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The Hadron Spectrum

Quark models give gross structure of the hadron spectrum

e.g. light isovector mesons
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The Hadron Spectrum

Quark models give gross structure of the hadron spectrum
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The Hadron Spectrum

How to connect QCD to the hadron spectrum?
* Need to understand how to quantify what the hadrons are in nature
* Need to find non-perturbative approach to access these hadrons rigorously
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Few-Body Physics from QCD

Lattice QCD offers a systematic approach to compute hadrons from QCD
* Numerically evaluate QCD path integral via Monte Carlo sampling
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Discrete spacetime, a

Heavier than physical quark mass, m > Mphys.



Few-Body Physics from QCD

Lattice QCD offers a systematic approach to compute hadrons from QCD

* Numerically evaluate QCD path integral via Monte Carlo sampling
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Few-Body Physics from QCD

Lattice QCD offers a systematic approach to compute hadrons from QCD
* Numerically evaluate QCD path integral via Monte Carlo sampling
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Few-Body Physics from QCD

Lattice QCD offers a systematic approach to compute hadrons from QCD
* Numerically evaluate QCD path integral via Monte Carlo sampling
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Few-Body Physics from QCD

All our knowledge of the hadrons comes from scattering experiments
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Few-Body Physics from QCD

Path to few-body physics from QCD

* Link finite-volume spectra and matrix elements to scattering amplitudes
» Tools: Lattice QCD, Scattering Theory, & Effective Field Theory
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Scattering Theory & QCD Spectrum

Resonances & Bound states are pole singularities of scattering amplitudes
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Scattering Theory & QCD Spectrum
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Connecting Scattering Physics to QCD

Employing scattering theory and EFTs to all-orders

connects lattice QCD spectra to scattering observables

M. Lischer
Commun.Math.Phys. 105, 153 (1986)
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Connecting Scattering Physics to QCD

First determination of hybrid candidate, //'“ = 1", m_~ 700 MeV
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Connecting Scattering Physics to QCD

First determination of hybrid candidate, //'“ = 1", m_~ 700 MeV
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Connecting Scattering Physics to QCD

First determination of hybrid candidate, //'“ = 1", m_~ 700 MeV
At physical point, 3, 4,.. body decays
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Few-Body Physics from QCD

Path to few-body physics from QCD
* Link finite-volume spectra and matrix elements to scattering amplitudes
» Tools: Lattice QCD, Scattering Theory, & Effective Field Theory
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Three-Body Dynamics

On-shell scattering relations

Unitarity condition

~ p ~ Disc G
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IC3 Unknown!
Obtained from Lattice QCD

M. Mai, B. Hu, M. Déring, A. Pilloni, and A. Szczepaniak g
Eur. Phys. J. A53, 177 (2017)

AJ et al. [JPAC]
Eur. Phys. J. C 79, no. 1, 56 (2019)

AJ et al. [JPAC] ) .
Phys. Rev. D 100, 034508 (2019) cf. two-body case.

AJ, arxiv:2208.10587 Mo =Ko+ Ko -ip- Mo
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Three-Body Dynamics

On-shell scattering relations

Unitarity condition
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Three-Body Dynamics

Connecting to finite-volume spectra

Finite-volume quantization condition

0 —E1

B det(14Ks (FL+G)) =0
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M. Hansen and S. Sharpe

Phys. Rev. D 90, 116003 (2014), Phys. Rev. D 95, 034501 (2017)

M. Mai and M. Déring
Eur. Phys. J. A 53, 240 (2017), Phys. Rev. Lett. 122, 062503 (2019)

AJ, arxiv:2208.10587
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Three-Body Dynamics

Examine toy-model — 3¢ — 3¢

- Assume exchange dominance — No short-range three-body forces
- Scalar system — J =0

- Two-hadron pair forms bound state — 20 — b

Toy model version of 3N — 3N with 2N — d

8

_I_

AJ, R. Briceno, S. Dawid, M.H. Islam, and C. McCarty
Phys. Rev. D 104 014507 (2021)
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Three-Body Dynamics
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Three-Body Dynamics

Three-body physics contains more degrees-of-freedom
* Find new features not encountered in two-body systems

'&Q'?( +...+>M+...

Bump in the spectrum due to exchange
— NO three-body resonance

Taylor Powell (W&M)
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Applications to 37+
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Few-Body Physics from QCD

Path to few-body physics from QCD
* Link finite-volume spectra and matrix elements to scattering amplitudes
» Tools: Lattice QCD, Scattering Theory, & Effective Field Theory
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Hadronic Structure & Electroweak Probes

Can we get more than the spectrum?
 Want to know the substructure of the excited hadrons
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Hadronic Structure & Electroweak Probes

Mapping between matrix elements and 2 4+ 7 — 2 amplitudes
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Hadronic Structure & Electroweak Probes

On-shell representation of 2 + 7 — 2 amplitudes

=) é/( + Was

After considerable manipulations...

Wag=M-(A+f-G) - M

AJ, R. Briceno, F. Ortega-Gama, K. Sherman, <m‘ j “(1>L ~ Wdf + M ’ f ’ GL ’ -/\/l

Phys. Rev. D 103 114512 (2021) 23



Hadronic Structure & Electroweak Probes

On-shell representation of 2 4+ 7 — 2 amplitudes

=) %( + Was

After considerable manipulations...

Wdf:./\/l°(—|—f'G)°./\/l

Unknown short-distance function
— Constrain using Lattice QCD
— Constrained by Ward-Takahashi identity

AJ, R. Briceno, F. Ortega-Gama, K. Sherman,
Phys. Rev. D 103 114512 (2021)

Single hadron form-factors

L

Hadronic scattering amplitude
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Triangle diagram
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Hadronic Structure & Electroweak Probes

On-shell representation of 2 4+ 7 — 2 amplitudes

=) é/( + Was

After considerable manipulations...

Wa=M-(A+f-G)-

AJ, R. Briceno, F. Ortega-Gama, K. Sherman,
Phys. Rev. D 103 114512 (2021)

Rigorous definition for resonance form factors

9 9
Wdi 'fp'
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Two-current systems

Coupling two currents to hadronic systems — Compton-like processes

R. Briceno, Z. Davoudi, M. Hansen, M. Schindler, A. Baroni
g 1 _I_ \7 — 1 + j Phys. Rev. D 101 014509 (2020)

F. Ortega-Gama, K. Sherman, AJ, R. Briceno,
Phys. Rev. D 105 (2022)

AJ, R. Briceno, A. Rodas, J. Guerrero
In preparation
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Summary

Few-body interactions play a key role in many outstanding problems in nuclear & hadron physics

Lattice QCD, EFTs, & Scattering theory combined provide useful tools to extract physics from QCD
» Rapid development in formalisms relating lattice QCD observables to amplitudes

» Scattering phenomenology is advancing in tandem

Latest developments in three-body scattering & two-body matrix elements
 First applications appearing in literature

« Can address increasingly complicated processes
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Much more to come!
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Why Few-Body Physics? — Excited Nucleon Spectrum

Spectroscopy and structure of hadrons
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Why Few-Body Physics? — Excited Nucleon Spectrum

Spectroscopy and structure of hadrons

PDQG listings
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- Mass
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- Structure functions

-

J

27



Why Few-Body Physics? — Excited Nucleon Spectrum

Spectroscopy and structure of hadrons

PDQG listings

-

Roper

- Mass?

- Lifetime?

- Couplings?

- Form factors?

-

- Structure functions?
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Why Few-Body Physics? — Excited Nucleon Spectrum

Spectroscopy and structure of hadrons

PDQG listings

-

Roper

- Mass?

- Lifetime?

- Couplings?

- Form factors?
- Structure func

-

\

The Roper is not stable!
- Decays strongly to multiple hadrons

- A resonance of scattering processes

27



Why Few-Body Physics? — Three-Body Nuclear Force

Three-body (or n-body) forces in nuclear structure
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Why Few-Body Physics? — Three-Body Nuclear Force

Three-body (or n-body) forces in nuclear structure

_30 -

1o
1*He

Three-body potentials shift spectra by 10-20%

Emerge from local & non-local interactions
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Why Few-Body Physics? — Muon g-2

Multi-hadron states in physics Beyond the Standard Model searches

B. Abi et al. [Muon g-2 Collaboration]
Phys. Rev. Lett. 126, 141801 (2021)

G.W. Bennett et al. [Muon g-2 Collaboration]
Phys. Rev. D. 73, 072003 (2006)

T. Aoyama et al.
Phys. Rep. 887, 1 (2020)

D

Hadronic Vacuum Hadronic Light-by-Light
Polarization
I ~ 420 I
Bt ®
Fermilab °
result
& @
Standard Model Experiment
Prediction Average
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a,x10° - 1165900



Why Few-Body Physics? — Muon g-2

Multi-hadron states in physics Beyond the Standard Model searches

Hlﬁlﬁi — <k7'ujyjpjg>QCD

_anﬁ;(s
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Few-Body Physics & QCD

Path to few-body physics from QCD

* Link finite-volume spectra and matrix elements to scattering amplitudes
» Tools: Lattice QCD, Scattering Theory, & Effective Field Theory
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Lattice QCD

Lattice QCD offers a systematic approach to compute hadrons from QCD
* Numerically evaluate QCD path integral via Monte Carlo sampling

&

Zaco = [ DYDIDA, eSaco A

1z

Euclidean spacetime, t — —it

Finite volume, L

Discrete spacetime, a

Heavier than physical quark mass, m > Mphys.

31



Lattice QCD

Lattice QCD offers a systematic approach to compute hadrons from QCD

* Numerically evaluate QCD path integral via Monte Carlo sampling
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Euclidean spacetime, t — —it
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Discrete spacetime, a

Heavier than physical quark mass, m

Zaco = [ DYDIDA, eSaco A

Correlation functions yield discrete spectrum

(O(M)O10)) = (0[O m)|” e~ B
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Few-Body Physics from QCD

Lattice QCD offers a systematic approach to compute hadrons from QCD
* Numerically evaluate QCD path integral via Monte Carlo sampling
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Few-Body Physics from QCD

Lattice QCD offers a systematic approach to compute hadrons from QCD

* Numerically evaluate QCD path integral via Monte Carlo sampling

PDQG listings

(Nucleon

- Mass

- Couplings

- Form factors

- Structure functions
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Lattice QCD

Lattice QCD offers a systematic approach to compute hadrons from QCD
* Numerically evaluate QCD path integral via Monte Carlo sampling
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Lattice QCD

Lattice QCD offers a systematic approach to compute hadrons from QCD
* Numerically evaluate QCD path integral via Monte Carlo sampling
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Scattering Theory & QCD Spectrum

Excited hadronic states are not stable particles...

..but are resonances coupling to multi-particle decay channels

..need to understand scattering amplitudes and properties

e.g., nN scattering and the excited Nucleon/Delta spectrum

Otot / mb
it —
- T p
2
107 ¢ }i’ g TTp ——
J W\ ‘H' ﬂ%«;—n
e
Npprsimad “J
‘ ‘ - %" : |: ’“"33!%11'.::':--: Liregeers gy #
101 F ‘
I p o | o L L L o
10—1 109 101 102 103
Plab / GeV/c
] ] ] ] ] ] ] ] |- ] ] ]
1.2 2 3 4 5 6 7 8910 20 30 40

Eem /| GeV

34



Scattering Theory & QCD Spectrum

Excited hadronic states are not stable particles...

...but are resonances coupling to multi-particle decay channels

...need to understand scattering amplitudes and properties

e.g., tlN scattering and the excited Nucleon/Delta spectrum
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mb Need to rigorously define bound & resonant states within scattering theory
J Symmetry
l Lorentz invariance, CPT, Flavor, baryon number, ...
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|.+ Probability conservation —> The S matrix is a unitary operator
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o ‘ Analyticity
; J Causality = Amplitudes are boundary values of analytic functions in complex energy plane
10-1 Crossing
CPT symmetry —> Relates particle —anti-particles in scattering processes
- J
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Scattering Theory & QCD Spectrum

Excited hadronic states are not stable particles...
...but are resonances coupling to multi-particle decay channels

...need to understand scattering amplitudes and properties

e.g., tlN scattering and the excited Nucleon/Delta spectrum
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Scattering Theory & QCD Spectrum

S matrix unitarity (S™S = 1) enforces restricted analytic structure

n
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Scattering Theory & QCD Spectrum

S matrix unitarity (S™S = 1) enforces restricted analytic structure

Fully dressed propagator
e.g., 2 — 2 scattering within some generalized EFT /
| E3egyefegyegegotis

hadronic d.o.f.
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Scattering Theory & QCD Spectrum

S matrix unitarity (S™S = 1) enforces restricted analytic structure

e.g., 2 — 2 scattering within some generalized EFT

oI
X T D X

Bethe-Salpeter kernels

All 2PI diagrams - left hand cuts & higher multi-particle thresholds
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Scattering Theory & QCD Spectrum

S matrix unitarity (S™S = 1) enforces restricted analytic structure

e.g., 2 — 2 scattering within some generalized EFT

i=ﬁ+@1+m+---
jegegyefegyelfe
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Scattering Theory & QCD Spectrum

S matrix unitarity (S™S = 1) enforces restricted analytic structure

e.g., 2 — 2 scattering within some generalized EFT

x:p@@;@;@p...

£ N 4 DY N

N N N

K-matrix — All short-distance physics which cannot go on-shell

— Unknown! — theory specific
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Scattering Theory & QCD Spectrum

S matrix unitarity (S™S = 1) enforces restricted analytic structure

e.g., 2 — 2 scattering within some generalized EFT

NN
x = Kj + ﬁshell representation of scattering amplitude

1
=K
M2 21—iplC2

2m

@)

/

Scattering Region

> Fem




Scattering Theory & QCD Spectrum

Resonances & Bound states are pole singularities of scattering amplitudes

1
1 — i,OlCQ

Mo = Ko

2m

@—O > Fem

/ o

Bound states (sheet |) Resonances (sheet Il)
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Scattering Theory & QCD Spectrum
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Connecting Scattering Physics to QCD

Q: How do we connect a finite-volume spectrum computed from QCD...

n

2m

...to infinite-volume scattering amplitudes?

1
1 — ip/CQ

Moy =Ky

2m

OO

@)

0> FE
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Connecting Scattering Physics to QCD

Q: How do we connect a finite-volume spectrum computed from QCD...

n
2m

O—0O0—=0 o0~ L

...to infinite-volume scattering amplitudes?

1

M2 :ICQ 1_7;,0]C2

2m

@)
v
T

[ A: Correct analytic structure of finite-volume correlators ]
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Connecting Scattering Physics to QCD

Two-point correlator to all-orders

- B D
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Connecting Scattering Physics to QCD

Two-point correlator to all-orders

O B BB

{»

&y

O
S0

/

ip + FL

Geometric function — characterizes finite-volume distortions

1 Z / 4’k 1 1
I3 - 2m)3 | 2w (P — k)% —m? + ie KO —w
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Connecting Scattering Physics to QCD

Two-point correlator to all-orders

- B D

SCR RS BXEE B BN

) |

B
o+ oG + oGl

N
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Connecting Scattering Physics to QCD

Two-point correlator to all-orders

- B D

CERSES BXE 3 B3I
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Connecting Scattering Physics to QCD

Two-point correlator to all-orders

7L<P)®+@@+@@+...
o) + <v>+<viv>+<viviv>+

= (C(P)+14 . o+ Fr)iA
(F) MGt +ip + Fy ( )
Finite-Volume poles must match! /
det (MQ_ 1 + ip + F L ) E—g. 0 Luscher quantization condition
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Connecting Scattering Physics to QCD

Two-point correlator to all-orders

<?uﬂ<<:]p+c{:?§:3p+c<:ij:ij:jp+.”
o) + <v} + (vIv} + (viviv} .

= C(P) +1A4 ip+ Fr)iA
(P)+iA ymr gy, o+ Fo)
Finite-Volume poles must match! /
det (MQ_ 1 + ip + F L ) E—g. 0 Luscher quantization condition
]. _——
MQZICZ det(1+K2FL)E:E :O

1 —1pkCo "
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Few-Body Physics & QCD

Employing scattering theory and EFTs to all-orders connects lattice QCD to scattering observables

M. Lischer
Commun.Math.Phys. 105, 153 (1986)
Nucl.Phys. B354, 531 (1991)

Many others...

@ -5

| —.

» det (14 KoFL ) gy =0

1
» M2_K21—i,0/€2

Scattering Region

=

Bound states (sheet |)

Resonances (sheet I
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Connecting Scattering Physics to QCD

Much success in two-body sector
* e.g., the Scalar nonet

40



Connecting Scattering Physics to QCD

Much success in two-body sector o qf Mr =391 MeV
= o8}
° P
e.g., the Scalar nonet el o -
04 L fO KK - KK
0 + 021 [\ mm — KK
KR o o K o 000 S 200
ol Eem / MeV
1_: 0.6}
o g 051 KK - KK
0.4}
0 @)
CLO CL8 fO a/(—)l_ 03 a ™ — 7N
0.2}
™ — KK
01}
N | 1 1
o O O o T 1100 1200 1300
K Eem / MeV
50 180 |-
150 | .
mﬂ- — 391 MeV 120 L ™
92 |
50 “I
@‘Cq Sheet I CL() 30F
- K + Sheet IV 0
||| — ] ! ] I ] I H0L nK
- 700 800 900 1000 1100 1200 1300 1000 1200 1490 o MV
cm €
@ mpgr = Re+/sg
o Sheet | Lo
= o) R.A. Bricefo et al. [HadSpec]
Phys. Rev. D97, 054513 (2018)
—O—i fO J.J. Dudek et al. [HadSpec]
-100 | Shoet | Phys. Rev. D93, 094506 (2016)
ee
J.J. Dudek et al. [HadSpec]

Phys. Rev. Lett. 113, 182001 (2014) 40



Few-Body Physics & QCD

Path to few-body physics from QCD

* Link finite-volume spectra and matrix elements to scattering amplitudes
» Tools: Lattice QCD, Scattering Theory, & Effective Field Theory

-

ca

%

Lattice QCD
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~

P

eD

>=<
>E<

Bound & Resonant

State Properties
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Few-Body Physics & QCD

Path to few-body physics from QCD
* Link finite-volume spectra and matrix elements to scattering amplitudes
» Tools: Lattice QCD, Scattering Theory, & Effective Field Theory

( Three-Body Dynamics ]
\ J

o

=

~

J
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Three-Body Dynamics

On-shell scattering relations

Unitarity condition

~ p ~ Disc G

ﬁ)n-shel/ scattering equation \

» ./\/l3=K3+/K2°ip-M3+///C3°g°M3
\_

S

IC3 Unknown!
Obtained from Lattice QCD

M. Mai, B. Hu, M. Déring, A. Pilloni, and A. Szczepaniak g
Eur. Phys. J. A53, 177 (2017)

AJ et al. [JPAC]
Eur. Phys. J. C 79, no. 1, 56 (2019)

AJ et al. [JPAC] ) .
Phys. Rev. D 100, 034508 (2019) cf. two-body case.

AJ, in preparation Mo =Ko+ K- P - M
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Three-Body Dynamics

On-shell scattering relations

Unitarity condition

~ p ~ Disc§

ﬁ)n-shel/ scattering equation

./\/l3=K3+/K2-ip-M3+///C3°g°M3

\_

~
S

e QCD

/4

10.0
VS2p = 2.3 m real ——
o I \V/S3 = 3.6m imae ——
E 5.0 € — 10—5 &
X
:
& 5.0 b
/
E -10.0 | A0 | 0O | | |
/ 0.0 2.0 4.0 6.0 8.0 10.0 12.0
F SQk/m2
/-U,_ﬂmmuuu YL/ rN~/ I r~y L =4 A
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Three-Body Dynamics

Connecting to finite-volume spectra

Finite-volume quantization condition

0 —E1

B det(14Ks (FL+G)) =0
» ./\/lg:/Cg—l—/ICQ-ip-Mg—F///Cg'g'Mg
M. Hansen and S. Sharpe

Phys. Rev. D 90, 116003 (2014), Phys. Rev. D 95, 034501 (2017)

M. Mai and M. Déring
Eur. Phys. J. A 53, 240 (2017), Phys. Rev. Lett. 122, 062503 (2019)

AJ, in preparation
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Three-Body Dynamics

Examine toy-model — 3¢ — 3¢

- Assume exchange dominance — No short-range three-body forces
- Scalar system — J =0

- Two-hadron pair forms bound state — 20 — b

Toy model version of 3N — 3N with 2N — d

8

_I_

AJ, R. Briceno, S. Dawid, M.H. Islam, and C. McCarty
Phys. Rev. D 104 014507 (2021)
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Three-Body Dynamics

1.0 Real
0.8 +
0.6 Imag
S04 - ma = 2
g 0.2 | / B 15
S 0.0 e —— n =
St
-0.2 -
-0.4
-0.6 &4 ! | 5
§ 0.2 + —
e 0.1 F
° 00
E 0.1 - Romero-Lépez et al. ©
= -0.2 -
O | | | | | | | 6
7.4 7.6 7.8 8.0 8.2 8.4 8.6 8.8 9.0
©b 510

(E/m)?

GBS
38 &

T 0

7™\
A\ 4
3p

AJ, R. Briceno, S. Dawid, M.H. Islam, and C. McCarty
Phys. Rev. D 104 014507 (2021)
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Applications to 37

7T+7T+7T+
6\<[000] \[001] \[111]
\ N
== 2
TS NN N\
=~ HN\\NA -
3 L\ =
f 4 | i &
\Q—
3\1\:’_ i i i
20 24 20 24 20 24 20 24
L/as

M. Hansen et al. [HadSpec]
Phys. Rev. Lett. 126, (2021) 012001

T

m%3/m

7.5
7.01
6.5
6.0+
5.5
5.0
4.5+

4.0+

5 x 108

4 x 108

3 x 108

2 % 108
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Few-Body Physics & QCD

Path to few-body physics from QCD
* Link finite-volume spectra and matrix elements to scattering amplitudes
» Tools: Lattice QCD, Scattering Theory, & Effective Field Theory

[ Electroweak Probes ]

4

48



Hadronic Structure & Electroweak Probes

Mapping between matrix elements and 2 4+ 7 — 2 amplitudes

. g B
= 7 Single hadron f =

form-factors
e D El

Hadronic
7 e [, Scattering M
Cmplitude /

! |
» <m‘ j ‘n>L p— EWL,df . \/RL,m . RL,n J FV conversion factors

Wr.at = War+M - f-Gr - M

(%]
G = — O ®
R. Briceno, M. Hansen,
Phys. Rev. D 94 13008 (2016)

A. Baroni, R. Bricefio, M. Hansen, F. Ortega-Gama, FV geometric function
Phys. Rev. D 100 034511 (2019)
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Hadronic Structure & Electroweak Probes

On-shell representation of 2 + 7 — 2 amplitudes

=) é/( + Was

After considerable manipulations...

Wag=M-(A+f-G) - M

AJ, R. Briceno, F. Ortega-Gama, K. Sherman, <m‘ j “(1>L ~ Wdf + M ’ f ’ GL ’ -/\/l

Phys. Rev. D 103 114512 (2021) 50



Hadronic Structure & Electroweak Probes

On-shell representation of 2 4+ 7 — 2 amplitudes

=) %( + Was

After considerable manipulations...

Wdf:./\/l°(—|—f'G)°./\/l

Unknown short-distance function
— Constrain using Lattice QCD
— Constrained by Ward-Takahashi identity

AJ, R. Briceno, F. Ortega-Gama, K. Sherman,
Phys. Rev. D 103 114512 (2021)

Single hadron form-factors

L

Hadronic scattering amplitude

-

Triangle diagram
Contains normal and anomalous

singularities from intermediate
on-shell particles

G:

\_

S

<m‘j‘u>LNWdf‘|‘M°f°GL'/\/l
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Hadronic Structure & Electroweak Probes

On-shell representation of 2 4+ 7 — 2 amplitudes

=) é/( + Was

After considerable manipulations...

Wa=M-(A+f-G)-

AJ, R. Briceno, F. Ortega-Gama, K. Sherman,
Phys. Rev. D 103 114512 (2021)

Rigorous definition for resonance form factors

9 9
Wdi 'fp'

fp:92(A+f'G)

Sf=8;=8yp

~




Hadronic Structure & Electroweak Probes

Investigations into features of the framework

d Conserved vector currents

d Bound States

* Infinite-volume limit

» Leading order FV corrections

M Non-Relativistic Behavior
* Expansion near threshold, leading FV corrections
* Numerical cross-check
* Time-ordered perturbation theory

AJ, R. Briceno, M. Hansen,
Phys. Rev. D 100 114505 (2019)

AJ, R. Briceno, M. Hansen,
Phys. Rev. D 101 094508 (2020)
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Two-current systems

Coupling two currents to hadronic systems — Compton-like processes

R. Briceno, Z. Davoudi, M. Hansen, M. Schindler, A. Baroni
d 1 _I_ \7 — 1 + \7 Phys. Rev. D 101 014509 (2020)

[1 1+ —=2+J

[] 2+T7—>2+J

D
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Two-current systems

Coupling two currents to hadronic systems — Compton-like processes

glJrj%lej

[1 1+ —=2+J

R. Briceno, Z. Davoudi, M. Hansen, M. Schindler, A. Baroni
Phys. Rev. D 101 014509 (2020)

o™ JLAB-THY-22-3552

‘(\g Two-current transition amplitudes with two-body final states

Keegan H. Sherman,! * Felipe G. Ortega-Gama,? 3T Ratl A. Briceno,>** and Andrew W. Jackura®%: 8

! Department of Physics, Old Dominion University, Norfolk, Virginia 23529, USA
“Thomas Jefferson National Accelerator Facility,

12000 Jefferson Avenue, Newport News, Virginia 23606, USA
?Department of Physics, William & Mary, Williamsburg, Virginia 23187, USA
4 Department of Physics, Old Dominion University, Norfolk, Virginia 23529, USA
(Dated: February 2, 2022)

We derive the on-shell form of amplitudes containing two external currents with a single hadron
in the initial state and two hadrons in the final state, denoted as 1 + J — 2 + J. This class of
amplitude is relevant in precision tests of the Standard Model as well as for exploring the structure of
excited states in the QCD spectrum. We present a model-independent description of the amplitudes
where we sum to all orders in the strong interaction. From this analytic form we are able to
extract transition and elastic resonance form factors consistent with previous work as well as a
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Few-Body Physics & QCD

Path to few-body physics from QCD

* Link finite-volume spectra and matrix elements to scattering amplitudes
» Tools: Lattice QCD, Scattering Theory, & Effective Field Theory

Applications of formalisms beginning, stay tuned for results...
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Summary

Few-body interactions play a key role in many outstanding problems in nuclear & hadron physics

Lattice QCD, EFTs, & Scattering theory combined provide useful tools to extract physics from QCD
» Rapid development in formalisms relating lattice QCD observables to amplitudes

» Scattering phenomenology is advancing in tandem

Latest developments in three-body scattering & two-body matrix elements
 First applications appearing in literature

« Can address increasingly complicated processes

o < &<
- & &
¥ S

@

/

e\4
R Sl
@ @

Much more to come!
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Three-Body Dynamics

On-shell scattering relations

Scattering amplitudes have more complicated singularities

e.qg. effects of triangle singularities

50 x10—3
' ' ! ' D M2 =734 ——
M2 = 6.8] e—
M? =6.30 —
1.5 | 5 Mz = 5.81 .
i M?2 =5.34 —
— <— S
o1 =441 713 T
K2
&
— Te C M 3
15
x10—3 s
3.0 b
[iQ 2.0 b
£
1.0 F
AJ et al. [JPAC]
— Eur. Phys. J. C 79, no. 1, 56 (2019)
00 | | | | | y
10 11 12 13 14 15



Hadronic Structure & Electroweak Probes

Investigations into features of the framework

e.g. Conserved vector current

(n| QIn), = L* (n| T [n), = Qo

AJ, R. Briceno, M. Hansen,
Phys. Rev. D 100 114505 (2019)

=

lim W“ — W0
p,—p, 4 «

\_

fWard- Takahashi identity \

9

P,

/

Leads to constraint for short-distance function



Hadronic Structure & Electroweak Probes

Investigations into features of the framework

e.g. Bound systems

gB(L) . e—fs:L
e 1+ O0(e™")

1.5 2.0 2.5

(L) —2m / MeV

*
n

E

¢ _— | Large L limit

Exact

gep(L) / 958

AJ, R. Briceno, M. Hansen,

Phys. Rev. D 100 114505 (2019) Low-order large L behavior can have significant deviations
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Hadronic Structure & Electroweak Probes

Investigations into features of the framework

e.g. Large L behavior

dma
Eo(L) = 2m + +O(1/L4
(L) =2m + % 1 0(/LY e
g 27‘(‘(], 50 10 5
L3 ==(1-— 1/L4 0.0 peme —
01710 =2 (1- T roamh)
=
X
D 0.1
(N
E
02 L |
-0.62
S AR
=
X -0.64
)
E
-0.66 +
II1IO | | 1(I)0

AJ, R. Briceno, M. Hansen,
Phys. Rev. D 101 094508 (2020) mL 60



Beyond Hadron Structure

Our framework has drawn the attention of people outside hadron spectroscopy/ structure
» Searches for new physics Beyond the Standard Model require nuclear matrix elements

e.qg. Dark Matter Searches

X
N N
X
N N
Atoms
Dark
N N 4.6% Energy
71.4%
Dark ’
Matter
24%

TODAY
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On-shell scattering equations

S-matrix unitarity fixes on-shell structure of scattering amplitudes

2 — 2 scattering

Mo =Ko — K2Z M

On-shell two-particle rescattering

ImZ =—p ~

K-matrices

e Unknown real function characterizing short-distance physics

e Parameterize with analytic function and determine from lattice QCD

e Scheme dependent (unphysical)
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On-shell scattering equations

S-matrix unitarity fixes on-shell structure of scattering amplitudes

2 — 2 scattering
Moy =Ko — KoZ M,

3 — 3 scattering
Mz = K3 —K3ZI My — KoZ M3 — /ngI/\/lg

— KoG My — /ngG/\/lg — Ko /G./\/lg — //ngG/\/lg

On-shell exchange

ImG = —A NI

K-matrices
e Unknown real function characterizing short-distance physics
e Parameterize with analytic function and determine from lattice QCD

e Scheme dependent (unphysical)

63



Solving three-body scattering equations

Given K2, and K3, solve integral equation for M3

Ms = K3 —KsZIMy — KoZI M3 — /IC:;IM;;

— KoG My — /ICgGMQ — Ky /GMg — //ngG/\/lg

op (U',myr) ( * ) o (£, my)
p k

e Many equivalent forms (Hansen-Sharpe, Blanton-Sharpe, Déring-Mai, JPAC-AJ,Mikhasenko)

Matrix equation in pair angular momenta

Integral equation in spectator momenta

Singular kernels

Scheme dependent K-matrices (unphysical)
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Solving three-body scattering equations

Given K2, and K3, solve integral equation for M3

Ms = K3z —K3ZMsy — Ko ZMs — /ngI/\/lg

— KoG My — /ICgGMQ — Ky /G./\/lg — //ngG/\/lg

Consider toy model: 3¥ — 3% such that 2¢ — b

AJ, R. Briceno, S. Dawid, M.H. Islam, and C. McCarty
arXiv:2010.09820
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Solving three-body scattering equations

Given K2, and K3, solve integral equation for M3

Ms = K3 —K3Z Mo — KoZ M3 — //CgIMg

— KoG My — /KgGMQ — Ky /G./\/lg — //ngG/\/lg

Consider toy model: 3¥ — 3% such that 2¢ — b

2000

1500

1000

| Mz |

500

32k/7n2
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Solving three-body scattering equations

Given K2, and K3, solve integral equation for M3

My = )& s — sz - %Mg
— KoG My — %GMQ — Ky /G./\/lg — /%GM;;

Consider toy model: 3¥ — 3% such that 2¢ — b

Assume K3 =0

MB‘IC;)):O =D — D = —MQGMQ — MQ /GD
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Solving three-body scattering equations

Given K2, and K3, solve integral equation for M3

My = )& s — sz - %Mg
— KoG My — %GMQ — Ky /G./\/lg — /%GM;;

Consider toy model: 3¥ — 3% such that 2¢ — b

Assume K3 =0

MB‘IC;)):O =D — D = —MQGMQ — MQ /GD

%

g
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Solving three-body scattering equations

Focus on case where 2-body systems forms bound state
» Consider energies below three particle threshold

lim ’i/\/lg — igb Z./\/lgpb igb
Op,0k—0b Op — Op Ok — Op
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Solving three-body scattering equations

Convert integral equation to linear equation

« Introduce regulators /N (matrix size) and € (pole shift)

. Recover amplitude in N = oo, € = 07 limit

Myep = lim  lim M¢b(N, €)

N —0c0 e—0t

Several methods
e Brute-force
e Remove bound-state pole explicitly

e Splines — Gléckle, Hasberg, Neghabian Z. Phys. A305 (1982) 217
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Solving three-body scattering equations

Convert integral equation to linear equation
« Introduce regulators /N (matrix size) and € (pole shift)

. Recover amplitude in N = oo, € = 07 limit

Mypp = lim  lim M, (IV,€)

N —0c0 e—0t

S-matrix unitarity provides a way to check quality of solutions

* Deviation from unitarity guides quality of solution

Im M, (E) = —pey(E)

I | M} (5 V)| + pn(E)

Apg&b(E;N) = pgob(E)

x 100

Several methods
e Brute-force
* Remove bound-state pole explicitly

e Splines — Gléckle, Hasberg, Neghabian Z. Phys. A305 (1982) 217



N — oo Extrapolations

Compute multiple N solutions — extrapolate to N — oo limit

 Unitarity deviation greatly improved

— -0.042
S -0.044
-0.046

2 -0.048
X -0.050
~ -0.052
% -0.054

998
997
996
995
994
993
992
991

Im (Pcprgob)
OO OO OO

@
n
€E X —
: ma —
" (E/m)? = 8
: o
I === ===" - = ===" == = ==" - = ="=" - ==
1000 2000 3000 4000 5000 6000
o e e . s
N =20 —
| | | | | |
1000 2000 3000 4000 5000 6000

© @ © 9@ 9 9 @ e e @ o

1000 2000 3000 4000 5000 6000
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Example of solution

1.0

Real
0.8 |
0.6 — Imag —
§ 0.4 - ma = 2
0.2 -
300 n=15
-0.2 +
0.4 +
-0.6 - o | l l l l | | S
7.4 7.6 7.8 8.0 8.2 8.4 8.6 8.8 9.0
~ 0.2 +
< 01+
S 00
§ 0.1 Romero-Lépez et al. ©
S 0.2 F
| | | | | | | é

o

7.4 7.6 7.8 8.0 8.2 8.4 8.6 8.8 9.0




Example of solution

Real
Imag e
23 ma = 16
QL
o
8.980 8.985 8.990 8.995 9.000
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Above the three-body threshold

Methodology not limited to below 3-body threshold

 Allows for calculation of breakup / recombination amplitude

Ok — Op

M3(Up7 Uk)

Myzp(op) = — lim

Or—0p g
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€ — 0 limit

Ensure € — 0 through N — oo limit

1 n
Ax — | dx —  ~ e~ 2me/Ax — € X —
; r2 — 23 + i€ N
101 — 102
101
102
o
S Apcpb
\B)
109
103
10—1

100 200 300 400 500 600 700 800 900 1000
N
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Evolution of solutions

pcprcpb

Apcpb

8.980 8.985 8.990 8.995 9.000
(E/m)*
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Evolution of solutions

pcprcpb

Apcpb

8.980 8.985 8.990 8.995 9.000
(E/m)*
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On-shell scattering amplitudes from RFT

Sum to all orders in generic EFT all relevant cuts leading to singularities in physical region

c eg2—>2

O 0 101308



On-shell scattering amplitudes from RFT

Sum to all orders in generic EFT all relevant cuts leading to singularities in physical region

c eg2—>2

O 0 101308
X=X+ Q)+ Oy~ e+

All 2Pl diagrams - left hand cuts and higher multi-particle thresholds



On-shell scattering amplitudes from RFT

Sum to all orders in generic EFT all relevant cuts leading to singularities in physical region

c eg2—>2

O 0 101308



On-shell scattering amplitudes from RFT

Sum to all orders in generic EFT all relevant cuts leading to singularities in physical region

c eg2—>2

8- (S R A+
]:[

I - R R+

K matrix — unknown dynamical function unconstrained by unitarity



On-shell scattering amplitudes from RFT

Sum to all orders in generic EFT all relevant cuts leading to singularities in physical region

c eg2—>2

8- 0 (- R (-
]:[

» Mo = Ko + KaipMas For given K matrix, obtain on-shell

solution for amplitude



On-shell scattering amplitudes from unitarity

Start with S matrix unitarity
Im
* Provides constrain for amplitude on real
axis in physical region

* On-shell amplitude satisfies linear equation
— check unitarity constraint

M3z = M3(R - G)Ms + /MQ(R — G) M3

R is a different short-distance function

M. Mai, B. Hu, M. Doring, A. Pilloni, and A. Szczepaniak
Eur. Phys.].A 53, 177 (2017)

A et al. [JPAC] .
Eur. Phys.J. C 79, no. I, 56 (2019) Extension to FV

. M. Mai and M. Doring
M. Mikhasenko, AJ et al. [JPAC] Eur. Phys. J. A 53,240 (2017)
Phys. Rev. D 98, 096021 (2018)

M. Mikhasenko, AJ et al. [JPAC]
JHEP 08,080 (2019)



Equivalence of relativistic methods

The RFT vs FVU methods can be summarized as “Bottom up” vs ““Top down”

On-shell scattering equations are equivalent

Al et al.
Phys. Rev. D 100, 034508 (2019)

S Matrix Unitarity

FVU
Quantization conditions are equivalent
T. Blanton and S. Sharpe ‘ ‘ '

arXiv:2007.16190 (2020)
On-shell

Scattering Equations

( — <::j + Finite L ‘ t L — oo
1 i Finite Volume
( — 3 @f T @f + Quantization Conditions

t t

All Orders RFT RET

Small details, e.g. aspects of symmetrization
— see literature for information




Example of solution — Extrapolated result

0.3 -
0.2
0.1
0.0
S 01
0.2
0.3
0.4

_05 O | | | | | | | | é
8.84 8.86 3.88 3.90 3.92 8.94 3.96 3.98 9.00

b

Ppb

Romero-Lépez et al. ©

Y | | | | | | )
.86 8.88 8.90 8.92 8.94 8.96 8.98 9.00

8.84 8.86 3.88 3.90 8.92 8.94 8.96 3.98 9.00



Example of solution — Extrapolated

result

This work, 1 = 15 s
Romero-Lépez et al. ©

NREFT A =0.75m
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Structural composition of hadrons

How do we determine structure of hadrons from QCD?
 Probe stable hadrons via external currents
* @Gives access to form-factors, parton distribution functions, etc.

What about unstable particles, i.e. resonances? — e.g., the o6 meson

O @ @ &

Standard meson Tetraquark Mesonic molecule
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Structural composition of hadrons

How do we determine structure of hadrons from QCD?
 Probe stable hadrons via external currents
* @Gives access to form-factors, parton distribution functions, etc.

What about unstable particles, i.e. resonances?
* Couple to multi-hadron states — need transition amplitudes evaluated at poles

*

Y

"N
e/%\*"’

@

@
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Path to Hadronic Properties from QCD

Lattice QCD offers a systematic avenue to compute multi-hadron transition amplitudes

» Convert spectra and matrix elements to transition amplitudes via Lischer methodology

-

\_

Eid
i

Lattice QCD

~

p

J

Spectra &

4

4 N

»

Scattering &

\ Matrix Elements J

p

4 N

>=.<

Bound & Resonant

Qransition AmplitudeSJ

\ State Properties J

Spectral Analysis » Finite-Volume Mappings » Analytic Continuation
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Finite volume mappings - Two hadron matrix elements

Mapping between matrix elements and 2 4+ J — 2 amplitudes

Features

1
e Relativistic <m\ J ‘“>L — ﬁWL,df' \/RL,m ' RL,n

* Model independent

* Arbitrary current structure
Wrat=Waua+ M- -f -G - M

Assumptions
* Spinless particles

* Below three-particle thresholds

Finite volume geometric function (3 I

mL =4
1.0+ U
0.5 U &_
GO_ 00 i
—0.57
R. Briceno, M. Hansen, 10 ]
Phys. Rev. D 94 13008 (2016) : 2.0 25 3.0 3.5 4.0
o E*/m
A. Baroni, R. Bricefio, M. Hansen, F. Ortega-Gama,

Phys. Rev. D 100 034511 (2019) 88



Finite volume mappings - Two hadron matrix elements

Mapping between matrix elements and 2 4+ J — 2 amplitudes

Features
* Relativistic
* Model independent

* Arbitrary current structure

Assumptions
* Spinless particles

* Below three-particle thresholds

R. Briceno, M. Hansen,
Phys. Rev. D 94 13008 (2016)

A. Baroni, R. Bricefio, M. Hansen, F. Ortega-Gama,
Phys. Rev. D 100 034511 (2019)

1
<m‘ J ‘n>L — EWL,df' \/RL,m ' RL,n

Wr.ag = War+ M- f-Gr - M

ﬁevious/y determined functions \
Single hadron f — i
form-factors

Hadronic
scattering M
@plitude j
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Consistency Checks

Need to ensure formalism recovers known results in various limits

* Volume scaling of charge associated with conserved vector current
* Exponential suppression for two-body bound states

* Series expansion for perturbative systems

AJ, R. Briceno, M. Hansen,
Phys. Rev. D 100 114505 (2019)

AJ, R. Briceno, M. Hansen,
Phys. Rev. D 101 094508 (2020)
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Consistency Checks (l)

Expect conserved vector charge to remain independent of finite volume corrections

(n[ Qn), = L (n| T"[n),,

= Wrar R
0 0 J 0 -1
= (Wh+QM-GL- M) (M +M-GY - M)
fWard—TakahaShi identity N
lim W = Q 0 M
1M = S
b 0P, J
(n| Qn);, = Qo
AJ, R. Bricefio, M. Hansen, Generalization with partial wave mixing

Phys. Rev. D 100 114505 (2019) AJ, F. Ortega-Gama, in preparation
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Consistency Checks (ll)

Bound state limit — corrections exponentially suppressed

(L) —2m / MeV

*
n

E

gepL) / 958

2 . 2 —rL Z. Davoudi, M. Savage,
mp(L) =mz + Ole ) Phys. Rev. D 84 114502 (20111)

gB (L) —1 + O(e—nL) AJ, R. Bricefio, M. Hansen,

Phys. Rev. D 100 114505 (2019
gB y ( )

Low-order large L behavior can have significant deviations

/‘%‘BL

Large L limit

Exact
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Consistency Checks (lll)

Systems near threshold — Large L expansion

41a
mL3

Eo (L) = 2m + -+ 0(1/L4) Lischer (1986), Huang and Yang (1957), many others...

104 (i)
L

L3 <0|j|0>:£( _ 2ma +(’)(1/L4)>

m m2L3 50 10 5
0.0
S
=
. . . X
Confirmation via S o1l Perturbative
 Threshold expansion E coefficient
« Perturbation theory - /
 Numerical verification 0.2 L - / S
e Agrees with Feynman-Hellman theory 0.62 /T
Yy
L3 <0| j |0> — g dEO(L) ? -0.64
dm? 3 \
E
-0.66 - Exact
AJ, R. Briceno, M. Hansen, 10 100
Phys. Rev. D 101 094508 (2020) L
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Finite-Volume Formalism

Have framework relating matrix elements to amplitudes d
* Formalism is relativistic, model independent, valid for arbitrary local current
* Systematically controlled below three-hadron channels

Passes cross-checks in various limits g
« Charge conservations ensures volume independence

* Bound states lead to exponential corrections

« Perturbative systems have consistent large L expansion

Need understanding of analytic behavior of infinite volume amplitudes
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Two hadron transition amplitudes

Sum to all orders in strong interaction — interested in two-particle kinematic energies

W =

i

= S ( + Wy

Features

e Relativistic

e Model independent

e Arbitrary current structure

Assumptions
e Spinless particles
e Below three-particle thresholds

AJ, R. Briceno, F. Ortega-Gama, K. Sherman,
Phys. Rev. D 103 114512 (2021)

k» Object we can determine from FV formalism
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Two hadron transition amplitudes

Sum to all orders in strong interaction — interested in two-particle kinematic energies

W =

= S ( + Wy

Projecting equations to on-shell form

Wdf:M'(A—|_f'g)’M

AJ, R. Briceno, F. Ortega-Gama, K. Sherman,
Phys. Rev. D 103 114512 (2021)
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Two hadron transition amplitudes

Sum to all orders in strong interaction — interested in two-particle kinematic energies

W =

=S /( + Wt

Projecting equations to on-shell form

War =M} (A4{7-6) - M |

Known functions

AJ, R. Briceno, F. Ortega-Gama, K. Sherman,
Phys. Rev. D 103 114512 (2021)

Gng/e hadron form-factors x

Hadronic scattering amplitude

-

Triangle diagram

Contains normal and anomalous
singularities from intermediate
on-shell particles

g =

\_ J
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Two hadron transition amplitudes

Sum to all orders in strong interaction — interested in two-particle kinematic energies

W =

= S ( + Wy

Projecting equations to on-shell form

Real and Smooth function
characterizing short-distance physics

War = M - (_I_ /- g) - M Parameterize in terms of energy-

dependent form-factors

Unknown function Only unknown function - determined

from lattice QCD and FV formalism

Can be related to LEC’s of EFT’s

AJ, R. Briceno, F. Ortega-Gama, K. Sherman,
Phys. Rev. D 103 114512 (2021)
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Two hadron transition amplitudes

Sum to all orders in strong interaction — interested in two-particle kinematic energies

W =

ﬁigorous definition for resonance form factorm
: 9
é W ~

if, —2
= S /( + 1Was Sp—8p "' 8;i— Sp

Projecting equations to on-shell form

ifp=9(A+f-G)

Wdf:M°(A+f°g)°/\/l

Sf=8;=Sp

AJ, R. Briceno, F. Ortega-Gama, K. Sherman,

Phys. Rev. D 103 114512 (2021)
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Summary

Model-independent method to determine 2 + J — 2 processes
* Relates finite volume matrix elements to transition amplitudes

* Many cross-checks — confidence builder of formalism Bricefio, Hansen, AJ (2019 & 2020)

Global infinite volume amplitude studies

* On-shell physics fixes amplitude — single unknown real function remains
* Have forms for one current, two hadron amplitudes

* Informs structures that will appear in future FV formalisms
* Extensions to two currents

& /)I( See R. Bricefio, this session
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