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The proton’s spin puzzle

Deep inelastic scattering (DIS) experiments showed that 
quarks carry only about 30% of the proton’s spin: 

, which is much smaller than predicted by the 
quark model  - spin puzzle
ΔΣ ≈ 0.32

ΔΣ ≈ 0.6
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The fundamental properties of hadrons, and in particular its spin, are 
defined by the complex dynamics of quarks and gluons which form a 
strongly bonded many-body parton system

The sum of quark and gluon helicities come short of 1/2 
especially if one takes into account the error bars.
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FIG. 5: 90% C.L. areas in the plane spanned by the truncated
moments of ∆g computed for 0.05 ≤ x ≤ 1 and 0.001 ≤ x ≤
0.05 at Q2 = 10GeV2. Results for DSSV, DSSV*, and our
new analysis, with the symbols corresponding the respective
values of each central fit, are shown.

very limited information on ∆g is also available from
scaling violations of the DIS structure function g1 which
is, of course, fully included in our global QCD analy-
sis. Overall, the constraints on ∆g(x) in, say, the regime
0.001 ≤ x ≤ 0.05 are much weaker than those in the
RHIC region, as can be inferred from Fig. 1. Very little
contribution to ∆G is expected to come from x > 0.2.

Figure 5 shows our estimates for the 90% C.L. area
in the plane spanned by the truncated moments of ∆g
calculated in 0.05 ≤ x ≤ 1 and 0.001 ≤ x ≤ 0.05
for Q2 = 10GeV2. Results are presented both for the
DSSV* and our new fit. The symbols in Fig. 5 denote
the actual values for the best fits in the DSSV, DSSV*,
and the present analyses. We note that for our new cen-
tral fit the combined integral

∫ 1

0.001
dx∆g(x,Q2) accounts

for over 90% of the full ∆G at Q2 = 10GeV2. Not sur-
prisingly, the main improvement in our new analysis is to
shrink the allowed area in the horizontal direction, corre-
sponding to the much better determination of ∆g(x) in
range 0.05 ≤ x ≤ 0.2 by the 2009 RHIC data. Evidently,
the uncertainty in the smaller-x range is still very signif-
icant, and better small-x probes are badly needed. Data
from the 2013 RHIC run at

√
s = 510GeV may help

here a bit. In the future, an Electron Ion Collider would
provide the missing information, thanks to its large kine-
matic reach in x and Q2 [19].

Conclusions and outlook.— We have presented a new
global analysis of helicity parton distributions, taking
into account new and updated experimental results. In
particular, we have investigated the impact of the new
data on ALL in jet and π0 production from RHIC’s 2009
run. For the first time, we find that the jet data clearly

imply a polarization of gluons in the proton at interme-
diate momentum scales, in the region of momentum frac-
tions accessible at RHIC. This constitutes a new ingre-
dient to our picture of the nucleon. While it is too early
to draw any reliable conclusions on the full gluon spin
contribution to the proton spin, our analysis clearly sug-
gests that gluons could contribute significantly after all.
This in turn also sheds a new light on the possible size of
orbital angular momenta of quarks and gluons. We hope
that future experimental studies, as well as lattice-QCD
computations that now appear feasible [20], will provide
further information on ∆g(x) and eventually clarify its
role for the proton spin. We plan to present a full new
global analysis with details on all polarized parton dis-
tributions once the 2009 RHIC data have become final
and additional information on the quark and antiquark
helicity distributions, in particular from final data on W
boson production at RHIC, has become available. Also,
on the theoretical side, a new study of pion and kaon
fragmentation functions should precede the next global
analysis of polarized parton distributions.
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New tools for an old problem: interplay between parton dynamics and the 
topology of the QCD vacuum in the helicity structure of the proton 

Proton spin

 electroweak baryogenesis, sphaleron-like topological transitions→



Deep inelastic scattering
We study the role of the chiral anomaly in the helicity structure 
of the proton which can be measured in the polarized DIS 
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e(l) +N(P, S) ! e(l0) +X

The process is characterized by its virtuality  
and Bjorken variable .

Q2 = − q2

xB = Q2/(2P ⋅ q)
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q = l � l0

C. Adolph et al. / Physics Letters B 753 (2016) 18–28 23

Fig. 3. The spin-dependent structure function xgp
1 at the measured values of Q 2 as 

a function of x. The COMPASS data at 200 GeV (red squares) are compared to the 
results at 160 GeV (blue circles) and to the SMC results at 190 GeV (green crosses) 
for Q 2 > 1 (GeV/c)2. The bands from top to bottom indicate the systematic un-
certainties for SMC 190 GeV, COMPASS 200 GeV and COMPASS 160 GeV. (Coloured 
version online.)

Fig. 4. World data on the spin-dependent structure function gp
1 as a function of 

Q 2 for various values of x with all COMPASS data in red (full circles: 160 GeV, full 
squares: 200 GeV). The lines represent the Q 2 dependence for each value of x, as 
determined from a NLO QCD fit (see Section 6). The dashed ranges represent the 
region with W 2 < 10 (GeV/c2)2. Note that the data of the individual x bins are 
staggered for clarity by adding 12.1–0.7i, i = 0 . . .17. (Coloured version online.)

6. NLO QCD fit of g1 world data

We performed a new NLO QCD fit of the spin-dependent struc-
ture function g1 in the DIS region, Q 2 > 1 (GeV/c)2, considering 
all available proton, deuteron and 3He data. The fit is performed in 
the MS renormalisation and factorisation scheme. For the fit, the 
same program is used as in Ref. [20], which was derived from pro-
gram 2 in Ref. [17]. The region W 2 < 10 (GeV/c2)2 is excluded as 
it was in recent analyses [21]. Note that the impact of higher-twist 

effects when using a smaller W 2 cut is considered in Ref. [22]. The 
total number of data points used in the fit is 495 (see Table 2), the 
number of COMPASS data points is 138.

The neutron structure function gn
1 is extracted from the 3He 

data, while the nucleon structure function gN
1 is obtained as 

gN
1 (x, Q 2) = 1

1 − 1.5 ωD
gd

1(x, Q 2), (9)

where ωD is a correction for the D-wave state in the deuteron, 
ωD = 0.05 ± 0.01 [27], and the deuteron structure function gd

1 is 
given per nucleon. The quark singlet distribution "qS(x), the quark 
non-singlet distributions "q3(x) and "q8(x), as well as the gluon 
helicity distribution "g(x), which appear in the NLO expressions 
for gp

1 , gn
1 and gN

1 (see e.g. Ref. [17]), are parametrised at a refer-
ence scale Q 2

0 as follows: 

" fk(x) = ηk
xαk (1 − x)βk (1 + γkx )

∫ 1
0 xαk (1 − x)βk (1 + γkx )dx

. (10)

Here, " fk(x) (k = S, 3, 8, g) represents "qS(x), "q3(x), "q8(x) and 
"g(x) and ηk is the first moment of " fk(x) at the reference 
scale. The moments of "q3 and "q8 are fixed at any scale by the 
baryon decay constants (F + D) and (3F − D), respectively, assum-
ing SU(2)f and SU(3)f flavour symmetries. The impact of releasing 
these conditions is investigated and included in the systematic 
uncertainty. The coefficients γk are fixed to zero for the two non-
singlet distributions as they are poorly constrained and not needed 
to describe the data. The exponent βg, which is not well deter-
mined from the data, is fixed to 3.0225 [28] and the uncertainty 
from the introduced bias is included in the final uncertainty. This 
leaves 11 free parameters in the fitted parton distributions. The 
expression for χ2 of the fit consists of three terms, 

χ2 =
Nexp∑

n=1




Ndata

n∑

i=1



 gfit
1 − Nn gdata

1,i

Nnσi




2

+
(

1 − Nn

δNn

)2



 + χ2
positivity .

(11)

Only statistical uncertainties of the data are taken into account in 
σi . The normalisation factors Nn of each data set n are allowed 
to vary taking into account the normalisation uncertainties δNn . 
If the latter are unavailable, they are estimated as quadratic sums 
of the uncertainties of the beam and target polarisations. The fit-
ted normalisations are found to be consistent with unity, except 
for the E155 proton data where the normalisation is higher, albeit 
compatible with the value quoted in Ref. [16].

In order to keep the parameters within their physical ranges, 
the polarised PDFs are calculated at every iteration of the fit 
and required to satisfy the positivity conditions |"q(x) + "q̄(x)| ≤
q(x) + q̄(x) and |"g(x)| ≤ g(x) at Q 2 = 1 (GeV/c)2 [29,30], which 
is accomplished by the χ2

positivity term in Eq. (11). This proce-
dure leads to asymmetric values of the parameter uncertainties 
when the fitted value is close to the allowed limit. The unpo-
larised PDFs and the corresponding value of the strong coupling 
constant αs(Q 2) are taken from the MSTW parametrisation [28]. 
The impact of the choice of PDFs is evaluated by using the MRST 
distributions [31] for comparison.

In order to investigate the sensitivity of the parametrisation of 
the polarised PDFs to the functional forms, the fit is performed for 
several sets of functional shapes. These shapes do or do not include 
the γS and γg parameters of Eq. (10) and are defined at reference 
scales ranging from 1 (GeV/c)2 to 63 (GeV/c)2. It is observed [8]
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C.Adolph et al. (COMPASS), PLB 753 (2016) 

A key observable to study the proton helicity structure is the 
polarized structure function :g1(xB, Q2)

In the parton model it can be related to the polarized parton 
distribution function (PDF) which represent parton dynamics 
of the proton:

g1(xB , Q
2) =

1

2

X

f

e2f
�
�qf (xB , Q

2) +�q̄f (xB , Q
2)
�
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−�q(x) =

−�g(x) =

• in QCD: �q(x, µ2), �g(x, µ2)

• DGLAP evolution: 
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�qf (xB) =



First moment of the structure function
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quark helicity

In terms of quark PDFs the helicity can be defined as

⌃(Q2) =
X

f

Z 1

0
dxB

�
�qf (xB , Q

2) +�q̄f (xB , Q
2)
�
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The helicity can be extracted from the first moment of the  structure functiong1

−�q(x) =

−�g(x) =

• in QCD: �q(x, µ2), �g(x, µ2)

• DGLAP evolution: 
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�qf (xB) =

Sµ⌃(Q2) =
1

MN

X

f

hP, S| ̄f�
µ�5 f |P, Si ⌘

1

MN
hP, S|Jµ

5 (0)|P, Si
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Quark contribution to the proton spin is defined by the isosinglet axial vector current Jμ
5

Quark fields inside 
the proton



Anomaly equation

http://www.physics.adelaide.edu.au/theory/staff/leinweber/VisualQCD/QCDvacuum/
Topological charge density 

The fundamental property of the  current is the 
anomaly equation:

Jμ
5

@µJ5
µ(x) =

nf↵s

2⇡
Tr

⇣
Fµ⌫(x)F̃

µ⌫(x)
⌘
= 2nf @µK

µ
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Chern-Simons current:
The isosinglet current couples to the topological charge 
density in the polarized proton!

In the leading order the coupling is generated by the 
triangle diagram:

The anomaly arises from the non-invariance of the path 
integral measure under chiral ( ) rotations. Topological 
properties of the QCD vacuum!

γ5

Kazuo Fujikawa

K. Fujikawa, PRL. 42, 1195 (1979) 
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P, S

quark loop

insertion of the axial current



The QCD effective action
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�W[A,B] = lnDet
⇥
/p� /A� �5 /B

⇤

We start with a general form of the QCD path integral (over 
fermion fields) 

which can be represented in terms of the functional 
determinant, i.e. for the effective action
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eiW[A,B] =

Z
D D ̄eiS[ ̄,A,B, ]

<latexit sha1_base64="w87QOY2mHlcJtzB2w5fK2kPzGVs="></latexit>

S[ ̄, A,B, ] =

Z
d4x ̄[i/@ + /A+ �5 /B] 

Coupling to vector and axial-
vector currents

Imaginary and real parts of the effective action:
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B

quark loop, 
see the triangle 
diagram
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WR = �1

2
ln(D†D)
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WI =
1

2
ArgDet(D2)

More generally, the anomaly comes from the 
imaginary part of the effective action
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A

Insertion of the axial-vector current ( ). 
The anomaly is generated!

γ5

The anomaly couples to zero modes of the Dirac operator that must be treated in exact kinematics!



Worldline representation of the effective action
The calculation of the anomaly is very subtle. We use the 
worldline representation of the effective action which we find 
to be particularly suited to discussions of the anomaly
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W[A,B] = �1
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Trc

Z 1

0

dT

T

Z
Dx

Z

AP
D e�Sw.l.(x, ,A,B)

In this approach the effective action is rewritten as a quantum 
mechanical point particle path integrals over trajectories trajectories 

 and , where spin degrees of freedom of a particle (quark) are 
expressed in terms of Grassmann variables .
x(τ) ψ(τ)

ψ
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classical trajectories
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hP, S|Jµ
5 (0)|P, Si = hP, S|

Z
d4y

@WI [A,B]

@Bµ(y)

���
B=0

|P, Si

There is an effective techniques to calculate 
worldline functional integrals employing 
quantum mechanical worldline propagators

How does the anomaly manifest itself?

 is a proper-time variableτ



p↵
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Jµ
5 (0)

Quark helicity and the triangle anomaly

The key role of the anomaly is seen from the structure of the 
triangle graph in the off-forward limit. The exact worldline 
calculation gives 

Exact result!

The triangle diagram is not local! The anomaly 
manifests itself as an infrared pole. Taking a 
divergence we obtain the anomaly equation

R. L. Jaffe, A. Manohar
Nucl. Phys., B337, 509 (1990) 
Shore, Veneziano (1990) 
Narison, Shore, Veneziano, 
hep-ph/9812333  
K.-F. Liu (1992)
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However, calculation in exact 
kinematics contains the pole
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fra c tion  o f the  p ro to n 's  s p in  ca rrie d  b y up  down  a n d  s tra nge  qua rks . Th is  na ive  in te rp re ta tio n  is  inco rre c t due  
to  the  a xia l a noma ly.  We  re s e rve  the  n o ta tio n  Aqj (with  no  p rim e s ) to  re fe r to  the  a c tua l p a rto n  s p in  fra c tions  
de fine d  be low in e q. (2 5 ).  Th e  p e rh a p s  s u rpris ing  re s ult th a t one  finds  is  

Au ' + Ad '  + As '  =0.00___0.24, (4 ) 

tha t is , ve ry little  o f the  p ro to n 's  s p in  s e e ms  to  be  ca rrie d  b y qua rks . Th is  re s ult a n d  its  in te rp re ta tio n  h a ve  be e n  
wide ly d is cus s e d  re ce n tly [ 6 -1 0  ]. 

Th e  a xia l ve c to r cu rre n t which  co rre s ponds  to  (4 ) is  the  fla vor-s ing le t cu rre n t 

2 m  Aq' s ~ '=2 m (A u ' + Ad ' + As ' )s U(p) = (p lj~ '(O )IP ).  (5 ) 

Be ca us e  o f the  a n o m a ly a s s oc ia te d  with  th is  cu rre n t ~2, 

NI L 
i=, 8= i=1 - ' " p " - '  - - ' '  (6) 

we shall see that i t  does not measure quark spins alone. ( In the above equation our convention for eu.p. is that 
(o,_~3 = + 1.) Since so much of  our discussion wi l l  center on the anomaly [ 12.13] and how it  appears in an 
o p e ra to r p ro d u c t e xpa ns ion , we  be gin  o u r d is cus s ion  with  a n  e va lu a tio n  o f the  re le va n t tria ng le  gra ph. 

2. The  triangle  graph 

C o n s id e r the  g ra ph  s hown  in fig. 1, whe re  j~' is  e va lu a te d  be twe e n  off-s he ll gluons . We  choos e  ligh t-cone  
coo rd ina te s  

P"=  (P- ,  P+, PT) = (P- ,  P+, 0, 0 ) ,  (7) 

with  p2 = _ 2/7 + p -  > 0. In  o rde r to  s tudy ca re fu lly the  d e p e n d e n c e  on  the  in fra re d  re gu la to r we  ke e p  p2  # 0 ,3  
a n d  a ls o give  the  qua rks  a  ma s s . To  re gula te  the  u ltra vio le t d ive rge nce  we  work in n # 4 d im e n s io n s  a n d  ta ke  
75 = iY°7~273 in n d im e n s io n s  (s e e  re f. [ 14 ] a n d  s e c tio n  13.2 o f re f. [ 15] ). Th e n  the  c o n trib u tio n  o f the  g ra ph  
in fig. 1 a long  with  a  g ra ph  h a vin g  the  qua rks  c ircu la ting  in  the  oppos ite  s e ns e  is  

2 N r~ g  2 f tr{7 .~*(7 .k +m )7 +7 5 (7 .k +m )7 .~[7  • ( p - k )  - m ]} 
F ~ - -  (27r)-------- ~ d "-2 kvd k  + d k -  ( k 2 _ m 2 +i~ ) Z [( p _ k ) 2 _ m 2 +ie  ] (8) 

He re  T=  ½  a n d  

~2 Re fs . [ 9 -11  ] a ls o  e m p h a s iz e  th e  ro le  o f th e  a n o m a ly,  in  po la riz e d  de e p  ine la s tic  s ca tte ring .  J a ffe  a c tua lly p re d ic te d  a  re s u lt c o m p a tib le  
with  ( l ), a n d  in te rp re te d  th is  a s  a  ra p id  va ria tio n  o f th e  s p in -d e p e n d e n t q u a rk d is trib u tio n s  with  Q-'. If th e  d a ta  s h o w a  ra p id  Q2 
va ria tio n ,  we  wo u ld  in te rp re t it a s  a  va ria tio n  o f th e  s p in  c a rrie d  b y th e  g luon .  O n e  o f o u r m a in  c o n c lu s io n s ,  e q . (2 5 ),  is  ide n tica l to  
th a t o f re f. [ 10 ]. O u r tre a tm e n t o f th e  a m b ig u itie s  d u e  to  in fra re d  d ive rg e n c e s  a n d  o f th e  o p e ra to r p ro d u c t e xp a n s io n ,  a n d  o u r in te r- 
p re ta tio n  o f wh y th e  a n o m a ly a c tua lly c o rre s p o n d s  to  a  m e a s u re m e n t  o fg lu o n  he lic ity re fle c t a  s o m e wh a t d iffe re n t p o in t o f vie w fro m  
th a t o f th e  a b o ve  pa pe rs .  

~3 We  n o te  th a t th e  tria ng le  g ra ph  re m a in s  ga uge  in d e p e n d e n t e ve n  wh e n  p2 # O. 

p k- p 

Fig. 1. Th e  tria ng le  g ra p h  for j~' b e twe e n  e xte rn a l g lu o n s .  
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no infrared pole! There is an 
assumption that the anomaly 
is local
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~,.(k )7 .Ev , . ,(p -k )- 

while  

He re  r a n d  r'  a re  s p in  va ria b le s  ta kin g  o n  va lue s  + 1; r =  + 1 c o rre s p o n d s  to  p o s itive  he lic ity fo r a  pa rtic le  a n d  
n e g a tive  he lic ity fo r a n  a n tipa rtic le .  We  us e  the  n o rm a liz a tio n  ft,.(k)y+u(k) =fJ~(k)7+v~(k) = 2 k  ÷ 

No w 

k I + ik  2 
J,.,., [2 r( 1 - 2 x ) T -  1], (1 6 ) 

~ /2 x( 1 - x )  

ft,.(k)7+7su,.(k) =f~,.(k)7+75vr(k) = 2 k+r,  (1 7 ) 

with  k + =  xp +. S e ve ra l im p o rta n t  fe a tu re s  a re  n o w a p p a re n t: (i) Th e  J ~, in  (1 6 ) m e a n s  th a t th e  q u a rk a n d  
a n tiq u a rk in  th e  g lu o n 's  wa ve fu n c tio n  h a ve  o p p o s ite  he lic itie s , (ii) th e  z -c o m p o n e n t  o f th e  g lu o n 's  s p in  is  ca r- 
rie d  b y the  o rb ita l a n g u la r m o m e n tu m  [ 16 ] o f th e  q u a rk-a n t iq u a rk p a ir a s  is  e vid e n t fro m  th e  k ~ + ik:  fo rm  o f 
the  wa ve fu n c tio n .  If we  write  k I + ik 2 = I kT I e  + ~, th e n  L~ = - ia /a ~  g ive s  + 1 a c tin g  o n  th e  wa ve fu n c tio n  ( 15 ). 
(iii) Afte r s q u a rin g  ~u,,.., a s  g ive n  b y ( 15 ) a n d  ( 16 ), a n d  m u ltip lyin g  b y t77 ÷ ~'5 u o r f~ ÷ 75 v, a s  g ive n  b y ( 17 ), th e  
te rm  e ve n  in  r i.s p ro p o rtio n a l to  1 - 2 x  a n d  s o  in te g ra te s  to  ze ro .  Th is  is  th e  ch ira l z e ro  c o m in g  fro m  th e  fa c t 
th a t 7 ÷ 75 m e a s u re s  q u a rk o r a n tiq u a rk he lic ity a n d  th e  re s u lt th a t th e  q u a rk a n d  a n tiq u a rk c a rry n o  n e t he lic ity 
in  th e  p re s e n t c irc u m s ta n c e .  

Th e  a n o m a ly,  g ive n  b y (1 3 a ),  d o e s  n o t s e e m  to  h a ve  a  q u a rk F o c k-s p a c e  in te rp re ta tio n .  Th is  is  a ls o  e vid e n t 
fro m  (1 0 ),  wh e re  o n e  s e e s  th a t th e  a n o m a ly c o rre s p o n d s  to  a  p h a s e  s pa ce  re g io n  kT--,~  a s  n--,4 , a  re g ion  n o t 
o b vio u s ly c o n ta in e d  in  th e  wa ve fu n c tio n  ( 15 ). Be c a u s e  o f th e  la rge  kT va lue s  in vo lve d  it is  a ls o  c le a r th a t th e  
a n o m a ly c a n  b e  vie we d  a s  a  loca l c o n trib u tio n  wh ic h  d ire c tly m e a s u re s  g lu o n  he lic ity. Th u s  

1 o~Nr (18) 
2p + (P '+[J ~ IP '+)=-T - 2 ~--'  

with  th e  -Y- c o rre s p o n d in g  to  th e  he lic ity o f the  g luon . Th e  a n o m a ly c o n trib u tio n  to  j~' d ire c tly m e a s u re s  th e  
he lic ity o f th e  g lu o n  c o m p o n e n t  o f a  h a d ro n ' s  wa ve fu n c tio n ,  with  th e  p ro p o rtio n a lity fa c to r [ 10] -o ~ Nf/2 n .  In  
o rd e r to  g ive  fu rth e r e vid e n c e  to wa rd  th is  in te rp re ta tio n  we  n o w tu rn  to  a n  e xa m in a tio n  o f d e e p  ine la s tic  s ca t- 
te ring  o ff p o la riz e d  g luons .  

3. The  box graphs  and the  operator product expans ion [17] 

C o n s id e r th e  two  lowe s t o rd e r g ra p h s  c o rre s p o n d in g  to  a  virtu a l p h o to n  q s c a tte rin g  o ff a  g lu o n  p . O u r in te re s t 
is  in  the  ca s e  wh e re  b o th  the  g lu o n  a n d  virtu a l p h o to n  a re  p o la riz e d .  We  c h o o s e  p ~ '= ( p - ,  p + ,  0, 0 ),  qU= ( q - ,  
q +, 0, 0 ) with  x =  Q2/2p.q = - q ÷/p  +, wh e re  2p  + p -  = - p2  is  ta ke n  n o n -z e ro  fo r p u rp o s e s  o f in fra re d  re gula - 
tion . Th e  c o n trib u tio n  o f the  g ra p h  in  fig. 2a  a lo n g  with  a  g ra p h  h a vin g  q u a rks  c irc u la tin g  in  th e  o p p o s ite  s e ns e  
is  

2NrTg2 f d 4 ktr{ }(2 x )J ( ( p - k ) 2 - m 2 ) j(  (q +k )2 -m  2) 
A=  (2 n )  ~ ( k 2 _ m e + ie )  2 , (1 9 ) 

with  

tr{ }=  ¼eae ,,,, tr{Ts (? .k+ rn)ym [7" (q +k ) +m ]7,(7"k+m )7,[y" ( p - k )  - m ] }, (2 0 ) 

wh e re  th e  ~s  a n d  ~1,,, fa c to rs  a re  a n tis ym m e tric  te n s o rs  in  th e  two  tra n s ve rs e  d im e n s io n s  a n d  ~ 12 = + 1. A is  re la te d  
to  th e  c o n ve n tio n a l g l fo r d e e p  ine la s tic  s c a tte rin g  o ff tra n s ve rs e ly p o la riz e d  g luons  b y g~ = ½  ( e  ~-)A. Ad d in g  th e  
c o n trib u tio n  o f th e  g ra p h  in  fig. 2b  to  ( 19 ), o n e  o b ta in s  a  to ta l c o n trib u tio n  
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Fig. 4. A graph contributing to the gluon matrix element of a quark operator.

Their argument is based on a calculation of the gluon matrix element of the
operator A2. (fig. 4), or equivalently of the box diagram which gives

—a/2IT p2>>m2(g,s~A~jg,s)= 2 2 (5.6)
0

where p2 and m2 are the gluon invariant mass-squared and the quark mass-squared,
respectively. Carlitz et al. observe that the —a

5/2ir contribution comes from k1
in the Compton process and is present whether or not p

2 is large
compared to m2. This large k

1 process would be observed as “y”p —s 2 jets and
measures a (polarized) gluon distribution Lig. When m

2 >> p2, infrared contribu-
tions give rise to a +a

5/2ir contribution which exactly cancels this “hard”
contribution. However, as they explain, this contribution is part of the “y”p —s 1 jet
cross section, measures a quark distribution, and belongs in .~(Q~)— Li1(Q

2) =

.~(Q2)which they view as the “intrinsic” quark contribution to 1(Q2). The reader
is referred to ref. [13] for a more complete summary of this argument.
The authors of refs. [12, 131 suggest that the triangle diagram provides a local

probe of the gluon distribution in the target. If this were true, Lii would be
protected from infrared problems and the calculation would be reliable in the
usual sense. However, we believe there are strong arguments that the triangle is
not local in the sense required. It is therefore not necessarily protected from
infrared effects, in particular from the non-perturbative effects which give the ~‘ a
mass*.
The general form of the triangle graph in which the axial current and gluons

carry momenta q, k
1 and k2 (q = k1 + k2) is given, for example, by Adler [52]. It is

clearly non-local (i.e. not a polynomial in k1 and k2). The arguments of refs.
[12, 13] do not require the entire triangle to be local, only the “anomalous part”
which has no Fock-space interpretation and gives rise to the anomalous diver-
gence. However, the essence of the anomaly is the proof (see ref. [52]) that there is
no gauge invariant local counterterm for the anomaly. Thus we know for certain
that the “anomalous part” of the triangle which gives rise to the —a5/

2ir cannot

* In an earlier version of this paper we suggested that the identification of LIT as a “gluonic”
contribution would break down in higher orders of perturbation theory and proposed graphs which
might be responsible. Subsequently, explicit calculations have shown this not to be the case [501.

R. L. Jaffe, A. Manohar
Nucl. Phys., B337, 509 (1990)

How is the pole cancelled? Interplay between perturbative and non-perturbative physics. The mechanism of 
the cancelation is deeply related to the  problem in QCD - topological mass generation of the .UA(1) m2

η′￼



Pseudoscalar contribution
To see the mechanism of cancelation of the infrared pole 
we have to extend the theory to the pseudoscalar sector

scalar field
pseudoscalar 
field (mesons)

D’Hoker, Gagne, hep-th/9508131
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Functional integral representation of the imaginary part 
of the effective action:
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A

<latexit sha1_base64="x0MspzDAER7N8YEfpg9pJYv5XTA=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVRIRdVl147IF+4A2lMnkph06mYSZiVBC8QPc6ie4E7d+i1/gbzhts7CtBy4czrmXe+/xE86Udpxvq7C2vrG5Vdwu7ezu7R+UD49aKk4lxSaNeSw7PlHImcCmZppjJ5FIIp9j2x/dT/32E0rFYvGoxwl6ERkIFjJKtJEat/1yxak6M9irxM1JBXLU++WfXhDTNEKhKSdKdV0n0V5GpGaU46TUSxUmhI7IALuGChKh8rLZoRP7zCiBHcbSlND2TP07kZFIqXHkm86I6KFa9qbif1431eGNlzGRpBoFnS8KU27r2J5+bQdMItV8bAihkplbbTokklBtslnYosxTQwwmJZOMu5zDKmldVN2r6mXjslK7yzMqwgmcwjm4cA01eIA6NIECwgu8wpv1bL1bH9bnvLVg5TPHsADr6xdj45Wn</latexit>

A

<latexit sha1_base64="1gf66Vg2P+V1/PzD+xZI4O4fies=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMcQLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa9UG5YlftOcg6cXJSgRyNQfmn78csDTHSTFCleo6daDejUnMmcFrqpwoTysZ0iD1DIxqicrP5oVNyYRSfBLE0FWkyV/9OZDRUahJ6pjOkeqRWvZn4n9dLdXDnZjxKUo0RWywKUkF0TGZfE59LZFpMDKFMcnMrYSMqKdMmm6Utyjw1Qn9aMsk4qzmsk/ZV1bmpXjevK7V6nlERzuAcLsGBW6jBAzSgBQwQXuAV3qxn6936sD4XrQUrnzmFJVhfv2V8lag=</latexit>

B

<latexit sha1_base64="1gf66Vg2P+V1/PzD+xZI4O4fies=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMcQLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa9UG5YlftOcg6cXJSgRyNQfmn78csDTHSTFCleo6daDejUnMmcFrqpwoTysZ0iD1DIxqicrP5oVNyYRSfBLE0FWkyV/9OZDRUahJ6pjOkeqRWvZn4n9dLdXDnZjxKUo0RWywKUkF0TGZfE59LZFpMDKFMcnMrYSMqKdMmm6Utyjw1Qn9aMsk4qzmsk/ZV1bmpXjevK7V6nlERzuAcLsGBW6jBAzSgBQwQXuAV3qxn6936sD4XrQUrnzmFJVhfv2V8lag=</latexit>

B

<latexit sha1_base64="x0MspzDAER7N8YEfpg9pJYv5XTA=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVRIRdVl147IF+4A2lMnkph06mYSZiVBC8QPc6ie4E7d+i1/gbzhts7CtBy4czrmXe+/xE86Udpxvq7C2vrG5Vdwu7ezu7R+UD49aKk4lxSaNeSw7PlHImcCmZppjJ5FIIp9j2x/dT/32E0rFYvGoxwl6ERkIFjJKtJEat/1yxak6M9irxM1JBXLU++WfXhDTNEKhKSdKdV0n0V5GpGaU46TUSxUmhI7IALuGChKh8rLZoRP7zCiBHcbSlND2TP07kZFIqXHkm86I6KFa9qbif1431eGNlzGRpBoFnS8KU27r2J5+bQdMItV8bAihkplbbTokklBtslnYosxTQwwmJZOMu5zDKmldVN2r6mXjslK7yzMqwgmcwjm4cA01eIA6NIECwgu8wpv1bL1bH9bnvLVg5TPHsADr6xdj45Wn</latexit>

A

<latexit sha1_base64="x0MspzDAER7N8YEfpg9pJYv5XTA=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVRIRdVl147IF+4A2lMnkph06mYSZiVBC8QPc6ie4E7d+i1/gbzhts7CtBy4czrmXe+/xE86Udpxvq7C2vrG5Vdwu7ezu7R+UD49aKk4lxSaNeSw7PlHImcCmZppjJ5FIIp9j2x/dT/32E0rFYvGoxwl6ERkIFjJKtJEat/1yxak6M9irxM1JBXLU++WfXhDTNEKhKSdKdV0n0V5GpGaU46TUSxUmhI7IALuGChKh8rLZoRP7zCiBHcbSlND2TP07kZFIqXHkm86I6KFa9qbif1431eGNlzGRpBoFnS8KU27r2J5+bQdMItV8bAihkplbbTokklBtslnYosxTQwwmJZOMu5zDKmldVN2r6mXjslK7yzMqwgmcwjm4cA01eIA6NIECwgu8wpv1bL1bH9bnvLVg5TPHsADr6xdj45Wn</latexit>

A
<latexit sha1_base64="1gf66Vg2P+V1/PzD+xZI4O4fies=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMcQLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa9UG5YlftOcg6cXJSgRyNQfmn78csDTHSTFCleo6daDejUnMmcFrqpwoTysZ0iD1DIxqicrP5oVNyYRSfBLE0FWkyV/9OZDRUahJ6pjOkeqRWvZn4n9dLdXDnZjxKUo0RWywKUkF0TGZfE59LZFpMDKFMcnMrYSMqKdMmm6Utyjw1Qn9aMsk4qzmsk/ZV1bmpXjevK7V6nlERzuAcLsGBW6jBAzSgBQwQXuAV3qxn6936sD4XrQUrnzmFJVhfv2V8lag=</latexit>

B

<latexit sha1_base64="6m+RfNUfgpXEqT3LgfBfsDfcw7M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh15D9MsVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqndZrd3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gAiC422</latexit>

⇧

<latexit sha1_base64="5woa2AhwFXqrkL5bju3TM2iWDCI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NGxHbFStuXV3AbROvILUoEB7VP0ajmOSCioN4Vjrgecmxs+wMoxwOq8MU00TTKZ4QgeWSiyo9rPFrXN0YZUxCmNlSxq0UH9PZFhoPROB7RTYRHrVy8X/vEFqwhs/YzJJDZVkuShMOTIxyh9HY6YoMXxmCSaK2VsRibDCxNh4KjYEb/XlddK9qnvNeuOhUWvdFnGU4QzO4RI8uIYW3EMbOkAggmd4hTdHOC/Ou/OxbC05xcwp/IHz+QPlp44o</latexit>

�

This is the most general parametrization of the phase of the 
Dirac determinant in terms of scalar, pseudoscalar, vector 
and axial vector fields

incomplete 

complete 



Wess-Zumino-Witten coupling Tarasov, Venugopalan 
arXiv:2109.10370

p↵

<latexit sha1_base64="qSbWG5iO/696KdlZpGcnS+++rqE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2A9oY5lsN+3STbLuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8QAqujet+O4WV1bX1jeJmaWt7Z3evvH/Q1EmqKGvQRCSqHaBmgsesYbgRrC0VwygQrBWMbqZ+64kpzZP43owl8yMcxDzkFI2V2vKhi0IOsVeuuFV3BrJMvJxUIEe9V/7q9hOaRiw2VKDWHc+Vxs9QGU4Fm5S6qWYS6QgHrGNpjBHTfja7d0JOrNInYaJsxYbM1N8TGUZaj6PAdkZohnrRm4r/eZ3UhJd+xmOZGhbT+aIwFcQkZPo86XPFqBFjS5Aqbm8ldIgKqbERlWwI3uLLy6R5VvXOq1d355XadR5HEY7gGE7BgwuowS3UoQEUBDzDK7w5j86L8+58zFsLTj5zCH/gfP4AFtmQBg==</latexit>

q�

<latexit sha1_base64="f/BnzgFqMWdI5BBVjnHp7PW144k=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2A9oY9lsN+3SzSbuToQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2J1j+OE+xEdKBEKRtFKrceHbsCR9soVt+rOQJaJl5MK5Kj3yl/dfszSiCtkkhrT8dwE/YxqFEzySambGp5QNqID3rFU0YgbP5udOyEnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NLPhEpS5IrNF4WpJBiT6e+kLzRnKMeWUKaFvZWwIdWUoU2oZEPwFl9eJs2zqndevbo7r9Su8ziKcATHcAoeXEANbqEODWAwgmd4hTcncV6cd+dj3lpw8plD+APn8wdP5o+T</latexit>

l⇢

<latexit sha1_base64="IUDPYPgMczjc7YKndltrdh54o0M=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoN6KXjxWsB/QriWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8LK6tr6RnGztLW9s7tX3j9oGpVqyhpUCaXbITFMcMkallvB2olmJA4Fa4Wjm6nfemLacCXv7ThhQUwGkkecEuukpnjo6qHqlSte1ZsBLxM/JxXIUe+Vv7p9RdOYSUsFMabje4kNMqItp4JNSt3UsITQERmwjqOSxMwE2ezaCT5xSh9HSruSFs/U3xMZiY0Zx6HrjIkdmkVvKv7ndVIbXQYZl0lqmaTzRVEqsFV4+jruc82oFWNHCNXc3YrpkGhCrQuo5ELwF19eJs2zqn9evbo7r9Su8ziKcATHcAo+XEANbqEODaDwCM/wCm9IoRf0jj7mrQWUzxzCH6DPH6MtjzE=</latexit>

<latexit sha1_base64="6m+RfNUfgpXEqT3LgfBfsDfcw7M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh15D9MsVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqndZrd3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gAiC422</latexit>

⇧

<latexit sha1_base64="nWwFofU58f/o0tULfi1Y4v69JVA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY+oF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftMrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1dssjjycwCmcgwdXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AJXLjM4=</latexit>

A
<latexit sha1_base64="nWwFofU58f/o0tULfi1Y4v69JVA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY+oF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftMrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1dssjjycwCmcgwdXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AJXLjM4=</latexit>

A

<latexit sha1_base64="i8EYP4V7vYRHFgJyA94B7pJ470s="></latexit>
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<latexit sha1_base64="L32SxJ+q89CPXd4ZKvJIS4nT2iQ="></latexit>

Vi ⌘
Z T

0
d⌧i

⇣
ẋ⇢(⌧i) + E ⇢(⌧i) 

↵(⌧i)@↵
⌘
A⇢(xi)Interaction with the background 

gluon field:
Separation of the zero-modes:

<latexit sha1_base64="6VEQQyZYmvwfXSPJJIPOrQwR5Gc=">AAACG3icbVDLSsNAFJ3UV62vqEsRBotQEUoiRd0IRTcuK9gHNKFMJpN26GQSZiZiCV35HX6AW/0Ed+LWhV/gbzhps7CtBwbOPede7tzjxYxKZVnfRmFpeWV1rbhe2tjc2t4xd/daMkoEJk0csUh0PCQJo5w0FVWMdGJBUOgx0vaGN5nffiBC0ojfq1FM3BD1OQ0oRkpLPfPQiSWtOAolJ/AKZgU8hc5jLvXMslW1JoCLxM5JGeRo9Mwfx49wEhKuMENSdm0rVm6KhKKYkXHJSSSJER6iPulqylFIpJtOzhjDY634MIiEflzBifp3IkWhlKPQ050hUgM572Xif143UcGlm1IeJ4pwPF0UJAyqCGaZQJ8KghUbaYKwoPqvEA+QQFjp5Ga2SH3UgPjjkk7Gns9hkbTOqvZ5tXZXK9ev84yK4AAcgQqwwQWog1vQAE2AwRN4Aa/gzXg23o0P43PaWjDymX0wA+PrFwydoBI=</latexit>

 (⌧) =  + ⇠(⌧)
<latexit sha1_base64="uV7QgZtI0olQxVmDmXsWbXZ+7og=">AAACHXicbVDLSsNAFJ3UV62vqEsXDhahIpREiroRim5cVrAPaEKYTCbt0MmDmYkYQpZ+hx/gVj/BnbgVv8DfcNpGsNUDFw7n3Mu997gxo0IaxqdWWlhcWl4pr1bW1jc2t/TtnY6IEo5JG0cs4j0XCcJoSNqSSkZ6MScocBnpuqOrsd+9I1zQKLyVaUzsAA1C6lOMpJIcff++ZkmUOPQIXkDLRTxLc3gM0x/V0atG3ZgA/iVmQaqgQMvRvywvwklAQokZEqJvGrG0M8QlxYzkFSsRJEZ4hAakr2iIAiLsbPJIDg+V4kE/4qpCCSfq74kMBUKkgas6AySHYt4bi/95/UT653ZGwziRJMTTRX7CoIzgOBXoUU6wZKkiCHOqboV4iDjCUmU3s0Wop4bEyysqGXM+h7+kc1I3T+uNm0a1eVlkVAZ74ADUgAnOQBNcgxZoAwwewBN4Bi/ao/aqvWnv09aSVszsghloH9/1/aEc</latexit>

x(⌧i) = ȳ + y(⌧i)

<latexit sha1_base64="UCrMiYqp5P0RZp7C3KjYiAQ7O5I="></latexit>Z
d5  µ ⌫ ⇢ � 5 = ✏µ⌫⇢�

<latexit sha1_base64="P6T0pq6/j6ElRKGYFBGavJoWPxA="></latexit>Z
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Calculation of the the Grassmann functional integrals: 



Wess-Zumino-Witten coupling

Leutwyler (1996); Herrara-Sikody et al (1997); 
Leutwyler-Kaiser (2000)

<latexit sha1_base64="7XtJWwRdw4X0/GRF5C2mMeMHLEQ="></latexit>
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ig2 2nf
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We calculate the imaginary part of the effective action in the leading 
order in . It generates the isosinglet Wess-Zumino-Witten coupling Π
∝ η̄FF̃

Tarasov, Venugopalan 
arXiv:2109.10370

in agreement with the corresponding term in  which was derived 
from chiral perturbation theory

ℒWZW

p↵

<latexit sha1_base64="qSbWG5iO/696KdlZpGcnS+++rqE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2A9oY5lsN+3STbLuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8QAqujet+O4WV1bX1jeJmaWt7Z3evvH/Q1EmqKGvQRCSqHaBmgsesYbgRrC0VwygQrBWMbqZ+64kpzZP43owl8yMcxDzkFI2V2vKhi0IOsVeuuFV3BrJMvJxUIEe9V/7q9hOaRiw2VKDWHc+Vxs9QGU4Fm5S6qWYS6QgHrGNpjBHTfja7d0JOrNInYaJsxYbM1N8TGUZaj6PAdkZohnrRm4r/eZ3UhJd+xmOZGhbT+aIwFcQkZPo86XPFqBFjS5Aqbm8ldIgKqbERlWwI3uLLy6R5VvXOq1d355XadR5HEY7gGE7BgwuowS3UoQEUBDzDK7w5j86L8+58zFsLTj5zCH/gfP4AFtmQBg==</latexit>

q�

<latexit sha1_base64="f/BnzgFqMWdI5BBVjnHp7PW144k=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2A9oY9lsN+3SzSbuToQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2J1j+OE+xEdKBEKRtFKrceHbsCR9soVt+rOQJaJl5MK5Kj3yl/dfszSiCtkkhrT8dwE/YxqFEzySambGp5QNqID3rFU0YgbP5udOyEnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NLPhEpS5IrNF4WpJBiT6e+kLzRnKMeWUKaFvZWwIdWUoU2oZEPwFl9eJs2zqndevbo7r9Su8ziKcATHcAoeXEANbqEODWAwgmd4hTcncV6cd+dj3lpw8plD+APn8wdP5o+T</latexit>

l⇢
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where  is a massless “primordial” ninth Goldstone boson arising from the 
spontaneous symmetry breaking of the flavor group 

η̄
UL(3) × UR(3)

a b c d
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another pole



Anomaly pole and the  problemUA(1)
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However  is not observed. Instead there is a heavy  
( ) - the famous  problem.

η̄ η′￼

mη′￼
≈ 957MeV UA(1)
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There is no Goldstone pole just as there is no anomaly pole 
in the QCD spectrum

We demonstrate that the dynamical interplay between the physics of 
the anomaly, and that of the isosinglet pseudoscalar  sector of 
QCD resolves both problems simultaneously: the lifting of the  pole 
by topological mass generation of the  and the cancellation of the 
anomaly pole

UA(1)
η̄

η′￼
a b c d
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Tarasov, Venugopalan 
arXiv:2109.10370

the same 
mechanism
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This mechanism relates the helicity structure of the proton to the topology 
of the QCD vacuum



How is the pole cancelled?
The fundamental role is played by the Wess-Zumino-Witten (WZW) coupling between the topological 
charge density  to a primordial massless isosinglet . We determine it in the worldline formalism, agrees 
with ChPT.

Ω η̄

a b c d

(a) (b) (c) (d)

triangle 
diagram

WZW
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Leutwyler (1996); Herrara-Sikody et al (1997); Leutwyler-Kaiser (2000)
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Pseudovector vs. pseudoscalar coupling

a b c d
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hP 0, S|Jµ
5 |P, Si = ū(P 0, S)

h
�µ�5GA(l
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i
u(P, S)

Pseudoscalar coupling to the polarized protonDirect axial-vector coupling

(a) (b) (c) (d)

We establish relations between 
diagrams using anomaly equation 
and absence of the infrared pole in 

 GP(l2)

This relations will allow us to connect quark helicity  to the topological properties of QCDΣ



 Goldberger-Treiman relation

Using the anomaly equation we derive a generalization of the well-known Goldberger-Treiman which relates 
axial-vector and pseudoscalar sectors:

Veneziano (89)
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p
2ñf F⌘̄ g⌘0NNSµ

pseudoscalar 
coupling

decay constant

a b c d

related
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GA(0)

(a) (b)

Since  form factor doesn’t 
have a pole:
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lim
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hP 0, S|Jµ
5 |P, Si = 2MN GA(0)S

µ
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⌃(Q2) = 2GA(0)

We can further relate the decay constant  to the QCD 
topological susceptibility

Fη̄



Topological susceptibility

a b c d

(c)

Topological 
susceptibility
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�(l2) = i

Z
d4x eilxh0|T ⌦(x)⌦(0)|0i
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Yang-Mills topological 
susceptibility χYM(l2)
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We compute the QCD topological susceptibility 
diagrammatically using the WZW term
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�YM(0)

In agreement with 
Witten-Veneziano 
formula for m2

η′￼

Topological mass generation of . 
Solution of the  problem

η′￼

UA(1)

In the forward limit: 
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�(0) = 0 but 
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�0(0) 6= 0 Diagram (c) is defined by  and χ′￼(0) Fη′￼

QCD topological susceptibility 
contains an infinite number of 

 insertionsη̄



Infrared pole cancelation

a b c d

related

(c)(b)

From the cancellation of the infrared pole we related diagrams (b) 
and (c) which yields a relation between  the decay constant and the 
QCD topological susceptibility
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Goldberger-
Treiman
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Recover a Shore-Veneziano result (derived using 
anomalous functional chiral Ward identities)

Shore, Veneziano (1992)
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a0|Q2=10GeV 2 = 0.33± 0.05

In agreement with COMPASS ( ) and HERMES 
data ( )

a0 |Q2=3GeV2 = 0.35 ± 0.08
a0 |Q2=5GeV2 = 0.330 ± 0.064

Anomaly cancellation and topological screeening

Computations on the lattice… Bali et al., arXiv:2106.05398

Sum rule analysis in good agreement 
with HERMES and COMPASS data

GA|model = 0.33±0.05

Narison,Shore,Veneziano (1998) HERMES (Q2= 5 GeV2) 
COMPASS (Q2=3 GeV2)

G. VenezianoG. M. Shore

Magnitude of  of OZI violation

Anomaly cancellation and topological screeening

Computations on the lattice… Bali et al., arXiv:2106.05398

Sum rule analysis in good agreement 
with HERMES and COMPASS data

GA|model = 0.33±0.05

Narison,Shore,Veneziano (1998) HERMES (Q2= 5 GeV2) 
COMPASS (Q2=3 GeV2)

G. VenezianoG. M. Shore

Magnitude of  of OZI violation

Shore Veneziano

Gives a natural resolution of the spin 
crisis
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�0(0) topological screening
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hP, S|Jµ
5 |P, Si = MNSµ⌃(Q2) = 2MNSµa0

Shore (2007), Narison (2021)



We use powerful worldline QFT formalism to compute box diagram 
contribution to  in exact kinematics of internal variablesg1

k1
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Infrared pole and the structure function g1
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where the vertex corresponds to the interaction of a worldline with 
the external current
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This is the most general expression 
for the box diagram. We calculate it 
in Bjorken (large ) and Regge 
(small ) asymptotic limits.
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This result for the box diagram is noteworthy because the functional dependence on the external momenta of the
gauge fields does not rely on any kinematic assumptions. Further, since the result is insensitive to color or flavor,
at this level, it only depends on these external momenta and not on whether the gauge field corresponding to a
momentum label is a gluon or a photon. As we will show, this property of the box diagram in the worldline formalism
will prove extremely useful. In particular, in the following two sections, we will explore the structure of the box
diagram represented by Eq. (38) in the physically interesting Bjorken and Regge asymptotics respectively. We will
show explicitly in both limits that the leading contribution to the box diagram is given by the triangle anomaly.
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FIG. 2. Two “triangle” limits of the box diagram: a) the Bjorken limit, given by Eq. (39), b) the Regge limit given by Eq. (40).

In the Bjorken limit of QCD, when the virtuality of the incoming photons Q
2 ! 1 and xB = Q2

2P ·q is fixed, the

distance between the points of interaction of the worldline with the incoming photons (⌧1 ! ⌧3) is defined by a
negligibly small number u1 � u3 ⇠ ⇤2

QCD/Q
2, where ⇤QCD ⇡ 200 MeV is the intrinsic non-perturbative scale of the

theory. This limit of the box diagram is illustrated in Fig. 2a. In this limit,
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Corrections to this formula are suppressed by a relative power 1/Q
2.

In a similar fashion, the Regge limit of perturbative QCD (pQCD) is characterized by a fixed virtuality Q
2 � ⇤2

QCD
and xBj ! 0. In these asymptotics, the interaction of the worldline with the background gluons corresponds to an
instantaneous interaction with a shock wave; in the box diagram, this corresponds to ⌧2 ! ⌧4, or equivalently, u2 ' u4,
as shown in Fig. 2b. As a result, in this limit,
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In analogy to the Bjorken limit, corrections to this expression are suppressed by a relative power ⇠ Q
2
s/M

2, where
M

2 = 2xP · q is a large scale when s ! 1. Here x denotes the longitudinal momentum fraction of the proton
momentum carried by the background gluon, and Qs denotes the typical transverse momentum6 of the background

6
We will discuss this emergent scale further in section IV.
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Infrared pole and the structure function g1
We find that  (box diagram) is dominated by the triangle anomaly -  is topological in both asymptotic 
limits of QCD. This suggests that  is governed by topology as in the case for the first moment

g1 g1
g1

Sµg1(xB , Q
2)
���
Q2!1
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Tarasov, Venugopalan (arXiv:2008.08104) 

infrared pole

Note: interpretation of the r.h.s. as a contribution to  is ambiguous since it’s proportional  and not . 
However, Goldberger-Treiman relation shows that axial and pseudoscalar sectors are tied.

g1 lμ Sμ
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Pole cancellation beyond the first moment
Isosinglet exchange is the only known mechanism to cancel anomaly pole. The absence of the physical 
pole must go through as for the first moment

a b c d



Generalized Goldberger-Treiman relation
One requires the anomaly equation to be valid for the “smeared” topological charge density. If this 

generalized Goldberger-Treiman relation holds, one can relate  directly to the coefficient of the  
divergent term in the box diagram calculation

g1
lμ

l2

Generalized Goldberger-Treiman
Likewise, for the G-T relation to be valid, one requires 
the  anomaly equation to be valid for the “smeared” 
topological charge density

This is not unexpected from the perspective of 
the point-splitting approach to derivations of the anomaly 
equation 

If this generalized Goldberger-Treiman relation holds,  
everything follows as for the first moment, and one can relate g1 (singlet) 
directly to the coefficient of the ,

#

,$ divergent term in the box diagram calculation
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everything follows as for the first moment, and one can relate g1 (singlet) 
directly to the coefficient of the ,

#

,$ divergent term in the box diagram calculation
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Gluon saturation at small-x

1.2.2 The Nucleus, a QCD Laboratory

The nucleus is a QCD “molecule”, with a complex structure corresponding to bound states
of nucleons. Understanding the formation of nuclei in QCD is an ultimate long-term goal of
nuclear physics. With its wide kinematic reach, as shown in Fig. 1.5 (Left), the capability
to probe a variety of nuclei in both inclusive and semi-inclusive DIS measurements, the
EIC will be the first experimental facility capable of exploring the internal 3-dimensional
sea quark and gluon structure of a fast-moving nucleus. Furthermore, the nucleus itself is
an unprecedented QCD laboratory for discovering the collective behavior of gluonic matter
at an unprecedented occupation number of gluons, and for studying the propagation of
fast-moving color charges in a nuclear medium.
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Figure 1.5: Left: The range in the square of the transferred momentum by the electron to the
nucleus, Q2, versus the parton momentum fraction x accessible to the EIC in e-A collisions at
two di↵erent center-of-mass energies, compared with the existing data. Right: The schematic
probe resolution vs. energy landscape, indicating regions of non-perturbative and perturbative
QCD, including in the latter, low to high saturated parton density, and the transition region
between them.

QCD at Extreme Parton Densities
In QCD, the large soft-gluon density enables
the non-linear process of gluon-gluon recom-
bination to limit the density growth. Such a
QCD self-regulation mechanism necessarily
generates a dynamic scale from the interac-
tion of high density massless gluons, known
as the saturation scale, Qs, at which gluon
splitting and recombination reach a balance.
At this scale, the density of gluons is ex-
pected to saturate, producing new and uni-
versal properties of hadronic matter. The
saturation scale Qs separates the condensed
and saturated soft gluonic matter from the
dilute, but confined, quarks and gluons in a
hadron, as shown in Fig. 1.5 (Right).

The existence of such a state of satu-
rated, soft gluon matter, often referred to as
the Color Glass Condensate (CGC), is a di-
rect consequence of gluon self-interactions in
QCD. It has been conjectured that the CGC
of QCD has universal properties common to
nucleons and all nuclei, which could be sys-
tematically computed if the dynamic satu-
ration scale Qs is su�ciently large. How-
ever, such a semi-hard Qs is di�cult to
reach unambiguously in electron-proton scat-
tering without a multi-TeV proton beam.
Heavy ion beams at the EIC could provide
precocious access to the saturation regime
and the properties of the CGC because the
virtual photon in forward lepton scattering

7

The dynamics of the gauge fields in the small-x limit 
are qualitatively different. In the Regge asymptotics 
the gluon field saturate (strong classical field!). The 
saturation scale  emerge.Q2

s

McLerran, Venugopalan (1994)

In the Regge limit, the YM topological susceptibility  , is 
dominated by a solution in a saturated small-x background 
field. It’s not any more a vacuum solution. How do we 
describe the small-x gauge field?

χYM



Axion-like effective action at small-x

1.2.2 The Nucleus, a QCD Laboratory

The nucleus is a QCD “molecule”, with a complex structure corresponding to bound states
of nucleons. Understanding the formation of nuclei in QCD is an ultimate long-term goal of
nuclear physics. With its wide kinematic reach, as shown in Fig. 1.5 (Left), the capability
to probe a variety of nuclei in both inclusive and semi-inclusive DIS measurements, the
EIC will be the first experimental facility capable of exploring the internal 3-dimensional
sea quark and gluon structure of a fast-moving nucleus. Furthermore, the nucleus itself is
an unprecedented QCD laboratory for discovering the collective behavior of gluonic matter
at an unprecedented occupation number of gluons, and for studying the propagation of
fast-moving color charges in a nuclear medium.
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two di↵erent center-of-mass energies, compared with the existing data. Right: The schematic
probe resolution vs. energy landscape, indicating regions of non-perturbative and perturbative
QCD, including in the latter, low to high saturated parton density, and the transition region
between them.

QCD at Extreme Parton Densities
In QCD, the large soft-gluon density enables
the non-linear process of gluon-gluon recom-
bination to limit the density growth. Such a
QCD self-regulation mechanism necessarily
generates a dynamic scale from the interac-
tion of high density massless gluons, known
as the saturation scale, Qs, at which gluon
splitting and recombination reach a balance.
At this scale, the density of gluons is ex-
pected to saturate, producing new and uni-
versal properties of hadronic matter. The
saturation scale Qs separates the condensed
and saturated soft gluonic matter from the
dilute, but confined, quarks and gluons in a
hadron, as shown in Fig. 1.5 (Right).

The existence of such a state of satu-
rated, soft gluon matter, often referred to as
the Color Glass Condensate (CGC), is a di-
rect consequence of gluon self-interactions in
QCD. It has been conjectured that the CGC
of QCD has universal properties common to
nucleons and all nuclei, which could be sys-
tematically computed if the dynamic satu-
ration scale Qs is su�ciently large. How-
ever, such a semi-hard Qs is di�cult to
reach unambiguously in electron-proton scat-
tering without a multi-TeV proton beam.
Heavy ion beams at the EIC could provide
precocious access to the saturation regime
and the properties of the CGC because the
virtual photon in forward lepton scattering
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WZW coupling

The background gauge configurations are static classical 
configurations and their dynamics is described by the Color 
Glass Condensate (CGC) Effective Field Theory and 
controlled by the saturation scale Q2

s > Λ2
QCD

We  construct an axion-like effective action at small  that 
describes the interplay between gluon saturation and the 
topology of the QCD vacuum. It contains the WZW coupling 
and a kinetic term for the  field. This dynamics is governed 
by the 
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The  structure functiong1(xB, Q2)
We can detect the topological transitions in DIS by measuring  structure function. We write an expression 
for  using our axion-like effective action at small-  which describes the interplay between gluon saturation 
and the topology of the QCD vacuum

g1
g1 xB
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What effect do we expect to see in  due to the topological transitions?g1
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FIG. 8. The vacuum energy of ✓-vacua as function of the Chern-Simons number NCS labeled by positive and negative integers.
The arrows denote instanton/anti-instanton tunneling configurations and over-the-barrier sphaleron configurations; both of
these e↵ects result in a change of the Chern-Simons number.

The explicit derivation in [39], performed in the real-time Schwinger-Keldysh formalism, gives after thermal averaging
(here corresponding to the averaging of sources),

@2⌘0

@t2
= ��

@⌘0

@t
� m2

⌘0⌘0 . (92)

A subtle point, discussed at length in [39], is that the coupling of the gauge fields to the color charges does not alter
topological mass generation whereby ⌘̄ ! ⌘0. Both ⌘̄ and ⌘0 couple identically to ⌦, with the only di↵erence being
the strength of the coupling given by the di↵erence in their respective decay constants.

In particular, note that the only di↵erence in the equations of motion relative to that derived from Eq. (80) is the
term with the friction coe�cient �. This term reflects the drag on ⌘0 propagation due to the coupling of the color
sources to the gauge field. In our picture, this is fundamentally what causes the quenching of the coe�cient (g1) of
the spin four-vector Sµ reflecting the e�ciency of spin di↵usion28.

The underlying dynamics is illustrated in Fig. 8. In ‘t Hooft’s picture [16, 17], tunneling instanton-anti-instanton
configurations generate the nontrivial Yang-Mills topological susceptibility which, we have seen, are responsible for the
large ⌘0 mass. The e↵ect of the coupling to large x sources, and the averaging over WY [⇢] is to introduce the saturation
momentum QS > ⇤QCD, which can lead to over-the-barrier sphaleron transitions as shown in Fig. 8. For the finite
temperature case, the friction coe�cient � is proportional to the sphaleron transition rate [39]: � = 2nf�sphaleron/F 2

⌘̄ T ,
where29

�sphaleron = lim
�t!1
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with NCS(t) =
R

d3x K0. Here V denotes the three dimensional volume of the system. At finite temperature,
�sphaleron = ↵5

s T 4, where  is a nonperturbative constant [40]. In the CGC, from parametric arguments alone30,

one can deduce that �sphaleron / Q4
S and � / 2nf

Q3
S

F 2
⌘̄

. Parametrically, for t ⇠ 1/QS , the interaction time of the probe

with the shock wave, the first term on the r.h.s will dominate over the second for when �2 > m2
⌘0 , or equivalently,

28 In high energy DIS, it is more convenient to represent Eq. (91) in lightcone coordinates. Clearly, this choice of coordinates should not
alter our discussion of the physics of spin di↵usion.

29 The Chern-Simons current Kµ = g2
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⌘
, which satisfies @µKµ = ⌦.

30 Interestingly, in numerical simulations of the hot and dense Glasma [42, 82, 83] produced in a nuclear collision, one finds that the
sphaleron transition rate scales with the string tension of a spatial Wilson loop in the Glasma [42].

1.2.2 The Nucleus, a QCD Laboratory

The nucleus is a QCD “molecule”, with a complex structure corresponding to bound states
of nucleons. Understanding the formation of nuclei in QCD is an ultimate long-term goal of
nuclear physics. With its wide kinematic reach, as shown in Fig. 1.5 (Left), the capability
to probe a variety of nuclei in both inclusive and semi-inclusive DIS measurements, the
EIC will be the first experimental facility capable of exploring the internal 3-dimensional
sea quark and gluon structure of a fast-moving nucleus. Furthermore, the nucleus itself is
an unprecedented QCD laboratory for discovering the collective behavior of gluonic matter
at an unprecedented occupation number of gluons, and for studying the propagation of
fast-moving color charges in a nuclear medium.
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Figure 1.5: Left: The range in the square of the transferred momentum by the electron to the
nucleus, Q2, versus the parton momentum fraction x accessible to the EIC in e-A collisions at
two di↵erent center-of-mass energies, compared with the existing data. Right: The schematic
probe resolution vs. energy landscape, indicating regions of non-perturbative and perturbative
QCD, including in the latter, low to high saturated parton density, and the transition region
between them.

QCD at Extreme Parton Densities
In QCD, the large soft-gluon density enables
the non-linear process of gluon-gluon recom-
bination to limit the density growth. Such a
QCD self-regulation mechanism necessarily
generates a dynamic scale from the interac-
tion of high density massless gluons, known
as the saturation scale, Qs, at which gluon
splitting and recombination reach a balance.
At this scale, the density of gluons is ex-
pected to saturate, producing new and uni-
versal properties of hadronic matter. The
saturation scale Qs separates the condensed
and saturated soft gluonic matter from the
dilute, but confined, quarks and gluons in a
hadron, as shown in Fig. 1.5 (Right).

The existence of such a state of satu-
rated, soft gluon matter, often referred to as
the Color Glass Condensate (CGC), is a di-
rect consequence of gluon self-interactions in
QCD. It has been conjectured that the CGC
of QCD has universal properties common to
nucleons and all nuclei, which could be sys-
tematically computed if the dynamic satu-
ration scale Qs is su�ciently large. How-
ever, such a semi-hard Qs is di�cult to
reach unambiguously in electron-proton scat-
tering without a multi-TeV proton beam.
Heavy ion beams at the EIC could provide
precocious access to the saturation regime
and the properties of the CGC because the
virtual photon in forward lepton scattering

7

Sphaleron transitions
There are two scales in the problem! Gluon saturation ( ) can be treated as a perturbation around the 
instanton solution and induce over the barrier sphaleron-like transitions between different topological sectors 
of the QCD vacuum, each corresponding to distinct integer valued Chern-Simons number 

Q2
s

NCS

While at large  the gluon field is dominated by the instanton configurations, 
at small  the CGC background ( ) can induce over-the-barrier 
transitions. We predict over-the-barrier sphaleron transitions between different 
topological sectors of the QCD vacuum
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sphaleron transition rate:

plays a major role in electroweak baryogenesis!



Summary

• We show that the anomaly appears in both the Bjorken limit of large  and 
in the Regge limit of small .  is a topological quantity

• The cancellation of the pole involves a subtle interplay of perturbative and 
nonperturbative physics that is deeply related to the  problem in 
QCD. This relates  to the properties of the QCD vacuum

• We demonstrate the fundamental role of the WZW term both in topological 
mass generation of the  and in the cancellation of the infrared pole

• We introduce an axion-like effective action at small-x which describes the 
interplay between gluon saturation and the topology of the QCD vacuum

• We outline the role of “over-the-barrier” sphaleron-like transitions in spin 
diffusion at small . Such topological transitions can be measured in 
polarized DIS at a future Electron-Ion Collider.
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