
Semi-inclusive Deep Inelastic Scattering 
with QED and QCD Factorization

QNP2022 
The 9th International Conference on Quarks and Nuclear Physics 

September 5-9th, 2022, online

In collaboration with: W. Melnitchouk, J.W. Qiu, N. Sato

Tianbo Liu (刘天博) 
Key Laboratory of Particle Physics and Particle Irradiation (MOE) 

Institute of Frontier and Interdisciplinary Science, Shandong University



Tianbo Liu 2

l l'

P
X

q

Inclusive DIS at a large momentum transfer
• dominated by the scattering of the 

lepton off an active quark/parton 

• not sensitive to the dynamics at a 
hadronic scale ~ 1/fm 

• collinear factorization:   

• overall corrections suppressed by 

� / H(Q)⌦ �a/P (x, µ
2)
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QCD factorization
• provides the probe to “see” quarks, 

gluons and their dynamics indirectly 

• predictive power relies on  
— precision of the probe 
— universality of 

Lepton-Hadron Deep Inelastic Scattering
Q � ⇤QCD
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Semi-inclusive DIS: a final state hadron (Ph) is identified

• enable us to explore the emergence of color 
neutral hadrons from colored quarks/gluons 

• flavor dependence by selecting different 
types of observed hadrons: pions, kaons, … 

• a large momentum transfer Q provides a 
short-distance probe 

• an additional and adjustable momentum scale 

Semi-inclusive Deep Inelastic Scattering

Ph
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Figure 8: Sketch, not to-scale, of kinematical regions of SIDIS in terms of the produced
hadron’s Breit frame rapidity and transverse momentum. In each region, the type of sup-
pression factors that give factorization are shown. (The exact size and shape of each region
may be very different from what is shown and depends on quantities like Q and the hadron
masses.) In the Breit frame, according to Eq. (9.7), partons in the handbag configura-
tion are centered on y ⇡ 0 if �k

2

i
⇡ k

2

f
= O

�
m

2
�
. The shaded regions in the sketch are

shifted somewhat toward the target rapidity yP,b (the vertical dashed line) to account for
the behavior of Eq. (9.1) when zN and xN are small.

R1 ⇡ 0.8 for kaons. If R1 ⇡ 0.8 is taken to be large, then confidence that one is in the
current region deteriorates. The flavor of the final state hadron has little effect on the
transverse momentum hardness, R2, from Eq. (8.16). From Fig. 11 (a) and Fig. 11 (c) flavor
dependence is only noticeable at low Q and even then the effect is small. To summarize,
the produced hadron mass affects collinearity R1 significantly, but does not appear to be a
primary factor in determining transverse hardness R2.

Within a specific example, collinearity R1 and transverse hardness R2 have helped us
to map out the current kinematic region (small R1) and to separate the "small" from the
"large" transverse momentum regions (small R2 vs large R2). The former will reasonably
correspond to a region where we expect TMD factorization to apply, while for the latter
a collinear factorization will be appropriate. At this stage, one might wonder whether
a LO calculation could be enough or whether higher order perturbative corrections are
necessary. This is where R3 comes into the game: large R3 coupled with large R2 signal a
large qT region where presumably higher order pQCD corrections are relevant, while small

– 27 –

Sketch of kinematic regions of the produced hadron
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SIDIS Kinematic Regions

 = PhT / z
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SIDIS in Trento Convention
SIDIS differential cross section
18 structure functions F(xB, z, Q2, PhT),  
(one photon exchange approximation)
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Figure 1: Definition of azimuthal angles for semi-inclusive deep inelastic scattering in the target
rest frame [28]. Ph⊥ and S⊥ are the transverse parts of Ph and S with respect to the photon
momentum.

have nonzero components g11
⊥ = g22

⊥ = −1 and ε12
⊥ = −ε21

⊥ = 1 in the coordinate system of

Fig. 1, our convention for the totally antisymmetric tensor being ε0123 = 1. We decompose

the covariant spin vector S of the target as

Sµ = S‖
Pµ − qµM2/(P · q)

M
√

1 + γ2
+ Sµ

⊥ , S‖ =
S · q
P · q

M
√

1 + γ2
, Sµ

⊥ = gµν
⊥ Sν (2.6)

and define its azimuthal angle φS in analogy to φh in eq. (2.3), with Ph replaced by S.

Notice that the sign convention for the longitudinal spin component is such that the target

spin is parallel to the virtual photon momentum for S‖ = −1. The helicity of the lepton

beam is denoted by λe. We consider the case where the detected hadron h has spin zero

or where its polarization is not measured.

Assuming single photon exchange, the lepton-hadron cross section can be expressed in

a model-independent way by a set of structure functions, see e.g. refs. [29, 30, 27]. We use

here a modified version of the notation in ref. [27], see appendix A, and write1

dσ

dx dy dψ dz dφh dP 2
h⊥

=

α2

xyQ2

y2

2 (1 − ε)

(

1 +
γ2

2x

)

{

FUU,T + εFUU,L +
√

2 ε(1 + ε) cos φh F cos φh

UU

+ ε cos(2φh)F cos 2φh

UU + λe

√

2 ε(1 − ε) sin φh F sinφh

LU

+ S‖

[

√

2 ε(1 + ε) sin φh F sin φh

UL + ε sin(2φh)F sin 2φh

UL

]

1The polarizations SL and ST in [27] have been renamed to S‖ and |S⊥| here. This is to avoid a clash

of notation with section 3, where subscripts L and T refer to a different z-axis than in Fig. 1.
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Need to know the photon-hadron frame.

= ↵2
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⌘
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p
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UU cos�h + ✏F cos 2�h

UU cos 2�h + �e

p
2✏(1� ✏)F sin�h

LU sin�h

+SL

hp
2✏(1 + ✏)F sin�h

UL sin�h + ✏F sin 2�h

UL sin 2�h

i
+ �eSL

hp
1� ✏2FLL +

p
2✏(1� ✏)F cos�h

LL cos�h

i

+ST
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UT sin (�h + �S)
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p
2✏(1 + ✏)F sin�S

UT sin�S +
p
2✏(1 + ✏)F sin(2�h��S)

UT sin (2�h � �S)
i

+�eST

hp
1� ✏2F cos(�h��S)

LT cos (�h � �S)

+
p

2✏(1� ✏)F cos�S

LT cos�S +
p
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Kinematics with Radiative Effects
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Kinematics with radiative effect

5

• Djangoh is used to simulate charged current deep-inelastic scattering including radiative effects. 
• Kinematics are smeared after including radiative corrections.

Data sample : Int L = 10 fb-1, Kinematics settings: 0.01<y<0.95, 102 GeV2 <Q2<105 GeV2

initial                   final vacuum                            loops

Kinematics with radiative effect

5

• Djangoh is used to simulate charged current deep-inelastic scattering including radiative effects. 
• Kinematics are smeared after including radiative corrections.

Data sample : Int L = 10 fb-1, Kinematics settings: 0.01<y<0.95, 102 GeV2 <Q2<105 GeV2

initial                   final vacuum                            loops

Kinematic experience 
by the parton

Kinematic reconstructed 
from observed momenta6=
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QED radiation will have significant impact due to kinematic shift, although α is small.
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Traditional Method to Handle QED Radiation

7

Radiative correction (RC) to Born kinematics:

�measured = �No QED radiation ⌦ ⌘RC

<latexit sha1_base64="BLZnFCodouli8iYto7B+MZTw80Q="></latexit>

RC factor

Problems or challenges:
The determination of RC factor relies on Monte Carlo simulation.
Usually depends on the physics we want to extract, hence introducing bias.

Multidimensional kinematic shift, challenge to decouple 18 structure functions. 
Almost impossible to determine the virtual photon event by event, and thus  
the true photon-hadron frame. 
Problematic to define PhT and azimuthal angles, essential for TMD physics.

“In many nuclear physics experiments, radiative corrections quickly become a 
dominant source of systematics. In fact, the uncertainty on the corrections might 
be the dominant source for high-statistics experiment”     

—— EIC Yellow Report

Also depends on experimental acceptance.
increasingly difficult for reactions beyond inclusive DIS, e.g. SIDIS …
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Basic Ideas of Our Approach

8

• Do not try to invent any scheme to treat QED radiation to 
match Born kinematics. — No radiative correction! 

• Generalize the QCD factorization to include Electroweak 
theory, resum the logarithmic enhanced QED contributions. 
— QED radiation is part of the production cross sections. 
— treat QED radiation in the same way as QCD radiation is treated. 

• Same systematically improvable treatment of  QED 
contributions for both inclusive DIS and SIDIS.

7D(N#%=(OD(P'Q8#9:F*%L=(,DOD(R#%=(SD(TG9*=(
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lepton plane
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FIG. 5. Sketch for the frame of inclusive DIS.

in Eq. (9) can be further simplified as

E`0
d3�`(�`)P (S)!`0X

d3`0
⇡

X

�k

Z 1

⇣min

d⇣

⇣2
De/e(⇣, µ

2)

Z 1

⇠min

d⇠ fe(�k)/e(�`)(⇠, µ
2)

⇥

Ek0

d3�̂k(�k)P (S)!k0X

d3k0

�

k=⇠`, k0=`0/⇣

, (12)

where �k is the helicity of the electron of momentum k that collides with the hadron of

momentum P and spin S. The cross section �̂k(�k)P (S)!k0X is infrared-safe as me ! 0 with

all collinear sensitive QED radiative contributions along the lepton momentum ` and `0 are

resummed into the fe/e and De/e, respectively. In the Born approximation in QED (lowest

order in powers of ↵), the cross section can be written as

Ek0
d3�̂(0)

k(�k)P (S)!k0X

d3k0 ⇡ 2↵2

ŝ bQ4
L(0)
µ⌫ (k, k0,�k) W µ⌫(q̂, P, S), (13)

with L(0)
µ⌫ (k, k0,�k) and W µ⌫(q̂, P, S) defined in Eqs. (3) and (5), respectively. We can express

the phase space of the scattered lepton of momentum `0 in terms of more commonly used

variables,

d3`0

E`0
=

⇣ y

2xB

⌘
dxB dQ2 d =

⇣ Q2

2xB

⌘
dxB dy d , (14)

where  is an angle between the leptonic plane and the hadron spin plane defined by vectors

S and P , as shown in Fig. 5, with integration over d giving a factor 2⇡ for unpolarized

or longitudinally polarized DIS. With the one-photon exchange approximation for the hard

scattering, we can express the spin-averaged lepton-hadron DIS cross section in terms of

12

Inclusive DIS with QED
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FIG. 3. Sketch of scattering amplitudes for (a) the factorized DIS process in Eq. (9), and (b) lowest

order lepton-quark scattering.

tions, along with the PDFs from Eq. (8), cannot be uniquely determined from inclusive

DIS data if we cannot account for all QED radiative contributions to the experimentally

measured cross section.

The traditional method to include all QED radiative contributions to the lepton-hadron

DIS cross sections is to introduce a radiative correction (RC) factor to the Born cross section,

so that one can still extract the structure functions from inclusive DIS data. However,

such an approach necessarily introduces uncertainties in handling the contributions of QED

diagrams beyond the one-photon exchange, such as the virtual diagrams with two-photon

exchange contributions in the second row in Fig. 2 at NLO, and similar diagrams at higher

orders. Consistent treatment of such QED (or electroweak) contributions to the lepton-

hadron DIS cross sections is very important for precision extraction of PDFs, and especially

for searches of new physics in processes such as parity-violating DIS.

Instead of treating QED radiation as a correction to the Born process, here we unify the

QED and QCD contributions to the lepton-hadron scattering cross section in a consistent

factorization formalism. We consider the lepton-hadron inclusive DIS in Eq. (1) as an

inclusive production of a scattered lepton of four-momentum `
0
µ with a transverse component

`
0
T � ⇤QCD in the target rest frame, where the colliding lepton and hadron are head-on,

as sketched in Fig. 3(a). Applying the factorization formalism previously developed for

single-hadron production at large transverse momentum in hadronic collisions [49] to lepton-

nucleon scattering, the factorized inclusive DIS cross section can be written as,

E
0d�`P!`0X

d3`0
=

1

2s

X

i,j,a

Z 1

zL

d⇣

⇣2

Z 1

xL

d⇠

⇠
De/j(⇣, µ

2) fi/e(⇠, µ
2)

⇥

Z 1

xh

dx

x
fa/N(x, µ

2) bHia!j(⇠, x, `
0
/⇣, µ

2) + · · · , (9)

9

Define inclusive DIS as inclusive lepton scattering with large 

cos ✓ =
` · S
` · P
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in lepton-hadron frame
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Factorized Approach to inclusive DIS
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Unpolarized inclusive DIS cross section:

E
0 d�`P!`0X

d3`0
=

1

2s

X

i,j,a

Z 1

⇣min

d⇣

⇣2

Z 1

⇠min

d⇠

⇠
De/j

�
⇣, µ

2
�
fi/e

�
⇠, µ

2
�

⇥
Z 1

xmin

dx

x
fa/N

�
x, µ

2
� bHia!jX

�
⇠`, xP, `

0
/⇣, µ

2
�
+ · · ·
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lepton distribution function (LDF)

lepton fragmentation function (LFF)

⇣min = � t+ u

s
, ⇠min = � u

⇣s+ t
, xmin = � ⇠t

⇣⇠s+ u
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one-photon exchange approximation:

d�`P!`0X

dxB dy
⇡

Z 1

⇣min

d⇣

⇣2

Z 1

⇠min

d⇠De/e

�
⇣, µ2

�
fe/e

�
⇠, µ2

�

⇥ 4⇡↵2

x̂B ŷ bQ2


x̂B ŷ

2F1

⇣
x̂B , bQ2

⌘
+

✓
1� ŷ � 1

4
ŷ2�̂2

◆
F2

⇣
x̂B , bQ2

⌘�
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bQ2 = �q̂2 =
⇠

⇣
Q2, x̂B =

bQ2

2P · q̂ , ŷ =
P · q̂
P · k , �̂ =

2Mx̂B

bQ
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LDF and LFF
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Lepton distribution function:

where Eq. (5) was used and q̂
µ = (⇠`�`0/⇣)µ at this order. At high orders, all logarithmically

enhanced collinear contribution to the leptonic tensor eLµ⌫ along the direction of ` and

`
0 are systematically resummed into the universal LDFs and LFFs, respectively, leaving

bLµ⌫(n)
ij (k, k

0
, q̂) with n > 0 infra-red and collinear safe. Corrections to Eq. (63) are suppressed

by inverse powers of the large momentum transfer bQ.

The LDFs and LFFs in Eq. (63) share the same operator definitions with hadron PDFs

and FFs [1], with the quark and gluon field replaced by lepton and photon field, respectively,

and the hadron state is replaced by a lepton state. In Eq. (63), the LDF fi/e(⇠) is defined

as

fi/e(⇠) =

Z
dz

�

4⇡
e
i⇠`+z�

he| i(0)�+�[0,z�]  i(z
�)|ei, (65)

where �[0,z�] = exp[�ie
R z�

0 d⌘
�
A

+(⌘�)] is the gauge link with photon field A
µ, and we use

light-cone notation v
± = (v0

± v
3)/

p
2 for any four-vector v

µ. Similarly, the LFF De/j(⇣)

describes the emergence of the final lepton e from a lepton j with momentum `
0
/⇣, and is

defined as [1]

De/j(⇣) =
⇣

2

X

X

Z
dz

�

4⇡
e
i`0+z�/⇣ Tr

⇥
�
+
h0| j(0)�[0,1] |e, Xihe, X| j(z

�)�[z�,1]|0i
⇤
. (66)

Unlike hadron PDFs and FFs, with a properly defined renormalization of the non-local

operators, the LDFs and LFFs are perturbatively calculable in QED if we neglect their

hadronic components, which are non-perturbative. However, the perturbative expansion in

powers of ↵ may have large perturbative corrections near the edge of phase space, such as

⇠ ! 1 and ⇣ ! 1. As discussed in Sec. III, more care will be needed when the perturbatively

calculated LDFs and LFFs are used.

Focusing for brevity only on the valence lepton part [i = j = e] in Eq. (63) in this paper,

we have from Eq. (65) the leading order (LO) LDF, f
(0)
e/e(⇠) = �(⇠ � 1). At next-to-leading

order (NLO), the leading logarithmically enhanced real and virtual contribution in the light-

cone gauge are given by the diagrams in Fig. 5(a) and (b), respectively, leading to the result

in the MS scheme,

f
(1)
e/e(⇠, µ

2) =
↵

2⇡


1 + ⇠

2

1 � ⇠
ln

µ
2

(1 � ⇠)2 m2
e

�

+

, (67)

where µ
2 is the factorization scale and the standard “+” prescription is used. As expected,

the perturbatively calculated LDF, fe/e(⇠, µ2) ⇡ f
(0)
e/e(⇠, µ

2)+f
(1)
e/e(⇠, µ

2), preserves the lepton

number,
R 1

0 d⇠ fe/e(⇠, µ2) = 1. Like contributions to hadron PDFs, high-order logarithmically
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With the leading order (LO) L
(0)
TT provided in (38) and the LO LDF and LFF,

f
(0)
i/e (⇠) = �ie�(1 � ⇠), (47)

D
(0)
e/j(⇣) = �ej�(1 � ⇣), (48)

one can obtain the hard part

bL(0)
TT = 2�(1 � �)�

⇣1

⌘
� 1

⌘
�
(2)(q̂T ). (49)

and the C functions

C
(0)
f (�)C(0)

D (⌘) = �(1 � �)�(1 � ⌘). (50)

As a natural choice, we set

C
(0)
f (�) = �(1 � �), (51)

C
(0)
D (⌘) = �(1 � ⌘). (52)

At next-to-leading order (NLO), the lepton structure functions are given as follows,

bL(1)
TT = cW (1)

TT + bY (1)
TT , (53)

where

bY (1)
TT =

1

2⇡µ2
Q


�

2(û2 + v̂
2) + 4t̂(t̂ + û + v̂)

ûv̂
+

1 + �
2
⌘
2

�⌘

�
�

⇣1

�
(1 � �)(1 � ⌘) �

q̂2
T

µ2
Q

⌘

�
1

⇡

1

q̂2
T


1 + �

2

(1 � �)+
�(1 � ⌘) +

1

⌘

1 + ⌘
2
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where the hard part Mandelstem variables are defined as

t̂ = (k � k
0)2 = �

⇠

⇣
Q

2
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Q

2
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⌘
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2
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LO: NLO(MS):

where Eq. (5) was used and q̂
µ = (⇠`�`0/⇣)µ at this order. At high orders, all logarithmically

enhanced collinear contribution to the leptonic tensor eLµ⌫ along the direction of ` and

`
0 are systematically resummed into the universal LDFs and LFFs, respectively, leaving

bLµ⌫(n)
ij (k, k

0
, q̂) with n > 0 infra-red and collinear safe. Corrections to Eq. (63) are suppressed

by inverse powers of the large momentum transfer bQ.

The LDFs and LFFs in Eq. (63) share the same operator definitions with hadron PDFs

and FFs [1], with the quark and gluon field replaced by lepton and photon field, respectively,

and the hadron state is replaced by a lepton state. In Eq. (63), the LDF fi/e(⇠) is defined

as

fi/e(⇠) =

Z
dz

�

4⇡
e
i⇠`+z�

he| i(0)�+�[0,z�]  i(z
�)|ei, (65)

where �[0,z�] = exp[�ie
R z�

0 d⌘
�
A

+(⌘�)] is the gauge link with photon field A
µ, and we use

light-cone notation v
± = (v0

± v
3)/

p
2 for any four-vector v

µ. Similarly, the LFF De/j(⇣)

describes the emergence of the final lepton e from a lepton j with momentum `
0
/⇣, and is

defined as [1]

De/j(⇣) =
⇣

2

X

X

Z
dz

�

4⇡
e
i`0+z�/⇣ Tr

⇥
�
+
h0| j(0)�[0,1] |e, Xihe, X| j(z

�)�[z�,1]|0i
⇤
. (66)

Unlike hadron PDFs and FFs, with a properly defined renormalization of the non-local

operators, the LDFs and LFFs are perturbatively calculable in QED if we neglect their

hadronic components, which are non-perturbative. However, the perturbative expansion in

powers of ↵ may have large perturbative corrections near the edge of phase space, such as

⇠ ! 1 and ⇣ ! 1. As discussed in Sec. III, more care will be needed when the perturbatively

calculated LDFs and LFFs are used.

Focusing for brevity only on the valence lepton part [i = j = e] in Eq. (63) in this paper,

we have from Eq. (65) the leading order (LO) LDF, f
(0)
e/e(⇠) = �(⇠ � 1). At next-to-leading

order (NLO), the leading logarithmically enhanced real and virtual contribution in the light-

cone gauge are given by the diagrams in Fig. 5(a) and (b), respectively, leading to the result

in the MS scheme,

f
(1)
e/e(⇠, µ

2) =
↵

2⇡


1 + ⇠

2

1 � ⇠
ln

µ
2

(1 � ⇠)2 m2
e

�

+

, (67)

where µ
2 is the factorization scale and the standard “+” prescription is used. As expected,

the perturbatively calculated LDF, fe/e(⇠, µ2) ⇡ f
(0)
e/e(⇠, µ

2)+f
(1)
e/e(⇠, µ

2), preserves the lepton

number,
R 1

0 d⇠ fe/e(⇠, µ2) = 1. Like contributions to hadron PDFs, high-order logarithmically
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Lepton fragmentation function:
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Unlike hadron PDFs and FFs, with a properly defined renormalization of the non-local

operators, the LDFs and LFFs are perturbatively calculable in QED if we neglect their

hadronic components, which are non-perturbative. However, the perturbative expansion in

powers of ↵ may have large perturbative corrections near the edge of phase space, such as

⇠ ! 1 and ⇣ ! 1. As discussed in Sec. III, more care will be needed when the perturbatively

calculated LDFs and LFFs are used.

Focusing for brevity only on the valence lepton part [i = j = e] in Eq. (63) in this paper,

we have from Eq. (65) the leading order (LO) LDF, f
(0)
e/e(⇠) = �(⇠ � 1). At next-to-leading

order (NLO), the leading logarithmically enhanced real and virtual contribution in the light-

cone gauge are given by the diagrams in Fig. 5(a) and (b), respectively, leading to the result

in the MS scheme,

f
(1)
e/e(⇠, µ

2) =
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ln

µ
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where µ
2 is the factorization scale and the standard “+” prescription is used. As expected,

the perturbatively calculated LDF, fe/e(⇠, µ2) ⇡ f
(0)
e/e(⇠, µ

2)+f
(1)
e/e(⇠, µ

2), preserves the lepton

number,
R 1

0 d⇠ fe/e(⇠, µ2) = 1. Like contributions to hadron PDFs, high-order logarithmically

15

LO:

With the leading order (LO) L
(0)
TT provided in (38) and the LO LDF and LFF,

f
(0)
i/e (⇠) = �ie�(1 � ⇠), (47)

D
(0)
e/j(⇣) = �ej�(1 � ⇣), (48)

one can obtain the hard part

bL(0)
TT = 2�(1 � �)�

⇣1

⌘
� 1

⌘
�
(2)(q̂T ). (49)

and the C functions

C
(0)
f (�)C(0)

D (⌘) = �(1 � �)�(1 � ⌘). (50)

As a natural choice, we set

C
(0)
f (�) = �(1 � �), (51)

C
(0)
D (⌘) = �(1 � ⌘). (52)

At next-to-leading order (NLO), the lepton structure functions are given as follows,

bL(1)
TT = cW (1)

TT + bY (1)
TT , (53)

where

bY (1)
TT =

1

2⇡µ2
Q


�
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2) + 4t̂(t̂ + û + v̂)

ûv̂
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�
, (54)

cW (1)
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where the hard part Mandelstem variables are defined as

t̂ = (k � k
0)2 = �

⇠

⇣
Q

2
, (56)

û = (k � q̂)2 =
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2
� q̂2
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v̂ = (k0 + q̂)2 = ⇠B
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FIG. 5. Real (a) and virtual (b) QED diagrams contributing to the NLO lepton distribution f (1)
e/e.

enhanced contributions to LDFs can be systematically resummed by solving the evolution

equations for QED particles [? ? ? ? ? ? ], and for the “valence” distribution, for example,

µ
2 d

dµ2
fe/e(⇠, µ

2) =

Z 1

⇠

d⇠
0

⇠0
Pee(⇠/⇠

0
, ↵)fe/e(⇠

0
, µ

2), (68)

with the evolution kernel Pee calculable perturbatively order-by-order in powers of ↵. At

O(↵), from Eq. (67) we have P
(1)
ee (z, ↵) = (↵/2⇡) [(1 + z

2)/(1 � z)]+.

Similarly, the LFFs can also be calculated perturbatively in QED, if we neglect their

hadronic component. At the LO, we have LFF as D
(0)
e/e(⇣) = �(⇣ � 1), and at O(↵), we have

from the logarithmically enhanced contributions

D
(1)
e/e(⇣, µ) =

↵

2⇡


1 + ⇣

2

1 � ⇣
ln

⇣
2
µ
2

(1 � ⇣)2 m2
e

�

+

. (69)

Same as the LDFs, the logarithmically enhanced high-order contributions to the LFFs can

be resummd by solving corresponding evolution equations.

With perturbatively calculated input distributions for the LDFs and LFFs order-by-order

in QED at an input scale µ
2
0 & m

2
e, as discussed in Sec. III, we are able to evolve the LDFs

and LFFs to any factorization scale µ
2

> µ
2
0 by solving corresponding evolution equations, if

we can neglect their hadronic components. Having these universal LDFs and LFFs and the

factorization formula in Eq. (63), we have a controllable approach to evaluate the leptonic

tensor eLµ⌫(`, `0, q̂) that is needed to evaluate the SIDIS cross section in Eq. (2).
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FIG. 4. Sketch of the lepton distribution function for finding a fermion (quark or lepton) inside a

colliding lepton of momentum `.

where i, j, a include all QED and QCD particles, and the ellipsis represents power corrections

suppressed by inverse powers of `0T . The lower limits of integration zL, xL and xh depend on

external kinematics as specified below, and fa/N(x, µ
2) is the parton distribution function

of the colliding hadron (N) with the hadron’s momentum fraction x = p
+
/P

+ carried by

an active parton of flavor a (either a quark, antiquark or gluon in QCD, or a lepton or

photon in QED) [3], where we use the light-cone vector notation v
± = (v0

± v
3)/

p
2 for any

four-vector v
µ.

In Eq. (9), the LDF fi/e(⇠, µ2) gives the probability to find a lepton (or parton) of flavor i

with light-cone momentum ⇠`
+ in the incident lepton e, defined analogously to the PDF of a

hadron [3], but with the hadron state replaced by an asymptotic lepton state |ei. Explicitly,

for a lepton (or quark) distribution in a lepton e with momentum `, the LDF is defined as

fi/e(⇠, µ
2) =

Z
dz

�

4⇡
e
i⇠`+z�

he(`)| i(0)�+�[0,z�]  i(z
�)|e(`)i, (10)

where ⇠ = k
+
/`

+ is the light-cone momentum fraction carried by the active lepton (or quark)

of momentum k and flavor i, as sketched in Fig. 4, µ is a scale to renormalize the nonlocal

fermion operator, and �[0,z�] = exp[�ie
R z�

0 d⌘
�
A

+(⌘�)] is the gauge link with a photon (or

gluon) field A
µ. Similarly, the photon (or gluon) distribution function of a lepton can be

defined in the same way as the gluon distribution of a hadron, except replacing the hadron

state by a lepton state, and the gluon field by corresponding photon field for the photon

distribution function [3].

In analogy with the LDF, the LFF De/j(⇣, µ2) in Eq. (9) describes the emergence of

the final lepton e with momentum `
0 from a lepton (or parton) of flavor j with momen-

tum k
0
⇠ `

0
/⇣. Formally, the LFF for a fermion (lepton (or quark) of flavor j emerging from

10
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Factorized approach to radiative corrections for inelastic lepton-hadron collisions
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We propose a new factorized approach to QED radiative corrections (RCs) in inclusive and semi-
inclusive lepton-hadron deep-inelastic scattering. The method allows the systematic resummation of
the logarithmically enhanced RCs into factorized lepton distribution and fragmentation (or jet) func-
tions that are universal for all final states. The new approach provides a uniform treatment of RCs
for the extraction of parton distribution functions, transverse momentum dependent distributions,
and other partonic correlation functions from lepton-hadron collision data.

Introduction.— Lepton-hadron deep-inelastic scatter-
ing (DIS) has played a critical role in the development
of our understanding of the strong nuclear force and
the internal structure of nucleons and nuclei, since the
first such experiments were performed at SLAC over 50
years ago [1]. By measuring the momentum transfer,
q ⌘ ` � `�, from an incident lepton with momentum
` scattered to a lepton with momentum `�, and keep-
ing Q ⌘

p
�q2 � 1/R, where R is the hadron radius

[see Fig. 1(a)], the DIS experiments provided a short-
distance electromagnetic probe of the point-like quarks
inside hadrons, ultimately giving birth to QCD as the
fundamental theory of strong interactions. Without ob-
serving specific final states other than the scattered lep-
ton, this modern version of Rutherford scattering pro-
vided the first glimpse of the hadrons’ internal land-
scape of quarks and gluons (or collectively, partons),
parametrized through the parton distribution functions
(PDFs) as probability densities for finding a parton in-
side the hadron with momentum fraction x [2]. While
our discussion applies to any hadronic initial state, for
clarity we will specialize to the case of a nucleon in the
rest of the paper.

l
l'

P
X

q
Ph

l'

X
P

q

l

(a) (b)

FIG. 1. Inelastic scattering of a lepton (�) from a nucleon
(P ) to a scattered lepton (�0) via exchange of a photon (q) for
(a) inclusive final states X, and (b) semi-inclusive production
of a hadron (Ph).

By detecting a hadron (or jet) of momentum Ph in the
final state [Fig. 1(b)], this semi-inclusive DIS (SIDIS)
process has two naturally ordered momentum scales: Q,
and the transverse momentum PhT ⌧ Q, defined in a
frame where the virtual photon collides with the nucleon
moving along the z-axis. While the hard scale Q localizes
the probe to resolve the partons’ longitudinal momen-
tum distributions, the soft scale PhT & 1/R provides the
sensitivity needed to probe the partons’ transverse mo-

tion inside the colliding nucleon. With the leptonic plane
defined by ` and `� and the hadronic plane by P and
Ph, di↵erent angular modulations between these planes
in SIDIS allow the extraction of various transverse mo-
mentum dependent distributions (TMDs), which encode
rich information about the nucleon’s three-dimensional
landscape in momentum space [3–7].

In practice, the collision with a large momentum trans-
fer triggers radiation of photons, such as those from the
colliding and scattered leptons and quarks illustrated in
Fig. 2. This radiation not only changes the momen-
tum transfer q, making it problematic to define the exact
photon-nucleon frame, but also alters the angular modu-
lation between the leptonic and hadronic planes. Reliable
extraction of PDFs and TMDs requires such collision-
induced QED radiation to be taken into account in the
form of radiative corrections (RCs) [8]. Without being
able to account for all radiated photons experimentally,
some of the RCs rely on measurement of the invariant
mass of the hadronic final state and Monte Carlo simula-
tion [9–12], which introduces model dependence into the
purely leptonic part of the radiation in Fig. 2.
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FIG. 2. Diagrams for the first real (top row) and virtual
(bottom row) RCs to scattering of a lepton (momentum �)
from a quark (p) to a lepton (�0) and recoiling quark.

In this Letter, we propose a new factorization approach
to QED radiation in lepton-nucleon scattering, with or
without observation of specific hadrons in the final state.
Instead of treating QED radiation as a correction to the
Born process [13, 14], which becomes increasingly di�-
cult beyond inclusive DIS [15–17], we unify the QED and
QCD contributions in a consistent factorization formal-
ism. The new approach allows all collinear (CO) sen-
sitive and logarithmically-enhanced photon radiation to

FIG. 2. Diagrams for the first real (top row) and virtual (bottom row) QED radiative contribution

to scattering of a lepton (momentum `) from a quark (p) to a lepton (`0) and recoiling quark.

In principle, any cross section with an identified hadron (in the initial or final state),

such as the inclusive DIS cross section, cannot be fully calculated within QCD perturbation

theory due its dependence on the hadronic scale of the identified hadron. The factorization

formalism, as in Eq. (8), is an approximation with the correction suppressed by inverse

powers of the large momentum transfer Q of the collision. Similarly, other structure functions

in Eq. (5) can also be factorized in terms of universal PDFs [15]. With the factorized

coe�cients calculated at leading order (LO) in the strong coupling ↵s, the two spin-averaged

structure functions are related via the Callan-Gross relation, F2(xB, Q
2) = 2xBF1(xB, Q

2) =
P

a e
2
a xB fa(xB, Q

2). With the perturbatively calculated coe�cient functions at next-to-

leading order (NLO) and next-to-next-to leading order (NNLO), precise data from inclusive

DIS have provided important constraints on QCD global analysis of PDFs [48].

A. Inclusive DIS with QED radiative contributions

With the large momentum transfer, Q
2

� ⇤2
QCD, lepton-hadron scattering naturally trig-

gers radiation of photons (photon showers), such as those from the incident and scattered

leptons and quarks illustrated in Fig. 2 at NLO in ↵. Without being able to account for all

radiated photons experimentally, this collision-induced QED radiation not only changes the

momentum transfer q between the scattered lepton and colliding hadron, but also requires

diagrams beyond the one-photon exchange approximation to maintain the gauge invariance

of QED (or in general electroweak) contributions to the inclusive lepton-hadron DIS cross

section. In other words, one-photon exchange is an approximation, and the structure func-
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FIG. 6. Sketch of sample scattering amplitudes for inclusive DIS with (a) one-photon exchange,

and (b) one-gluon exchange.

B. Universal LDFs and LFFs

The universal LDFs and LFFs share the same operator definitions with the hadron PDFs

and FFs, as discussed above. Like the hadron PDFs and FFs, in principle the LDFs and

LFFs are nonperturbative due to the fact that they can have hadronic components from

high-order processes. For example, the colliding electron could radiate a photon, the photon

could split into quark-antiquark pair, and the quark could initiate a hard scattering to

produce the observed lepton of momentum `0, leading to a factorized [will the factorization

break in this case?], nonperturbative term proportional to the LDF fq/e(⇠, µ2). In this case

one has contributions to the factorized inclusive DIS cross section in Eq. (9) or (15) in terms

of nonperturbative quark or gluon PDFs of a colliding electron, as well as quark or gluon FFs

to the observed lepton, as illustrated in Fig. 6. In addition, even the LDF fe/e(⇠, µ2) may

have nonperturbative hadronic component from high-order processes, although the impact

of its hadronic components may be very small in the energy regime of interest.

If we could restrict the events where there is e↵ectively no hadronic activity along the

direction of the observed lepton, we could neglect the nonperturbative hadronic contribution

to fe/e. Without the hadronic contribution, the LDF fe/e(⇠, µ2) can be calculated perturba-

tively in QED with a properly defined renormalization for the nonlocal operators. Denoting

by f (m)
e/e (⇠, µ2) the LDF evaluated perturbatively to order O(↵m), we have, for example, the

LO LDF given by f (0)
e/e(⇠) = �(⇠�1). At NLO, the leading logarithmically enhanced real and

virtual contribution in the light-cone gauge are given by the diagrams in Fig. 7(a) and (b),
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vs

At higher order one can find quark/gluon distribution in LDF and LFF.
(b) is suppressed by selecting events in which the lepton does not have much 
hadronic energy around it.
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P · q̂
P · k , �̂ =

2Mx̂B

bQ

<latexit sha1_base64="kXs+3cdKjTvDNOJHnPouZDYyUDw="></latexit>



Tianbo Liu

The Hard Scale

14

bQ2
min =

1� y

1� yxB
Q2 < Q2

<latexit sha1_base64="hjVbmuYuiiLQ5RoZGtt+I+LGj2w="></latexit>

Collision induced QED radiation changes the hard scale from           to       bQ2

<latexit sha1_base64="WREU7T+jXJmBcOMsXviRR3we8pU=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0lKRY9FLx5bsB/QxrLZTNqlm03Y3Sg19Jd48aCIV3+KN/+N2zYHbX0w8Hhvhpl5fsKZ0o7zba2tb2xubRd2irt7+wcl+/CoreJUUmjRmMey6xMFnAloaaY5dBMJJPI5dPzxzczvPIBULBZ3epKAF5GhYCGjRBtpYJf6jyyAEdFZc3qfVacDu+xUnDnwKnFzUkY5GgP7qx/ENI1AaMqJUj3XSbSXEakZ5TAt9lMFCaFjMoSeoYJEoLxsfvgUnxklwGEsTQmN5+rviYxESk0i33RGRI/UsjcT//N6qQ6vvIyJJNUg6GJRmHKsYzxLAQdMAtV8YgihkplbMR0RSag2WRVNCO7yy6ukXa24tcpFs1auX+dxFNAJOkXnyEWXqI5uUQO1EEUpekav6M16sl6sd+tj0bpm5TPH6A+szx8QGpNc</latexit>

Q2

<latexit sha1_base64="uHOjbPrr6Ol/f5tfzMhaPLTaO8U=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9ktFT0WvXhswX5Au5Zsmm1Dk+ySZIWy7I/w4kERr/4eb/4b03YP2vpg4PHeDDPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9G7ud5+o0iySD2YWU1/gsWQhI9hYqZu2sse0lg3LFbfqLoDWiZeTCuRoDstfg1FEEkGlIRxr3ffc2PgpVoYRTrPSINE0xmSKx7RvqcSCaj9dnJuhC6uMUBgpW9Kghfp7IsVC65kIbKfAZqJXvbn4n9dPTHjjp0zGiaGSLBeFCUcmQvPf0YgpSgyfWYKJYvZWRCZYYWJsQiUbgrf68jrp1KpevXrVqlcat3kcRTiDc7gED66hAffQhDYQmMIzvMKbEzsvzrvzsWwtOPnMKfyB8/kDXiOPmQ==</latexit>

bQ2

<latexit sha1_base64="WREU7T+jXJmBcOMsXviRR3we8pU=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0lKRY9FLx5bsB/QxrLZTNqlm03Y3Sg19Jd48aCIV3+KN/+N2zYHbX0w8Hhvhpl5fsKZ0o7zba2tb2xubRd2irt7+wcl+/CoreJUUmjRmMey6xMFnAloaaY5dBMJJPI5dPzxzczvPIBULBZ3epKAF5GhYCGjRBtpYJf6jyyAEdFZc3qfVacDu+xUnDnwKnFzUkY5GgP7qx/ENI1AaMqJUj3XSbSXEakZ5TAt9lMFCaFjMoSeoYJEoLxsfvgUnxklwGEsTQmN5+rviYxESk0i33RGRI/UsjcT//N6qQ6vvIyJJNUg6GJRmHKsYzxLAQdMAtV8YgihkplbMR0RSag2WRVNCO7yy6ukXa24tcpFs1auX+dxFNAJOkXnyEWXqI5uUQO1EEUpekav6M16sl6sd+tj0bpm5TPH6A+szx8QGpNc</latexit>

has a minimum value

0 0.2 0.4 0.6 0.8 1
xB

2

4

6

8

10

12

Q
2
(
G

e
V

2
)

p
s = 4.7 GeV

bQ2

min
= 1 GeV

2

3

6

0
.2

�
y

�
0
.8
5

10�4 10�3 10�2 10�1 100

xB

100

101

102

103

104

Q
2
(
G

e
V

2
)

p
s = 140 GeV

bQ2

min
= 1 GeV

2

10

100

0
.0
1

�
y

�
0
.9
5

Figure 9. Available phase-space for lepton-nucleon DIS with collision-induced QED radiative
contributions at Je↵erson Lab (

p
s = 4.7 GeV) (left) and EIC (

p
s = 140 GeV) (right) kinematics.

The colored lines denote regions of fixed bQ2
min and the diagonal yellow bands represent typical ranges

of y at those facilities.

sponds to a maximum value xmax
B ⇡ 0.24, while for Q2 = 10 GeV2, xmax

B ⇡ 0.76, and for

Q2 = 100 GeV2, xmax
B ⇡ 0.97.

For the ratios at fixed values of xB in figure 8, the e↵ects also increase at larger y, which

corresponds to larger Q2 values. The minimum value of y is restricted by the Q2 > 1 GeV2

cut, which is imposed to exclude regions where the factorized framework would not be

applicable. This constraint becomes more evident at smaller xB values, which again is

less dramatic at the higher EIC energies, where the limit on the y range is visible for

xB . 10�4. In addition, with the collision-induced QED radiation, the hard scale of the

collision (momentum transfer experienced by the colliding nucleon) changes from Q2 to
bQ2 = (⇠/⇣) Q2, which has a minimum value of bQ2

min  Q2 given by eq. (1.1). The induced

QED radiation could push the scattering between the virtual photon and the colliding

nucleon out of the DIS regime when the “true” probing scale bQ2 is less than 1 GeV2, even

though Q2 itself would be above the cut. Instead of restricting Q2 > 1 GeV2, a requirement

of bQ2
min > 1 GeV2 could impose a stronger constraint on the range of xB for a given value

of y, as shown in figure 9.

Overall, the radiative e↵ects are positive over most kinematics, with the �RC/�no RC

ratio dropping below unity only at the lowest y values, especially for larger xB. The e↵ect

of the resummation is generally a decrease in the magnitude of the radiative e↵ects relative

to the NLO calculation, except at the highest y values where it enhances the corrections.

Clearly, the e↵ects of the QED radiation are nontrivial and will have a significant impact

on the extraction of PDF information from inclusive DIS experiments. This is especially

pertinent at large values of y and small xB, where more phase space is available for both

QED and QCD radiation, and will be of particular interest at these kinematics in future

EIC measurements.
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FIG. 9. Sketch of (a) the SIDIS process e(`) + N(P ) ! e(`0) + h(Ph) + X, and (b) SIDIS in the

one-photon exchange approximation.

whose absolute value is much larger than ⇤QCD. Applying the arguments in Ref. [57], we can

factorize the SIDIS cross section in the regime where PT ⇠ pT � ⇤QCD as

E`0EPh

d�`P!`0PhX

d3`0d3Ph
=

1

2s

X

ijab

Z 1

⇣min

d⇣

⇣2

Z 1

⇠min

d⇠

⇠
De/j(⇣, µ2) fi/e(⇠, µ

2)

⇥
Z 1

zmin

dz

z2

Z 1

xmin

dx

x
Dh/b(z, µ2) fa/N(x, µ2)

⇥ bHia!jbX(⇠, x, `0T/⇣, PhT /z, µ2) + · · · , (27)

where the indices i, j, a, b include all QED and QCD particles, and the ellipsis represents

power corrections suppressed by inverse powers of `0T and PhT , or PT ⇠ pT , defined in the

lepton-hadron frame. The lower limits of the integrations depend on the collision energy
p

s and the observed lepton and hadron momenta, `0 and Ph, respectively. In Eq. (27),

fi/e(⇠, µ2), De/j(⇣, µ2) and fa/N(x, µ2) are LDFs, LFFs and PDFs, respectively, and are the

same universal functions as those in Eq. (9) for inclusive DIS. The function Dh/b(z, µ2) in

Eq. (27) is the collinear fragmentation function (FF) to the observed hadron h of momentum

Ph from a parton b, which is defined in Ref. [3] for b = q, q̄, g. The definition is straightfor-

wardly extended to the case where b is a lepton or a photon, with the quark and gluon fields

replaced by the corresponding lepton and photon fields.

In Eq. (27), the short-distance hard parts bHia!jbX are infrared safe and perturbatively

calculable in QCD and QED. These are equal to the partonic cross section for the sub-process

i(k) + a(p) ! j(k0) + b(p0) + X(k + p � k0 � p0), where all perturbative collinear divergences

along the momentum directions of the active particles, k, p, k0, and p0, respectively, removed

and resummed into the corresponding LDFs, LFFs, PDFs and FFs, respectively. The factor-

ization formalism in Eq. (27) also provides a prescription for evaluating the short-distance

20

Define SIDIS as inclusive production of   
large         lepton plus large          hadron.`0T
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Differential cross section

one photon exchange approximation:

Leptonic tensor:

Hadronic tensor:

The lowest order recovers no QED radiation expression:
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Basis vectors and polarization vectors:

Since q̂ is a spacelike vector, we can choose Z to be parallel to q̂ as

Z
µ =

q̂
µ

Q
. (20)

The three independent polarization vectors ✏⇢(q̂) are orthogonal to q̂,

✏
µ
⇢(q̂) q̂µ = ✏

⇤µ
⇢ (q̂) q̂µ = 0, (21)

and can be constructed in terms of T, X, Y as
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which satisfy the orthogonal and normalization relations
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+(q̂) · ✏+(q̂) = ✏

⇤
�(q̂) · ✏�(q̂) = �1 . (26)

If defining the leptonic plane as the X � Z plane, the basis vectors can be constructed from

the conserved momenta, èand è0 as
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Z⌫T⇢X�, (29)

where "
µ⌫⇢� is the total anti-symmetric tensor with "

0123 = 1.

We express the leptonic tensor in helicity basis as
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⌫
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⌫
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Since q̂ is a spacelike vector, we can choose Z to be parallel to q̂ as
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µ =

q̂
µ

Q
. (20)

The three independent polarization vectors ✏⇢(q̂) are orthogonal to q̂,
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✏
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✏
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Helicity basis lepton structure functions:

where L00, LTT ⌘ L++, L� ⌘ (L0+ + L+0)/
p

2, and L�� ⌘ L+� are helicity basis lepton

structure functions. They can be expressed in terms of the lepton structure functions Li,

i = 1, 2, 3, 4, defined above, as

L00 = eLµ⌫T
µ
T

⌫

= �L1 +
1

2⇠B⇣B
L2 +

⇠B⇣B

2
L3 +

1

2
L4, (32)

LTT =
1

2
eLµ⌫(X

µ
X

⌫ + Y
µ
Y

⌫)

= L1 +
1

4⇠B⇣B

q̂2
T

bQ2
L2 +

⇠B⇣B

4

q̂2
T

bQ2
L3 �

1

4

q̂2
T

bQ2
L4, (33)

L� = �
1

2
eLµ⌫(T

µ
X

⌫ + T
⌫
X

µ)

= �
1

2⇠B⇣B

p
q̂2
T

bQ
L2 +

⇠B⇣B

2

p
q̂2
T

bQ
L3, (34)

L�� =
1

2
eLµ⌫(Y

µ
Y

⌫
� X

µ
X

⌫)

= �
1

4⇠B⇣B

q̂2
T

bQ2
L2 �

⇠B⇣B

4

q̂2
T

bQ2
L3 +

1

4

q̂2
T

bQ2
L4. (35)

In contrast to hadron structure functions, the lepton structure functions are perturba-

tively calculable in QED if dropping the hadronic contributions arised at high orders. We

can expand lepton structure functions in powers of the fine structure constant ↵ as

L⇢� = e
2

1X

N=0

 
↵

⇡

!N

L
(N)
⇢� , (36)

where a factor e
2 (or 4⇡↵) is extracted as it gives the lowest order of the power of ↵. Using

the lowest order lepton tensor in Eq. (5), we have the lowest order lepton structure functions

as

L
(0)
00 = 0, (37)

L
(0)
TT = 2 �(⇠ � 1)�(

1

⇣
� 1)�(2)(q̂T ), (38)

L
(0)
� = 0, (39)

L
(0)
�� = 0. (40)

Other than LTT , all other three helicity based lepton structure functions are suppressed by

power of q̂2
T , which vanishes at the lowest order.
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Leading order: the other three vanish.

Expansion in α:

where L00, LTT ⌘ L++, L� ⌘ (L0+ + L+0)/
p

2, and L�� ⌘ L+� are helicity basis lepton

structure functions. They can be expressed in terms of the lepton structure functions Li,

i = 1, 2, 3, 4, defined above, as

L00 = eLµ⌫T
µ
T

⌫

= �L1 +
1

2⇠B⇣B
L2 +

⇠B⇣B

2
L3 +

1

2
L4, (32)

LTT =
1

2
eLµ⌫(X

µ
X

⌫ + Y
µ
Y

⌫)

= L1 +
1

4⇠B⇣B

q̂2
T

bQ2
L2 +

⇠B⇣B

4

q̂2
T

bQ2
L3 �

1

4

q̂2
T

bQ2
L4, (33)

L� = �
1

2
eLµ⌫(T

µ
X

⌫ + T
⌫
X

µ)

= �
1

2⇠B⇣B

p
q̂2
T

bQ
L2 +

⇠B⇣B

2

p
q̂2
T

bQ
L3, (34)

L�� =
1

2
eLµ⌫(Y

µ
Y

⌫
� X

µ
X

⌫)

= �
1

4⇠B⇣B

q̂2
T

bQ2
L2 �

⇠B⇣B

4

q̂2
T

bQ2
L3 +

1

4

q̂2
T

bQ2
L4. (35)

In contrast to hadron structure functions, the lepton structure functions are perturba-

tively calculable in QED if dropping the hadronic contributions arised at high orders. We

can expand lepton structure functions in powers of the fine structure constant ↵ as

L⇢� = e
2

1X

N=0

 
↵

⇡

!N

L
(N)
⇢� , (36)

where a factor e
2 (or 4⇡↵) is extracted as it gives the lowest order of the power of ↵. Using

the lowest order lepton tensor in Eq. (5), we have the lowest order lepton structure functions

as

L
(0)
00 = 0, (37)

L
(0)
TT = 2 �(⇠ � 1)�(

1

⇣
� 1)�(2)(q̂T ), (38)

L
(0)
� = 0, (39)

L
(0)
�� = 0. (40)

Other than LTT , all other three helicity based lepton structure functions are suppressed by

power of q̂2
T , which vanishes at the lowest order.

11



Tianbo Liu

Factorization of Lepton Structure Function

20

CSS factorization

“W+Y” formalism:

b-space resummed form:

Expansion in α:

2. TMD factorization for lepton structure functions

When going beyond the lowest order, QED radiations can generate nonvanishing q̂T .

Similar to the factorization of the hadronic tensor, we can apply a factorized formalism for

the leptonic tenson. When q̂T is large, comparable to Q, the leptonic tensor is only sensitive

to a single large scale, where we can apply the collinear factorization. While q̂T is small,

the leptonic tensor contains two very di↵erent scales, q̂T and Q, one should apply the TMD

factorization to resum the logarithmic enhanced radiations. The matching between regions

has been developed.

Since L00, L�, and L�� are power suppressed, we only focus on the leading power lepton

structure function LTT . In analog to the hadronic tensor of SIDIS, we express the lepton

structure functions into the “W + Y ” formalism

LTT (⇠B, ⇣B, Q
2
, q̂2

T ) =

Z
d
2b

(2⇡)2
e
iq̂T ·bfWTT (⇠B, ⇣B, Q

2
, b) + YTT (⇠B, ⇣B, Q

2
, q̂2

T ), (41)

where fWTT has the resummed form

fWTT (⇠B, ⇣B, Q
2
, b) = 2

Z 1

⇠B

d⇠

⇠

Z 1

⇣B

d⇣

⇣2
f(⇠)D(⇣)Cf

⇣
⇠B

⇠

⌘
CD

⇣
⇣B

⇣

⌘

⇥ exp

(
�

Z µ2
Q

µ2
b

dµ
02

µ02

h
A
�
↵(µ0)

�
ln

µ
2
Q

µ02 + B
�
↵(µ0)

�i
)

, (42)

where we define the ratios � = ⇠B/⇠ and ⌘ = ⇣B/⇣ for convenience. In contrast to the QCD

case, it is perturbatively calculable in QED. The two scales should be set as µb ⇠ 1/b and

µQ ⇠ Q. To mostly simplify the expression, we find it is convenient to use the following

choice

µb =
2e��E

b
, µQ =

s
⇠B

⇣B
Q. (43)

According to the expansion of lepton structure functions in Eq. (36), we expand A, B

and Cf,D functions in the W -term in powers of ↵ as

A =
1X

N=1

⇣
↵

⇡

⌘N

A
(N)

, (44)

B =
1X

N=1

⇣
↵

⇡

⌘N

B
(N)

, (45)

Cf,D =
1X

N=0

⇣
↵

⇡

⌘N

C
(N)
f,D . (46)
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Comparing with the resummed form Eq. (42), we have

C
(1)
f (�) =

1

2
(1 � �) �

✓
1 + �

2

1 � �

◆

+

ln
µMS

µb
� 2�(1 � �), (59)

C
(1)
D (⌘) =

1

2⌘
(1 � ⌘) �

1

⌘

✓
1 + ⌘

2

1 � ⌘

◆

+

ln
µMS

µb
� 2�(1 � ⌘), (60)

A
(1) = 1, (61)

B
(1) = �

3

2
. (62)

Since the fine structure constant is small, ↵ ⇠ 1/137, the q̂T generated by photon radia-

tions is negligible even after resumming the logarithms, ln(q̂2
T/Q

2). As a numeric justifica-

tion, we show, in Fig. 4, the q̂2
T distribution, which is a steep and narrow peek at q̂2

T = 0.

Therefore, one can practically use a �-function to approximate the transverse momentum

distributions of leptons, or equivalently apply the collinear factorization for the leptonic

tensor.

FIG. 4. add numeric result of lepton TMD here

3. Collinear factorization for the leptonic tensor

Under the approximation of collinear factorization [2], the leptonic tensor with a large

momentum transfer bQ2 can be factorized as

eLµ⌫(`, `0, q̂) =
X

ij

Z 1

⇣B

d⇣

⇣2

Z 1

⇠B

d⇠

⇠
De/j(⇣) fi/e(⇠) bLµ⌫

ij (k = ⇠`, k
0 = `

0
/⇣, q̂), (63)

where i, j should include all QED and QCD particles, fi/e(⇠) is the lepton distribution

function (LDF), De/j(⇣) is the lepton fragmentation function (LFF), and bLµ⌫
ij (k, k

0
, q̂) is the

infrared and collinear safe hard part as the lepton mass me ! 0. Neglecting the hadronic

component of the leptonic tensor in this paper, or QCD particles in
P

ij in Eq. (63), the

bLµ⌫
ij (k, k

0
, q̂) can be perturbatively calculated in QED in a power series of ↵ by applying the

factorization formalism in Eq. (63) order-by-order in power of ↵ to the leptonic tensor with

various combinations of colliding and observing leptons. At the LO, we have

bLµ⌫(0)
ee (k, k

0
, q̂) = eLµ⌫(0)(k, k

0
, q̂)

= 2
⇥
k
µ
k
0⌫ + k

0µ
k
⌫
� k · k

0
g
µ⌫
⇤
�
(4)(k � k

0
� q̂) , (64)
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With the leading order (LO) L
(0)
TT provided in (38) and the LO LDF and LFF,

f
(0)
i/e (⇠) = �ie�(1 � ⇠), (47)

D
(0)
e/j(⇣) = �ej�(1 � ⇣), (48)

one can obtain the hard part

bL(0)
TT = 2�(1 � �)�

⇣1

⌘
� 1

⌘
�
(2)(q̂T ). (49)

and the C functions

C
(0)
f (�)C(0)

D (⌘) = �(1 � �)�(1 � ⌘). (50)

As a natural choice, we set

C
(0)
f (�) = �(1 � �), (51)

C
(0)
D (⌘) = �(1 � ⌘). (52)

At next-to-leading order (NLO), the lepton structure functions are given as follows,

bL(1)
TT = cW (1)

TT + bY (1)
TT , (53)

where

bY (1)
TT =

1

2⇡µ2
Q


�

2(û2 + v̂
2) + 4t̂(t̂ + û + v̂)

ûv̂
+

1 + �
2
⌘
2

�⌘

�
�

⇣1

�
(1 � �)(1 � ⌘) �

q̂2
T

µ2
Q

⌘

�
1

⇡

1

q̂2
T


1 + �

2

(1 � �)+
�(1 � ⌘) +

1

⌘

1 + ⌘
2

(1 � ⌘)+
�(1 � �) � 2�(1 � �)�(1 � ⌘) ln

q̂2
T

µ2
Q

�
, (54)

cW (1)
TT = 2�(1 � �)�(1 � ⌘)


�

1

2
ln2 µ

2
Q

µ2
b

+
3

2
ln

µ
2
Q

µ2
b

�

� 2 ln
µMS

µb

⇣1 + �
2

1 � �

⌘

+
�(1 � ⌘) +

1

⌘

⇣1 + ⌘
2

1 � ⌘

⌘

+
�(1 � �)

�

+ 2


1

2
(1 � �)�(1 � ⌘) +

1

2⌘
(1 � ⌘)�(1 � �) � 4�(1 � �)�(1 � ⌘)

�
, (55)

where the hard part Mandelstem variables are defined as

t̂ = (k � k
0)2 = �

⇠

⇣
Q

2
, (56)

û = (k � q̂)2 =
⇠ � ⇠B

⇣B
Q

2
� q̂2

T , (57)

v̂ = (k0 + q̂)2 = ⇠B

⇣1

⇣
�

1

⇣B

⌘
Q

2
� q̂2

T . (58)
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Figure 15. Shape of the lepton structure function fWTT (⇠B , ⇣B , Q2, bT ) (in arbitrary units) in
impact parameter space (left) and the corresponding Fourier transform in transverse momentum
space WTT (⇠B , ⇣B , Q2, q̂2

T ) (right), evaluated at fixed Q = 10 GeV and ⇠B = ⇣B = 0.95.

same kinematic regime, which e↵ectively makes the q̂T -broadening from QED radiation

negligible compared with the broadening from QCD radiation. One can therefore safely use

the QED collinear factorization approach to account for the QED radiative contributions

to the lepton-nucleon SIDIS cross section as a controllable approximation.

3.4 SIDIS cross section with collinearly factorized QED contributions

As demonstrated quantitatively in the previous subsection, the transverse momentum im-

balance generated by the induced QED shower for the relevant collision energies is much

smaller than the typical intrinsic parton transverse momentum. This fact ensures that

contributions to the momentum imbalance pT between the observed lepton of momentum

`0 and hadron of momentum Ph are completely dominated by the collision-induced QCD

shower plus the parton’s intrinsic transverse momentum. The collision-induced QED ra-

diative contributions to the SIDIS cross section can therefore be systematically accounted

for in terms of the collinear factorization approach. In this case, the SIDIS cross section

for a colliding lepton of momentum ` and helicity �` and a nucleon of momentum P and

spin S can be factorized as

E`0EPh

d6�`(�`)P (S)!`0PhX

d3`0 d3Ph
⇡

X

ij�k

Z 1

⇣min

d⇣

⇣2
De/j(⇣)

Z 1

⇠min

d⇠ fi(�k)/e(�`)(⇠)

⇥
"
Ek0EPh

d6�̂k(�k)P (S)!k0PhX

d3k0 d3Ph

#

k=⇠`,k0=`0/⇣

, (3.30)

where the integration limits ⇣min and ⇠min are given in eq. (2.24), and �̂k(�k)P (S)!k0PhX is

infrared-safe as me ! 0, with all infrared sensitive collinear QED radiative contributions

to the cross section resummed into the LDFs and LFFs. (For ease of notation the de-

pendence on the factorization scale in (3.30) is suppressed.) With the “valence” electron

approximation, one can set i = j = e in eq. (3.30).

– 30 –

Lepton TMD
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broad in b-space narrow in qT-space

Collinear LDF and LFF are good approximation of lepton TMDs.

QED shower generates very small transverse momentum

Impact on hadron PhT in “photon-hadron frame” is mainly 
caused by logarithmic enhanced collinear radiation.
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Figure 17. Unpolarized SIDIS structure function Fh
UU,T as a function qT /Q, where qT = PhT /z,

at fixed values of Q2 = 25 GeV2, y = 0.4, and zh = 0.5. The unmodified function (dotted blue
line) is taken from the JAM3D20 global QCD analysis [60], while the additional power-law tail
contribution (dashed green line) distorts the region qT /Q > 0.5 by enhancing the modified Fh (mod)

UU,T

(solid red line) to mimic QCD radiation e↵ects in collinear factorization.

Using the fitted parameters from ref. [23], the PhT spectrum was found [48] to be

significantly modified in the presence of QED e↵ects. Since the fitted Gaussian ansatz for

F h
UU,T is only valid for small transverse momenta, it is instructive to see how the QED e↵ects

depend on its shape in the large transverse momentum region, where the Gaussian behavior

is expected to transform into a power law-like dependence. To explore this transition, we

augment the original function F h
UU,T by modifying its large-PhT behavior,

F h
UU,T ! F h (mod)

UU,T = F h
UU,T R + (1 � R)Ftail, (4.6)

where

R = exp


� N

⇣qT
Q

⌘3
�
, Ftail =

Ctail

q2T
, (4.7)

with qT = PhT /z, and the parameters set to N = 20 and Ctail = 0.01 GeV2. The modifica-

tion mimics the enhancement of the structure function at large PhT stemming from hard

QCD radiation, which overwhelms the e↵ects from intrinsic transverse momentum in this

region.

In figure 17 we illustrate our modification to F h
UU,T , showing the dependence on qT /Q

for fixed values of Q2 = 25 GeV2, y = 0.3, and zh = 0.5, using for the unmodified

F h
UU,T structure function the result extracted from the recent JAM3D20 global analysis in

the TMD framework [60]. The specific parameters used for the modification are simply

illustrative, but chosen to approximate a typical scenario for the large-PhT region within

collinear factorization. Note that when implementing the QED e↵ects described in the

previous sections, eqs. (4.5)–(4.7) are utilized by replacing the arguments of F h
UU,T with

the corresponding variables x̂B, bQ2, ẑh and bPhT .

In figure 18 we show the impact of the QED radiative e↵ects on the ratios of unpolar-

ized SIDIS cross sections, calculated at the Born level and with RCs, as a function of qT /Q

– 34 –
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Radiative correction factor depends on the hadronic physics we want to extract.
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Figure 18. Ratios of unpolarized SIDIS cross sections without radiation (“no RC”) to those
including QED e↵ects, as a function of qT /Q, for the Fh

UU,T structure function from ref. [60] using

the Gaussian ansatz in the TMD framework (left) and with the modified Fh (mod)
UU,T as in eq. (4.6)

(right), for
p

s = 140 GeV, y = 0.4 and zh = 0.5, at Q = 3 GeV (blue lines) and 10 GeV (red lines).
The full calculation with QED radiation (“RC+rot”, solid lines) is compared with that removing
the QED rotational e↵ects induced to the transverse momentum in Breit frame (“RC”, dashed
lines).

at fixed values of
p

s = 140 GeV, y = 0.4 and zh = 0.5, for Q = 3 and 10 GeV, typical

of those expected at the EIC. The QED radiative e↵ects are observed to be stronger in

the absence of hard QCD radiation enhancements in F h
UU,T at large PhT , and relatively

mild otherwise. To isolate the rotational e↵ects induced by the QED radiation in relating

the true Breit frame transverse momentum and the one computed with external kinemat-

ics, we set bPhT ! PhT , but keep the other (⇠, ⇣)-dependent variables unmodified. This

e↵ectively removes the rotational e↵ect, and reveals its suppressed role for the power-law

enhanced F h (mod)
UU,T structure function compared with the unmodified function. The striking

dependence of the QED radiative e↵ects on the specific behavior of F h
UU,T indicates the

di�culty in establishing a universal QED correction that can be applied to extract the

pure QED, “free” SIDIS structure function from the data. Since the corrections depends

on the behavior of F h
UU,T itself, one is confronted with an inverse problem that can only be

solved within a QCD analysis framework that incorporates QED e↵ects simultaneously.

Turning now to the QED radiative e↵ects on the leading-twist spin modulations in

SIDIS, we note that for scattering of unpolarized leptons (U) from nucleons with trans-

verse (T ) polarization ST there are three contributions that enter in the sum
P

n ŵnF h
n

in eq. (3.34). These UT modulations depend on the relative angles �̂h and �̂S in the

combinations given by [10]
X

n

ŵnF h
n (x̂B, bQ2, ẑh, bP 2

hT )
���
UT

= |ST |
h
sin(�̂h � �̂S)F sin(�h��S)

UT ,T + sin(�̂h + �̂S)F sin(�h+�S)
UT

+ sin(3�̂h � �̂S)F sin(3�h��S)
UT

i
, (4.8)

where the first and second terms correspond to the Sivers and Collins asymmetries, re-

spectively, and the third term contains the pretzelosity TMD function in the small-PhT

region.
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Figure 19. QED radiation e↵ects for sin(�h ��S) (top), sin(�h +�S) (middle) and sin(3�h ��S)
(bottom) SIDIS UT spin modulations versus qT /Q at

p
s = 140 GeV, xB = 0.01, zh = 0.5, and

Q2 = 25 GeV2
(left) and 100 GeV2

(right), with |ST | = 1. The cross sections with no QED e↵ects
(“LO”, dotted lines) are compared with the QED resummed cross sections (“RES”, dashed lines)
for the Sivers (green lines) and Collins (blue lines) asymmetries. The total spin modulations (solid
red lines) include the full QED contribution along with leakage e↵ects.

Typically, the measured di↵erential cross sections are integrated over the physical

angles �h and �S . In the absence of QED radiative e↵ects, the Sivers asymmetry, for

instance, would be isolated via the external sin(�h � �S) projecting phase,

d6�`P (ST )!`0PhX

dxBdy d dzh dP 2
hT

�����

sin(�h��S)

UT,T

=

Z
d�h d�S sin(�h � �S)

d6�`P (ST )!`0PhX

dxBdy d dzh d�hdP 2
hT

, (4.9)
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Impact of QED Effects: Azimuthal Asymmetries

Asymmetry amplitude is affected by QED radiation.
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FIG. 17. RC e↵ects in SIDIS with LT UT

As a natural choice, we set

C
(0)
f (�) = �(1 � �), (118)

C
(0)
D (⌘) = �(1 � ⌘). (119)
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FIG. 17. RC e↵ects in SIDIS with LT UT

As a natural choice, we set

C
(0)
f (�) = �(1 � �), (118)

C
(0)
D (⌘) = �(1 � ⌘). (119)
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Sivers asymmetry:
input Sivers asymmetry (i.e. without QED radiation)

extracted asymmetry with QED radiation
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Figure 19. QED radiation e↵ects for sin(�h ��S) (top), sin(�h +�S) (middle) and sin(3�h ��S)
(bottom) SIDIS UT spin modulations versus qT /Q at

p
s = 140 GeV, xB = 0.01, zh = 0.5, and

Q2 = 25 GeV2
(left) and 100 GeV2

(right), with |ST | = 1. The cross sections with no QED e↵ects
(“LO”, dotted lines) are compared with the QED resummed cross sections (“RES”, dashed lines)
for the Sivers (green lines) and Collins (blue lines) asymmetries. The total spin modulations (solid
red lines) include the full QED contribution along with leakage e↵ects.

Typically, the measured di↵erential cross sections are integrated over the physical

angles �h and �S . In the absence of QED radiative e↵ects, the Sivers asymmetry, for

instance, would be isolated via the external sin(�h � �S) projecting phase,

d6�`P (ST )!`0PhX

dxBdy d dzh dP 2
hT

�����

sin(�h��S)

UT,T

=

Z
d�h d�S sin(�h � �S)

d6�`P (ST )!`0PhX

dxBdy d dzh d�hdP 2
hT

, (4.9)
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Figure 19. QED radiation e↵ects for sin(�h ��S) (top), sin(�h +�S) (middle) and sin(3�h ��S)
(bottom) SIDIS UT spin modulations versus qT /Q at

p
s = 140 GeV, xB = 0.01, zh = 0.5, and

Q2 = 25 GeV2
(left) and 100 GeV2

(right), with |ST | = 1. The cross sections with no QED e↵ects
(“LO”, dotted lines) are compared with the QED resummed cross sections (“RES”, dashed lines)
for the Sivers (green lines) and Collins (blue lines) asymmetries. The total spin modulations (solid
red lines) include the full QED contribution along with leakage e↵ects.

Typically, the measured di↵erential cross sections are integrated over the physical

angles �h and �S . In the absence of QED radiative e↵ects, the Sivers asymmetry, for

instance, would be isolated via the external sin(�h � �S) projecting phase,

d6�`P (ST )!`0PhX

dxBdy d dzh dP 2
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sin(�h��S)

UT,T

=

Z
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, (4.9)
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Impact of QED Effects: Azimuthal Asymmetries

Azimuthal modulations mix with each other.
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FIG. 17. RC e↵ects in SIDIS with LT UT

As a natural choice, we set

C
(0)
f (�) = �(1 � �), (118)

C
(0)
D (⌘) = �(1 � ⌘). (119)
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Collins asymmetry:
input Collins asymmetry (i.e. without QED radiation)

 extracted Collins asymmetry
Collins asymmetry with QED radiation

leakage from Sivers asymmetry
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Figure 19. QED radiation e↵ects for sin(�h ��S) (top), sin(�h +�S) (middle) and sin(3�h ��S)
(bottom) SIDIS UT spin modulations versus qT /Q at

p
s = 140 GeV, xB = 0.01, zh = 0.5, and

Q2 = 25 GeV2
(left) and 100 GeV2

(right), with |ST | = 1. The cross sections with no QED e↵ects
(“LO”, dotted lines) are compared with the QED resummed cross sections (“RES”, dashed lines)
for the Sivers (green lines) and Collins (blue lines) asymmetries. The total spin modulations (solid
red lines) include the full QED contribution along with leakage e↵ects.

Typically, the measured di↵erential cross sections are integrated over the physical

angles �h and �S . In the absence of QED radiative e↵ects, the Sivers asymmetry, for

instance, would be isolated via the external sin(�h � �S) projecting phase,

d6�`P (ST )!`0PhX

dxBdy d dzh dP 2
hT

�����

sin(�h��S)

UT,T

=

Z
d�h d�S sin(�h � �S)

d6�`P (ST )!`0PhX

dxBdy d dzh d�hdP 2
hT

, (4.9)
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Figure 19. QED radiation e↵ects for sin(�h ��S) (top), sin(�h +�S) (middle) and sin(3�h ��S)
(bottom) SIDIS UT spin modulations versus qT /Q at

p
s = 140 GeV, xB = 0.01, zh = 0.5, and

Q2 = 25 GeV2
(left) and 100 GeV2

(right), with |ST | = 1. The cross sections with no QED e↵ects
(“LO”, dotted lines) are compared with the QED resummed cross sections (“RES”, dashed lines)
for the Sivers (green lines) and Collins (blue lines) asymmetries. The total spin modulations (solid
red lines) include the full QED contribution along with leakage e↵ects.

Typically, the measured di↵erential cross sections are integrated over the physical

angles �h and �S . In the absence of QED radiative e↵ects, the Sivers asymmetry, for

instance, would be isolated via the external sin(�h � �S) projecting phase,

d6�`P (ST )!`0PhX

dxBdy d dzh dP 2
hT
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sin(�h��S)

UT,T

=

Z
d�h d�S sin(�h � �S)

d6�`P (ST )!`0PhX

dxBdy d dzh d�hdP 2
hT

, (4.9)
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Impact of QED Effects: Azimuthal Asymmetries

Input pretzelosity is zero. Extracted pretzelosity asymmetry is all from the leakage of 
other asymmetries (Sivers, Collins).

Pretzelosity asymmetry:

0.1 0.2 0.3 0.4 0.5
0.0

0.1

0.2

0.3

0.4

R
R
s
in

(
�

h
�

�
s
)
d
�

Q2
= 25 GeV

2

0.1 0.2 0.3 0.4 0.5
0.0000

0.0025

0.0050

0.0075

0.0100

0.0125

0.0150

Q2
= 100 GeV

2

LO Sivers

LO Collins

RES Sivers

RES Collins

RES Sivers + Collins

0.1 0.2 0.3 0.4 0.5

0.00

0.01

0.02

0.03

0.04

0.05

0.06

R
R
s
in

(
�

h
+

�
s
)
d
�

0.1 0.2 0.3 0.4 0.5
0.0000

0.0005

0.0010

0.0015

p
s = 140 GeV

xB = 0.01, zh = 0.5

|ST | = 1

0.1 0.2 0.3 0.4 0.5

qT/Q

0.000

0.002

0.004

0.006

R
R
s
in

(
3
�

h
�

�
s
)
d
�

0.1 0.2 0.3 0.4 0.5

qT/Q

0.00000

0.00005

0.00010

0.00015

0.00020

0.00025

0.00030

Figure 19. QED radiation e↵ects for sin(�h ��S) (top), sin(�h +�S) (middle) and sin(3�h ��S)
(bottom) SIDIS UT spin modulations versus qT /Q at

p
s = 140 GeV, xB = 0.01, zh = 0.5, and

Q2 = 25 GeV2
(left) and 100 GeV2

(right), with |ST | = 1. The cross sections with no QED e↵ects
(“LO”, dotted lines) are compared with the QED resummed cross sections (“RES”, dashed lines)
for the Sivers (green lines) and Collins (blue lines) asymmetries. The total spin modulations (solid
red lines) include the full QED contribution along with leakage e↵ects.

Typically, the measured di↵erential cross sections are integrated over the physical

angles �h and �S . In the absence of QED radiative e↵ects, the Sivers asymmetry, for

instance, would be isolated via the external sin(�h � �S) projecting phase,

d6�`P (ST )!`0PhX

dxBdy d dzh dP 2
hT
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sin(�h��S)

UT,T

=

Z
d�h d�S sin(�h � �S)

d6�`P (ST )!`0PhX

dxBdy d dzh d�hdP 2
hT

, (4.9)
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Summary
• QED radiation effects are important in SIDIS, and hence precise extractions of 

TMDs. 
• Experimental “photon-hadron frame” does not coincide with the true 

photon hadron frame, where the factorization works. 
• Almost impossible to determine/reconstruct the true photon hadron frame 

event by event. 
• Challenge to match to Born kinematics without introducing model/theory 

bias. 
• We propose a factorized approach to treat QED radiations. 

• Treat QED radiation as a part of the production cross section. 
• Generalize QCD factorization to include QED. All perturbatively calculable 

hard parts are IR safe. 
• Transverse momentum generated by QED shower is small, and one can 

apply collinear factorization for the leptonic tensor. 
• Huge and nontrivial effects on PhT dependence and azimuthal modulations.

28
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Thank you!
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Small transverse momentum: 
• the hard scale Q localizes the probe to “see”

quarks and gluons 

• the soft scale PhT is sensitive to the confined 
motion of quarks and gluons 

• TMD factorization    

Small and Large Transverse Momentum
PhT ⌧ Q
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• dominated by a single scale 

• not sensitive to the active parton’s transverse 
momentum 

• collinear factorization    
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Collision induced QED radiation changes the hard scale from           to       bQ2
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Figure 10. The range of the hard scale bQ2 experienced by the nucleon as a function of the measured
scale Q2, for fixed values of xB, at Je↵erson Lab (

p
s = 4.7 GeV) (left) and EIC (

p
s = 140 GeV)

(right) kinematics. The straight black lines correspond to bQ2 = Q2.

scattering when the probing scale is larger than ⇡ 1 GeV2. The collision-induced QED

radiation could make the “true” probing scale Q2
true = bQ2 smaller, however, e↵ectively en-

hancing the rate of non-DIS events and the size of non-factorized power corrections, even

when Q2 = O(1 GeV2) or larger. Furthermore, QED radiation from final-state nucleons in

elastic events requires a larger Q2 to mimic DIS events. Since these non-DIS events involve

nonperturbative strong interaction physics that cannot be calculated reliably, QED RC

factors that aim to “correct” for this QED contamination are necessarily model dependent.

Some of these contaminations are sensitive to the very hadronic physics that we aim to

explore in the DIS and SIDIS reactions.

A further complication stems from the fact that photons are massless and the lep-

ton mass is much smaller than the typical hard scale for QCD dynamics. Consequently,

RC factors based on fixed-order QED calculations are often infrared sensitive as me ! 0,

involving infrared cuto↵ parameters, such as the total energy of soft photons in the treat-

ment by Mo and Tsai [25] or the minimum photon energy in the approach of Bardin and

Shumeniko [41]. These parameters need to be tuned to the data.

As will be discussed in detail in the next section, the collision-induced QED radiation

also leads to uncertainty in determining the photon-nucleon frame in which the produced

hadron momentum, the hadronic plane, angular modulations and, most importantly, the

TMD factorization of SIDIS, are defined. Consequently, hadronic model dependence is

inevitably introduced into attempts to derive RCs for SIDIS [42, 43, 47]. In contrast,

rather than searching for more reliable RC factors with which to extract the ideal �Born in

eq. (2.26) from the experimental cross section, �obs, our proposed approach is a systemati-

cally improvable and reliable way to calculate the induced QED radiative contributions to

all orders in powers of ↵. In analogy with the calculation of the induced QCD radiative

contributions to the measured cross sections, our factorization approach organizes all-order

contributions with respect to both QCD and QED, such as in eq. (2.9) for the inclusive

DIS cross section. Instead of the RC approach of eq. (2.26), our factorization approach can
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be schematically represented as

�obs(xB, Q2) = �univ
lep (µ2; m2

e) ⌦ �univ
had (µ2; ⇤2

QCD) ⌦ b�IR-safe(x̂B, bQ2, µ2)

+ O
✓

⇤2
QCD

Q2
,
m2

e

Q2

◆
, (2.27)

where all infrared-sensitive contributions to the cross sections are either factorized into the

universal leptonic and hadronic distribution or fragmentation functions, �univ
lep and �univ

had ,

which are renormalization group improved with the factorization scale µ2, or neglected as

power-suppressed corrections, and ⌦ represents the convolution over the respective leptonic

and partonic momentum fractions.

The IR-safe and perturbatively calculable short-distance coe�cient functions b�IR-safe

depend on the “true” probing scales x̂B and bQ2 for the colliding nucleon under the one-

photon approximation, and can be systematically improved by higher-order contributions

in powers of both ↵ and ↵s. As illustrated in figure 10, for a given value of Q2 the true

probing scale bQ2 can be in the range bQ2
min  bQ2  bQ2

max, where

bQ2
min = Q2 (1 � y)

(1 � xB y)
and bQ2

max = Q2 1

(1 � y + xB y)
(2.28)

are the minimum and maximum values. To obtain a single Q2
true value from the range of bQ2

that defines the QED RC factor RQED in eq. (2.26), one must model the colliding nucleon’s

response at di↵erent values of bQ2, and such modeling could impact the quantity itself

that we wish to extract from the measured cross sections. In addition, the Bjorken scaling

variable in eq. (2.16), x̂B = xB ⇠ y/(⇠⇣+y�1), ranges between its minimum value, x̂min
B = xB,

and its maximum value, x̂max
B = 1. With the collision-induced QED radiation, for given

values of xB and Q2 from the measured lepton and nucleon momenta `, `0, and P , we

actually probe the colliding nucleon over a much wider kinematic region of x̂B 2 [x̂min
B , x̂max

B ]

and bQ2 2 [ bQ2
min,

bQ2
max].

As discussed in section 2.1, the novelty of our approach is the fact that we do not

need to assume any prior knowledge about the hadronic structures, provided that the

power corrections are suppressed. The exact demarcation of the phase space where our

proposed factorization approach is applicable cannot be determined a priori, but can be

found through global analysis involving multiple high-energy reactions with overlapping

partonic kinematics, which can ultimately confirm and validate the universality of the

inferred structures.

In our proposed new approach to the QED radiation (2.27), all collision-induced QED

contributions to the measured cross sections are organized such that all leading power

infrared-sensitive contributions are included into the universal LDFs and LFFs. All leading

power infrared-safe contributions are included in the calculable hard parts, and the rest can

be neglected or further improved as power corrections. Although QED radiation changes

the momentum of the exchanged hard photon and introduces uncertainty in controlling the

“true” hard probe, our factorization formalism as in eq. (2.9) provides the minimum value

of the probing scale, bQ2
min. As shown in figure 9, the collision-induced QED radiation does
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2FZ
1

⇣
x̂B , bQ2

⌘
+ 2egeV g

e
AKŷF
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ŷ � 1

2
ŷ2
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Current conserved decomposition of leptonic tensor

A. Leptonic tensor and lepton structure functions

The lowest order contribution to the leptonic tensor in Eq. (3), as sketched in Fig. 2(b),

is given by

eLµ⌫(0)(`, `0, q̂) = 2
⇥
`
µ
`
0⌫ + `

0µ
`
⌫
� ` · `

0
g
µ⌫
⇤
�
(4)(` � `

0
� q̂) . (5)

By substituting eLµ⌫(0)(`, `0, q̂) into Eq. (2), and using the �
(4)(` � `

0
� q̂) to take care of the

integration of d
4
q̂, we obtain the familiar expression for the SIDIS cross section with the fully

determined virtual photon momentum q
µ

⌘ (`�`
0)µ = q̂

µ and Q
2

⌘ �q
2 = bQ2

� ⇤2
QCD. On

the other hand, with QED radiation, the exchanging virtual photon momentum q̂
µ cannot

be fully determined without measuring all radiated final states XL. That is, there is no well-

defined “photon-hadron frame” without the full control of the leptonic tensor eLµ⌫(`, `0, q̂).

1. Lepton structure functions

The leptonic tensor is perturbatively calculable if we neglect its hadronic component,

which is in general non-perturbative. In analogy to the decomposition of hadronic tensor,

we can express the leptonic tensor in terms of lepton structure functions. To explicitly keep

the electromagnetic gauge invariance, it would be convenient to introduce conserved tensor

and vectors,

egµ⌫ = g
µ⌫

�
q̂
µ
q̂
⌫

q̂2
, (6)

èµ = egµ⌫
`⌫ = `

µ
�

` · q̂

q̂2
q̂
µ
, (7)

è0µ = egµ⌫
`
0
⌫ = `

0µ
�

`
0
· q̂

q̂2
q̂
µ
, (8)

where `, `
0, and q̂ are the momenta of initial lepton, final lepton, and the exchanged virtual

photon, respectively. These conserved tensor and vectors satisfy

q̂µegµ⌫ = 0, egµ⌫
q̂⌫ = 0, q̂µ

èµ = q̂µ
è0µ = 0. (9)

The leptonic tensor can be decomposed as
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è0µè0⌫

` · `0
L3 +
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2` · `0
L4, (10)

8

A. Leptonic tensor and lepton structure functions

The lowest order contribution to the leptonic tensor in Eq. (3), as sketched in Fig. 2(b),

is given by

eLµ⌫(0)(`, `0, q̂) = 2
⇥
`
µ
`
0⌫ + `

0µ
`
⌫
� ` · `

0
g
µ⌫
⇤
�
(4)(` � `

0
� q̂) . (5)

By substituting eLµ⌫(0)(`, `0, q̂) into Eq. (2), and using the �
(4)(` � `

0
� q̂) to take care of the

integration of d
4
q̂, we obtain the familiar expression for the SIDIS cross section with the fully

determined virtual photon momentum q
µ

⌘ (`�`
0)µ = q̂

µ and Q
2

⌘ �q
2 = bQ2

� ⇤2
QCD. On

the other hand, with QED radiation, the exchanging virtual photon momentum q̂
µ cannot

be fully determined without measuring all radiated final states XL. That is, there is no well-

defined “photon-hadron frame” without the full control of the leptonic tensor eLµ⌫(`, `0, q̂).

1. Lepton structure functions

The leptonic tensor is perturbatively calculable if we neglect its hadronic component,

which is in general non-perturbative. In analogy to the decomposition of hadronic tensor,

we can express the leptonic tensor in terms of lepton structure functions. To explicitly keep

the electromagnetic gauge invariance, it would be convenient to introduce conserved tensor

and vectors,

egµ⌫ = g
µ⌫

�
q̂
µ
q̂
⌫

q̂2
, (6)
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