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spectroscopy from first-principles is a hard problem

models are useful, but what does QCD say?

many puzzles - new and old

the quark model is a good guide for low-lying states
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Lattice QCD provides a rigorous approach to hadron spectroscopy 
- as rigorous as possible 
- all necessary QCD diagrams are computed 
- excited states appear as unstable resonances in a scattering amplitude 

tremendous progress in recent years 
but not yet ready for precision comparisons 
 -  physical pions are very light 
 -  most interesting states can decay to many pions 
 -  control of light-quark mass is a useful tool 
 -  small effects not considered in general: 
    finite lattice spacing, isospin breaking, EM interactions

goal: what does QCD say about the excited hadron spectrum? 
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• Ds0(2317)  

• D0*(2300)

4

• Ds       m~1969 MeV 

• D            m~1870 MeV

what is the mass ordering? 
why are the masses so close? 
why are the widths so different?

BABAR 

arXiv:hep-ex/0304021
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what is the mass ordering? 
why are the masses so close? 
why are the widths so different?[masses, widths from PDG]
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local qq-like constructions

two-hadron 
constructions

uses the eigenvector from the 
variational method performed in  
e.g. pion quantum numbers 

using distillation (Peardon et al 2009) 
many wick contractions

anisotropic (3.5 finer spacing in time) 
Wilson-Clover

L/as=16,20,24 & 32 
mπ  = 391 & 239 MeV

L

a

• we compute a large correlation matrix 
• then use GEVP to extract energies

rest and moving frames
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⇡3/2q

Z00(1; q2)

Z00(1; q
2) =

X

n2Z3

1

|~n|2 � q2

E

generalisation to a 3-dimensional strongly-coupled QFT 
￫ powerful non-trivial mapping from finite vol spectrum to infinite volume phase

1-dimensional QM, periodic BC, two interacting  particles:V(x1 - x2) 6= 0

Lüscher 1986, 1991
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G. Cheung et al (HadSpec), JHEP 02 (2021) 100 arXiv: 2008.06432 
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L. Gayer, N. Lang et al (HadSpec), arXiv:2102.04973
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/26D𝛑 with several parameterisations
L. Gayer, N. Lang et al (HadSpec), arXiv:2102.04973
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Figure 9. Poles on complex energy plane (left) and couplings (right). The black filled circle corre-
sponds to the reference amplitude. Other amplitudes discussed in the text are shown with di↵erent
markers (see key). The coloured datapoints in both panels show the spread of poles and couplings
produced by the complete set of parameterisation variations (see tables 3 and 4). Orange crosshairs
correspond to three-parameter S-wave amplitudes, blue crosshairs to two-parameter ones. The
dotted rectangle encompasses the entire spread of the parameterisations including their statistical
uncertainties, but excluding variations of mass or anisotropy for amplitudes other than the reference
parameterisation.

resonance pole. We do not rule out the possibility of any additional poles beyond where the

amplitudes have been constrained; such additional poles have been suggested, for example

in ref. [75].

5.2 P -wave pole

In J
P = 1� a deeply-boundD

⇤ pole is found at a similar energy to the energy level far below

threshold in all irreps where J
P = 1� subduces. This pole does not appear to significantly

influence the physical scattering region as can be seen for example in Fig. 7, and although

from our amplitudes in table 4 a pole coupling can be extracted, the uncertainties are very

large and the coupling does not appear to be particularly meaningful.6

The mass found is consistent with the result considering only qq̄ operators in table 2,

suggesting little influence on this deeply-bound state from the D⇡ operators. The experi-

mental D⇤ is observed to be very narrow, found close to D⇡ threshold. With the P -wave

phase space opening relatively slowly, it would likely require close-to-physical pion masses

to observe significant shifts away from the non-interacting D⇡ energies, and thus determine

a coupling to the D⇡ decay channel.

6We have verified that the residue of the pole has the appropriate sign for a bound state.

– 23 –
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L. Gayer, N. Lang et al (HadSpec), arXiv:2102.04973
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natural mass ordering: given light, strange constituents
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L. Gayer, N. Lang et al (HadSpec), arXiv:2102.04973
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bound state D0*

relatively sharp features,  
possibly a second pole

G. Moir et al (HadSpec),  
JHEP 10 (2016) 011 
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bound state in the 3 attraction, possibly a virtual state in the 6 (D𝛑 I=1/2 and DKbar I=0)

[See also PR D87, 014508 (2013) (1208.4535); PL B767, 
465 (2017) (1610.06727); PR D98, 094018 (2018) 
(1712.07957); PR D98 014510 (2018) (1801.10122);  
EPJ C79, 13 (2019) (1811.05585); arXiv:2106.15391]  

repulsion in 15: e.g. I=3/2 D𝛑
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bound state in the 3 attraction, possibly a virtual state in the 6 (D𝛑 I=1/2 and DKbar I=0)

[See also PR D87, 014508 (2013) (1208.4535); PL B767, 
465 (2017) (1610.06727); PR D98, 094018 (2018) 
(1712.07957); PR D98 014510 (2018) (1801.10122);  
EPJ C79, 13 (2019) (1811.05585); arXiv:2106.15391]  

repulsion in 15: e.g. I=3/2 D𝛑
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in the limit of an infinitely massive quark,  
the spin of the heavy quark cannot be perturbed by QCD interactions

states can be arranged into two doublets depending on heavy-quark spin

Rosner: Comments Nucl.Part.Phys. 16 (1986) 3, 109-13,  
Isgur, Wise: PRL 66 (1991) 1130-1133

charm quark mass is still large compared with the scale of QCD interactions

decays via S-wave decays via D-wave
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ratios of couplings can also be estimated

suggests decoupled S and D-wave amps
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suggestive of a lightest D1 with a pole mass below  
2400 MeV for physical quark masses
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Lattice QCD provides a first-principles 
tool to do hadron spectroscopy

These methods are widely applicable 
- coupled-channel scattering 
- baryons 
- charmonium, b-quarks 
- form factors, radiative transitions (incl. resonances) 
…

Control of 3+ body effects needed for 
 - lighter pion masses 
 - higher resonances

M. T. Hansen et al (HadSpec),  
PRL 126 (2021) 012001,  

arXiv:2009.04931 

D and Ds systems  
- readily accessible in lattice QCD calculations 
- useful place to compare lattice with experiment 
& other theoretical approaches 


