhUeyEDVXaZBCh8qKFBCPVTAPFdCzR1cTvTaAygtAv8WhyG0PNbzRVdwhubUzhard3FTcyVCTCYOJdDSqB2L+9H5v2q+dHR12M7m7II9BZ0nTkJyJEG5nR03OwGPPPCRS6Z1w7FDbMVMoeASRplmpCFkfMB60DDUZx7oVjxNOqIH3UBR7AOd7j+9MfO0Hnqu8XgM+3pWmxz/0hoRds9asfDDCMHnxmK0biQpBnRSGO0IBRzl0BBmOjC/pLzPFONoas2Y+M5s2HlSPS44dsG5OckVL5Ii0mSP7JM8ccgpKZJrUiYVwskTGZM38m49Ws/Wi/X6bU1ZyZtd8gvW5xeHCaXm</latexit><latexit sha1_base64="Igjn3htqGMa+w6xjh/e+ny+h0h0=">AAACI3icfVBNS0JBFJ1nX2ZfVss2QxIYhLwXQW0CKYmWBvkBajJvvOrkvA9m7gvk4c+pP5OrqKBF/6XR3qI0OovLufecgTnHDaXQaNsfVmphcWl5Jb2aWVvf2NzKbu9UdRApDhUeyEDVXaZBCh8qKFBCPVTAPFdCzR1cTvTaAygtAv8WhyG0PNbzRVdwhubUzhard3FTcyVCTCYOJdDSqB2L+9H5v2q+dHR12M7m7II9BZ0nTkJyJEG5nR03OwGPPPCRS6Z1w7FDbMVMoeASRplmpCFkfMB60DDUZx7oVjxNOqIH3UBR7AOd7j+9MfO0Hnqu8XgM+3pWmxz/0hoRds9asfDDCMHnxmK0biQpBnRSGO0IBRzl0BBmOjC/pLzPFONoas2Y+M5s2HlSPS44dsG5OckVL5Ii0mSP7JM8ccgpKZJrUiYVwskTGZM38m49Ws/Wi/X6bU1ZyZtd8gvW5xeHCaXm</latexit><latexit sha1_base64="Igjn3htqGMa+w6xjh/e+ny+h0h0=">AAACI3icfVBNS0JBFJ1nX2ZfVss2QxIYhLwXQW0CKYmWBvkBajJvvOrkvA9m7gvk4c+pP5OrqKBF/6XR3qI0OovLufecgTnHDaXQaNsfVmphcWl5Jb2aWVvf2NzKbu9UdRApDhUeyEDVXaZBCh8qKFBCPVTAPFdCzR1cTvTaAygtAv8WhyG0PNbzRVdwhubUzhard3FTcyVCTCYOJdDSqB2L+9H5v2q+dHR12M7m7II9BZ0nTkJyJEG5nR03OwGPPPCRS6Z1w7FDbMVMoeASRplmpCFkfMB60DDUZx7oVjxNOqIH3UBR7AOd7j+9MfO0Hnqu8XgM+3pWmxz/0hoRds9asfDDCMHnxmK0biQpBnRSGO0IBRzl0BBmOjC/pLzPFONoas2Y+M5s2HlSPS44dsG5OckVL5Ii0mSP7JM8ccgpKZJrUiYVwskTGZM38m49Ws/Wi/X6bU1ZyZtd8gvW5xeHCaXm</latexit><latexit sha1_base64="Igjn3htqGMa+w6xjh/e+ny+h0h0=">AAACI3icfVBNS0JBFJ1nX2ZfVss2QxIYhLwXQW0CKYmWBvkBajJvvOrkvA9m7gvk4c+pP5OrqKBF/6XR3qI0OovLufecgTnHDaXQaNsfVmphcWl5Jb2aWVvf2NzKbu9UdRApDhUeyEDVXaZBCh8qKFBCPVTAPFdCzR1cTvTaAygtAv8WhyG0PNbzRVdwhubUzhard3FTcyVCTCYOJdDSqB2L+9H5v2q+dHR12M7m7II9BZ0nTkJyJEG5nR03OwGPPPCRS6Z1w7FDbMVMoeASRplmpCFkfMB60DDUZx7oVjxNOqIH3UBR7AOd7j+9MfO0Hnqu8XgM+3pWmxz/0hoRds9asfDDCMHnxmK0biQpBnRSGO0IBRzl0BBmOjC/pLzPFONoas2Y+M5s2HlSPS44dsG5OckVL5Ii0mSP7JM8ccgpKZJrUiYVwskTGZM38m49Ws/Wi/X6bU1ZyZtd8gvW5xeHCaXm</latexit>

Born terms
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Motivation: 𝐾𝑁 interaction background

1. Direct diagram (s-channel Born term)
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2. Cross diagram (u-channel Born term)
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Motivation: 𝐾𝑁 interaction background

• Next to leading order (NLO), just considering the contact term
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• 𝑏#, 𝑏$ , 𝑏% , 𝑑&, 𝑑', 𝑑(, 𝑑) , 𝑔&, 𝑔', 𝑔) , ℎ&, ℎ', ℎ(, ℎ) are not well established, so they should 
be treated as parameters of the model!

terms taken into
account at higher
energies

• Contributions with 𝑔( get cancelled
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Motivation: 𝐾𝑁 interaction background

• Next to leading order (NLO), just considering the contact term
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Motivation: 𝐾𝑁 interaction background

Vij = V WT

ij + V D

ij + V C

ij + V NLO

ij =) T = (1� V G)�1V =) Tij
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Unitarization via the Bethe-Salpeter equation which it is solved by factorizing V and T matrices on-shell out
the internal integrals

Tij = (1� VilGl)
�1Vlj
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Tij = Vij + VilGlVlj + VilGlVlkGkVkj + ...
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Tij = Vij + VilGlTlj
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subtraction constants for the dimensional regularization scale 𝝁 in all the k channels.  
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Motivation: 𝐾𝑁 interaction background

Fitting parameters:

• Decay constant 𝑓 either partially constrained 1.1𝟐𝒇𝝅
𝒆𝒙𝒑 ≤ 𝒇 ≤ 1.26 𝒇𝝅

𝒆𝒙𝒑, 𝒇𝝅
𝒆𝒙𝒑=93 MeV

or taking fixed values depending on the process 𝒇𝝅 , 𝒇𝑲 , 𝒇𝜼

• Parameters from the regularization method
à vast majority employs dim. reg. with 6 subtracting constants (isospin symmetry):

• 7 (14) coefficients of the NLO lagrangian terms 
𝑏", 𝑏# , 𝑏$ , 𝑑%, 𝑑&, 𝑑', 𝑑( (+ 𝑔%, 𝑔&, 𝑔( , ℎ%, ℎ&, ℎ', ℎ( )

• Axial vector couplings D, F  varying around the experimental values yet imposing
à Most of the models fix them at the exp. values

gA = D + F = 1.26
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D = 0.80, F = 0.46
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Motivation: 𝐾𝑁 interaction background

The role of high spin hyperon resonances in the ⌅ production
meson-baryon reactions

A. Feijoo1, V.K. Magas1 and A. Ramos1

1Departament d’Estructura i Constituents de la Matèria and Institut de Ciències del Cosmos,
Universitat de Barcelona, Mart́ı Franquès 1, E08028 Barcelona, Spain

M⇤⇤(2000) = 2000 MeV
�⇤⇤(2000) = 200 MeV

M(M⌘⇤,MJ/ ⇤) = Vp
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� =
�(K�p ! ⇡+⌃�)

�(K�p ! ⇡�⌃+)
= 2.36± 0.04

Rn =
�(K�p ! ⇡0⇤)

�(K�p ! neutral states)
= 0.664± 0.011

Rc =
�(K�p ! ⇡+⌃�,⇡�⌃+)

�(K�p ! inelastic channels)
= 0.189± 0.015

(3)
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Data commonly used in the fitting procedures
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Observable Points Observable Points

�K�p!K�p 23 �K�p!K̄0n 9

�K�p!⇡0⇤ 3 �K�p!⇡0⌃0 3

�K�p!⇡�⌃+ 20 �K�p!⇡+⌃� 28

�K�p!⌘⌃0 9 �K�p!⌘⇤ 49

�K�p!K+⌅� 46 �K�p!K0⌅0 29

� 1 �E1s 1

Rn 1 �1s 1

Rc 1

𝐾!𝑝 scattering data at energies close to the production
threshold (obviously above 2𝐾𝑁 threshold)

Observables at 2𝐾𝑁 threshold
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d�(�p ! ⇡⌃K+)

dM⇡⌃

CLAS Photoproduction processes provide 
subthreshold information (barely used!!!)

Available experimental data used (or not) to constrain the  parameters present in the chirally motivated models:
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Formalism I: Triangle singularity
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I1 = i

Z
d4q

(2⇡)4
1

(q2 �m2
2 + i✏)[(P � q)2 �m2

1 + i✏][(P � q � p13)2 �m2
3 + i✏]

Explicit iintegral of the intermediate loop containing the 3 propagators: 

Integrating over q0 …    and taking only the part of the integral containing the singularity structure
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!1,2(q) =
q

m2
1,2 + q2, !3(~q + ~k) =

q
m2

3 + (~q + ~k)2, E23 = P 0 � k0
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q = ~q, k = |~k| =
q
�(M2,m2

13,m
2
23), M =

p
P 2, m13,23 =

q
p213,23
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Formalism I: Triangle singularity
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P 0 � !1(~q)� !2(~q) + i✏ = 0
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qon+ = qon + i✏, qon =
1

2M

q
�(M2,m2

1,m
2
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Formalism I: Triangle singularity
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P 0 � !1(~q)� !2(~q) + i✏ = 0
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qon+ = qon + i✏, qon =
1

2M

q
�(M2,m2

1,m
2
1)
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E23 � !2(q)�
q
m2

3 + q2 + k2 ± 2qk + i✏ = 0

f(q) contains end-point singularities (logarithmic branch points) for 𝑧 = ±1

𝑧 = −1 𝑧 = 1
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qb+ = �(�vE⇤
2 + p⇤2) + i✏

qb� = ��(vE⇤
2 + p⇤2)� i✏
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qa+ = �(vE⇤
2 + p⇤2) + i✏

qa� = �(vE⇤
2 � p⇤2)� i✏
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Formalism I: Triangle singularity

qb+ and qa- are mutually exclusive as solutions that are simultaneously in the q (positive) integration range.
The interesting casuistry for TS is given by qa-, qa+, qon+:

I(m23) analytic in this 
Kinematic region threshold singularity Triangle singularity (TS)

This is only fulfilled when all three intermediate particles are placed on shell and when:
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z = �1
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lim
✏!0

(qon+ � qa�) = 0
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!1(qon)� p013 �
q
m2

3 + (qon � k)2 = 0

Momentum of part. 2 is anti-parallel to that of (2,3) system from the decaying particle rest system

à For this study,
TS should appear at


