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Everyone Should Learn QCD
§ Learn QCD on your phone
Google Play Store Apple Appstore
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It’s only fair that those without physics PhDs 
get to play with QCD too! 

https://play.google.com/store/apps/details?id=com.gellab.quantum3
https://itunes.apple.com/gb/app/quantum-3/id1406630529?mt=8&ign-mpt=uo%3D2
https://www.youtube.com/watch?v=XsSOvHgcZww
https://www.youtube.com/watch?v=XsSOvHgcZww


Kids Become the Teachers
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§ Love to see more tweets like this

https://twitter.com/NSF_MPS/status/1106577806673264640

https://twitter.com/NSF_MPS/status/1106577806673264640


Outline
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§ LaMET and Nucleon Parton Distributions 

§ New Results on Meson Distributions

 Pion GPD, kaon DA/PDF

§ Future prospects

 Systematics study, machine learning, prediction 

Thanks to MILC collaboration for sharing 2+1+1 HISQ lattices 

and RBC/UKQCD for sharing 2+1 DWF lattices



Parton Distribution Functions
§ PDFs are universal quark/gluon distributions of nucleon
 Many ongoing/planned experiments

(BNL, JLab, J-PARC, COMPASS, GSI, EIC, LHeC, …)
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How are the sea quarks and gluons, 
and their spins, distributed in space and 
momentum inside the nucleon?

Imaging of the proton

EIC White Paper, 1212.1701
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What can we do on the lattice?



§ Lattice calculations rely on operator product expansion, 
only provide moments

𝑥𝑛 𝑞 = න
−1
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Quark density/unpolarized

Helicity
longitudinally polarized

Transversity
transversely polarized

§ True distribution can only be recovered with all moments

PDFs on the Lattice
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Problem with Moments
§ For higher moments, ops mix with lower-dimension ops
 Renormalization is difficult too

§ Relative error grows in higher moments
 Calculation would be costly and difficult
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Dolgov et al. PRD66, 034506 (2002) 

Göckeler et al. PRD71, 114511 (2005)

LHPC (SCRI, SESAM):

2f, Wilson and clover

QCDSF: 0f

x2q x3q



§ Overcoming longstanding obstacle to x-distribution 
 New idea by Ji for studying full x dependence of PDFs

 Promising results on unpolarized and polarized sea asymmetry  

compared with experiments, even at non-physical pion mass

§ Caveats 
 Not a precision calculation yet

 Need to complete the other pz corrections

(on-going; possibly done in a couple weeks)

 Systematics due to large momenta (some ideas to improve it)

§ Need improvement for large-momentum sources
 Better overlapping boosted hadron smearing (asymmetric source)

 Applications: large-q form factors, hadronic and flavor physics, …  

Exciting time for hadron structure on the 
lattice 
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Large-Momentum Effective Theory (LaMET)

LaMET
X. Ji, PRL. 111, 

262002 (2013)
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§ Calculate the parton distributions through the
infinite-momentum frame Feynman, Phys. Rev. Lett. 23, 1415 (1969)
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Large-Momentum Effective Theory for PDFs 

LaMET Recipe

1) Calculate nucleon matrix elements on the lattice

Thanks to MILC collaboration for sharing their 2+1+1 HISQ lattices 

X. Ji, PRL. 111, 

262002 (2013)
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Large-Momentum Effective Theory for PDFs 

LaMET Recipe

𝑝(𝑃𝑧)

𝑄2 = 0 Γ

𝑝(𝑃𝑧)

1) Calculate nucleon matrix elements on the lattice

X. Ji, PRL. 111, 

262002 (2013)

Thanks to MILC collaboration for sharing their 2+1+1 HISQ lattices 

𝑡𝑓𝑡𝑖
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Large-Momentum Effective Theory for PDFs 

LaMET Recipe

𝑝(𝑃𝑧)

𝑄2 = 0 Γ

𝑝(𝑃𝑧)

1) Calculate nucleon matrix elements on the lattice

X. Ji, PRL. 111, 

262002 (2013)

Thanks to MILC collaboration for sharing their 2+1+1 HISQ lattices 

𝑡𝑓𝑡𝑖

§ Systematic uncertainty (nonzero a, finite L, etc.)
 Excited-state removal; nonperturbative renorm.
 Extrapolation to the continuum limit 

(mπ→ mπ
phys, L → ∞, a → 0)



Large-Momentum Effective Theory (LaMET)

LaMET Recipe
X. Ji, PRL. 111, 

262002 (2013)
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1) Calculate nucleon matrix elements on the lattice
(z dependence) 

Systematics: excited-state contamination 

𝑡𝑓 − 𝑡𝑖 = 0.96 fm 𝑡𝑓 − 𝑡𝑖 = 1.2 fm 𝑡𝑓 − 𝑡𝑖 = 0.96–1.56 fm

𝑃𝑧 = 2.6 GeV, 𝑧 = 4, real matrix elements (plot by Zhouyou Fan) 

two-state two-state two-simRR

𝑡𝑓 − 𝑡𝑖 = 0.90 fm𝑡𝑓 − 𝑡𝑖 = 0.72 fm 𝑡𝑓 − 𝑡𝑖 = 0.72 − 1.08 fm

Mπ ≈ 135 MeV a ≈ 0.09 fm



Large-Momentum Effective Theory (LaMET)

LaMET Recipe
X. Ji, PRL. 111, 

262002 (2013)
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1) Calculate nucleon matrix elements on the lattice
(z dependence) 

Systematics: excited-state contamination 

𝑃𝑧 = 2.6 GeV, 
Mπ ≈ 135 MeV a ≈ 0.09 fm



Large-Momentum Effective Theory (LaMET)

LaMET Recipe
X. Ji, PRL. 111, 

262002 (2013)
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1) Calculate nucleon matrix elements on the lattice
(z dependence) 

Systematics: stability in extracting matrix elements

𝑃𝑧 = 2.6 GeV, 
Mπ ≈ 135 MeV a ≈ 0.09 fm

Zhouyou Fan



Large-Momentum Effective Theory (LaMET)

LaMET Recipe
X. Ji, PRL. 111, 

262002 (2013)
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1) Calculate nucleon matrix elements on the lattice
(z dependence) 

2) Compute quasi-distribution via

Γ𝑞 𝑥, 𝜇, 𝑃𝑧 =

lattice 𝑧 coordinate
𝑥=𝑘𝑧/𝑃𝑧 product of lattice gauge links

hadron momentum 𝑃𝜇 = 𝑃𝑡, 0, 0, 𝑃𝑧



Large-Momentum Effective Theory (LaMET)

LaMET Recipe
X. Ji, PRL. 111, 

262002 (2013)

Huey-Wen Lin — Strong QCD from Hadron Structure Experiments Workshop

1) Calculate nucleon matrix elements on the lattice
(z dependence) 

2) Compute quasi-distribution via

Γ𝑞 𝑥, 𝜇, 𝑃𝑧 =

X. Xiong et al., 1310.7471; J.-W. Chen et al, 1603.06664

3) Recover true distribution (take Pz → ∞ limit)

𝑞 𝑥, 𝜇, 𝑃𝑧 = න
−∞

∞
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Large-Momentum Effective Theory (LaMET)

LaMET Recipe
X. Ji, PRL. 111, 

262002 (2013)
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1) Calculate nucleon matrix elements on the lattice
(z dependence) 

2) Compute quasi-distribution via

Γ𝑞 𝑥, 𝜇, 𝑃𝑧 =

X. Xiong et al., 1310.7471; J.-W. Chen et al, 1603.06664

3) Recover true distribution (take Pz → ∞ limit)

𝑞 𝑥, 𝜇, 𝑃𝑧 = න
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§ Matching is a crucial step in recovering the true lightcone 
distribution 
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Slide credit: Yong Zhao, CIPANP 2018 Plenary talk; also see Y. Zhao’s Lattice 2019 talk 
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Physical Pion Mass Results
§ Exciting! Two collaborations’ results at physical pion mass 
 Boost momenta 𝑷𝒛 ≤ 𝟏. 𝟒 𝐆𝐞𝐕
 Study of systematics still needed

1708.05301 (LP
3
)

1803.02685 (ETMC)

CT14

No parametrization! (e.g. 𝑥𝑓 𝑥, 𝜇0 = 𝑎0𝑥
𝑎1 1 − 𝑥 𝑎2𝑃 𝑥 )

Less pretty results;
less likely to exactly coincide with global fits. 
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Physical Pion Mass Results
§ Exciting! Two collaborations’ results at physical pion mass 
 Boost 𝑃𝑧 ≈ 1.4 GeV
 Study of systematics still needed

1708.05301 (LP
3
)

1803.02685 (ETMC)

CT14
Updated results at

physical pion mass

1803.04393 (LP
3
)

𝒖(𝒙) − 𝒅(𝒙)
LP3 PDF 



Different Errors
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§ Systematics 
studied but
NOT included

Huge underestimate
of the errors!

𝒖(𝒙) − 𝒅(𝒙)



Different Errors
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§ Systematics 
studied but
NOT included

Includes listed 
errors

𝒖(𝒙) − 𝒅(𝒙)

Updated results
1803.04393 (LP

3
)
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Physical Pion Mass Results
§ Exciting! Two collaborations’ results at physical pion mass 
 Boost 𝑃𝑧 ≈ 1.4 GeV
 Study of systematics still needed

1708.05301 (LP
3
)

1803.02685 (ETMC)

CT14
Updated results at

physical pion mass
with Pz up to 3 GeV

𝚫𝒖(𝒙) − 𝚫𝒅(𝒙)

Lin et al (LP
3
), 

Phys.Rev.Lett. 121, 

242003 (2018)

Helicity
long. polarized

Updated results at
physical pion mass
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Physical Pion Mass Results
§ Exciting! Two collaborations’ results at physical pion mass 
 Boost 𝑃𝑧 ≈ 1.4 GeV
 Study of systematics still needed

1708.05301 (LP
3
)

1803.02685 (ETMC)

CT14 1807.07431 (LP
3
)

𝚫𝒖(𝒙) − 𝚫𝒅(𝒙)

Helicity
long. polarized

Lin et al (LP
3
), 

Phys.Rev.Lett. 121, 

242003 (2018)
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Physical Pion Mass Results
§ Exciting! Two collaborations’ results at physical pion mass 
 Boost 𝑃𝑧 ≈ 1.4 GeV
 Study of systematics still needed

1708.05301 (LP
3
)

1803.02685 (ETMC)

CT14 1807.07431 (LP
3
)

Plot by Yu-Sheng Liu 

𝞭𝒖(𝒙) − 𝞭𝒅(𝒙)

Transversity

1810.05043 (LP
3
)
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Physical Pion Mass Results
§ Exciting! Two collaborations’ results at physical pion mass 
 Boost 𝑃𝑧 ≈ 1.4 GeV
 Study of systematics still needed

1708.05301 (LP
3
)

1803.02685 (ETMC)

CT14 1807.07431 (LP
3
)

Plot by Yu-Sheng Liu 

𝞭𝒖(𝒙) − 𝞭𝒅(𝒙)

Transversity

1810.05043 (LP
3
)

Very encouraging results
More systematics studies are underway:
multiple lattice spacings, volumes, etc.



State-of-the-Art Moments
§ FLAG rating system
§ New: excited-state rating

Huey-Wen Lin — Strong QCD from Hadron Structure Experiments Workshop

PNDME, 1506.06411; 1606.07049



Lattice Constraints to PDFs
§ Improved transversity distribution with LQCD gT

 Global analysis with 12 extrapolation forms: 𝑔𝑇 = 1.006(58)
 Including only multiple lattice spacing, volumes works 

 Use to constrain the global analysis fits to
SIDIS 𝜋± production data from proton and deuteron targets
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Lin, Melnitchouk, Prokudin, Sato, 1710.09858, Phys. Rev. Lett. 120, 152502 (2018)
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Gluon PDF
§ Pioneering first glimpse into gluon PDF using LaMET 
 Lattice details: overlap/2+1DWF, 0.16fm, 340-MeV sea pion mass

 Study strange/light-quark

 Promising results using coordinate-
space comparison,

but signal does not go far in z

 Hard numerical problem
to be solved 

Fan. et al, Phys.Rev.Lett. 121, 

242001 (2018)

Zhouyou Fan Yi-Bo Yang
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First Lattice GPD
§ Pioneering first glimpse into pion GPD using LaMET 
 Lattice details: clover/HISQ, 0.12fm, 310-MeV pion mass

𝑃𝑧 ≈ 1.3, 1.6 GeV
J. Chen, HL, J. Zhang, 1904.12376

𝜉 = 0

𝐻𝑞
𝜋 𝑥, 𝜉, 𝑡, 𝜇 = න

𝑑𝜂−

4𝜋
𝑒−𝑖𝑥𝜂

−𝑃+ 𝜋 𝑃 + Δ/2 ത𝑞
𝜂−

2
𝛾+Γ

𝜂−

2
,−

𝜂−

2
𝑞 −

𝜂−

2
𝜋 𝑃 − Δ/2



First Kaon PDF 
§ We also investigate the kaon PDF with LaMET
 𝑎 = 0.12 fm,𝑚𝜋 = 220 MeV, 403 × 64 MILC HISQ lattice

 𝑡sep = 0.6– 1.08 fm
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First Kaon PDF 
§ We also investigate the kaon PDF with LaMET
 𝑎 = 0.12 fm,𝑚𝜋 = 220 MeV, 403 × 64 MILC HISQ lattice

 𝑡sep = 0.6– 1.08 fm
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First Kaon PDF 
§ We also investigate the kaon PDF with LaMET
 𝑎 = 0.12 fm,𝑚𝜋 = 220 MeV, 403 × 64 MILC HISQ lattice

 𝑡sep = 0.6– 1.08 fm
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Systematics Study Underway
§ Finite-volume study

§ Looking into fine lattice spacing a = 0.042 fm
R. Zhang

Zhouyou Fan

+BNL group
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How about the small-x region 
for the upcoming EIC era?



§ Keeping moderate length of displacement zmax=16  

Difficulties at Small-x
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Derivative approach

𝑞 𝑥 = න
−𝑧max

+𝑧max

𝑑𝑧
−𝑃𝑧
2𝜋

𝑒𝑖𝑥𝑃𝑧𝑧

𝑖𝑃𝑧𝑥
ℎ′ 𝑧

1708.05301 (HL et al.)

§ Reaching x<0.1 for antiquark remains challenging
 Without replying on assumed parametrization



Difficulties at Small-x
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Derivative approach

𝑞 𝑥 = න
−𝑧max

+𝑧max

𝑑𝑧
−𝑃𝑧
2𝜋

𝑒𝑖𝑥𝑃𝑧𝑧

𝑖𝑃𝑧𝑥
ℎ′ 𝑧

1708.05301 (LP
3
)

§ Reaching x<0.1 for antiquark remains challenging
 Without replying on assumed parametrization

§ Keeping moderate length of displacement zmax=8  



What can AI do for us? 
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Machine-Learning Prediction for Quasi-PDF Matrix Elements

+ HWL

arXiv:1909.10990 [hep-lat]

Slides modified from Rui Zhang’s 

CTEQ FALL 2019 Meeting presentation 

http://arxiv.org/abs/arXiv:1909.10990


Machine Learning Prediction

Prediction with bias correction Yoon et al., PRD 2018:

𝐶pred,BC = 𝐶pred ul
+ 𝐶BC − 𝐶pred BC

Huey-Wen Lin — Strong QCD from Hadron Structure Experiments Workshop

All Data

Labeled (lb) Data

Unlabeled (ul) Data

Training (tr) Data

Bias-Correction (BC) Data

Input
𝑋𝑖 = (𝑂𝑖

1, 𝑂𝑖
2, … )

Output
𝑂𝑖

ML Model

https://arxiv.org/abs/1807.05971


Data and Its Correlations
§ Kaon quasi-PDF correlators, with insertion on strange
 a=0.12fm, 𝑚𝜋 = 220MeV 403 × 64 MILC HISQ lattice

 𝑡sep = 0.6 fm
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More z-inputs can be used for the prediction.

p-correlation z-correlation



Supervised Regression Models
§ Gradient boosting tree (GBT)

Natekin and Knoll, Front. Neurorobot. 2013

𝑓 = 𝑓𝑁est = 

𝑖

𝑁est

𝑟𝑖ℎ𝑖 𝑥

ℎ𝑖 𝑥 = argmin
ℎ



𝑗

𝐿 𝑦𝑗 , 𝑓𝑖−1 𝑥𝑗 + ℎ 𝑥𝑗

𝑓0 = 𝑟 ⋅ ℎ0 a decision tree DT toward 𝑦
𝑓1 = 𝑓0 + 𝑟 ⋅ ℎ1 a DT correcting 𝑓0 toward 𝑦
𝑓2 = 𝑓1 + 𝑟 ⋅ ℎ2

⋮
a DT correcting 𝑓1 toward 𝑦

⋮

§ Linear regressor
𝑓lin Ԧ𝑥 = 𝜃0 + Ԧ𝜃 ⋅ Ԧ𝑥
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Training-BC Splitting
§ We vary the number of training/BC samples to find the 

optimal combination
 P=4 z-prediction: 𝑧in ∈ 0,3 , 𝑧pred = 4

 Linear model has a better performance for
consistency of direct measurement and errors
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𝑁tr + 0.1𝑁BC 𝑁tr + 0.1𝑁BC

𝑁ul = 1180
𝑁tr = 𝑁BC = 240

linear GBT



GBT

Kaon PDF Results
linear

p
-p

red
ictio

n
z-p

red
ictio

n

RR

RR
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𝑝in = 3, 𝑝pred = 4 𝑝in = 3, 𝑝pred = 4

𝑧in ∈ 0,3 , 𝑧pred = 4 𝑧in ∈ 0,3 , 𝑧pred = 4



Exciting time for studying structure on the lattice
§ Overcoming longstanding obstacle to full x-distribution 
 Most importantly, this can be done with today’s computer 
 Nucleon PDFs at physical pion mass 
 Extended to GPD, and first look of kaon PDF

§ Systematic uncertainty study underway
 Finite-volume, lattice spacing, etc.

§ Small-x structure functions? Larger momentum boost?
 Machine learning prediction and other ideas? 

Summary & Outlook
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Challenge = Opportunity 

HPCC@MSU
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Backup Slides



Global Analysis 

Theory 
Input

Exp’t
Input

Global Analysis 
of PDFs§ Some choices made

for the analysis
 Choice of data sets and kinematic cuts
 Strong coupling constant αs(MZ)
 How to parametrize the distribution

 Assumptions imposed
SU(3) flavor symmetry, charge symmetry, strange and sea distributions

𝑥𝑓 𝑥, 𝜇0 = 𝑎0𝑥
𝑎1 1 − 𝑥 𝑎2𝑃 𝑥

§ Experiments cover diverse kinematics of parton variables
 Global analysis takes advantage of all data sets

𝑠 = ҧ𝑠 = 𝜅 ത𝑢 + ҧ𝑑
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Global Analysis
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§ Discrepancies appear when data is scarce
§ Many groups have tackled the analysis
 CTEQ, MSTW, ABM, JR, NNPDF, etc.

CTEQ-JLAB 

https://www.jlab.org/theory/cj/ 
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Truncated Fourier Transform 
§ Simple exercise with CT14 PDF 

Huey-Wen Lin — Strong QCD from Hadron Structure Experiments Workshop

1506.07443

Fourier transform to 
coordinate space
at lattice momentum

1708.05301 (LP3)

Pick your favorite PDF
(CT14 here)

Fourier transform
back to momentum space



Truncated Fourier Transform 
§ Simple exercise with CT14 PDF 
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1506.07443

Fourier transform to 
coordinate space
at lattice momentum

1708.05301 (LP3)

Pick your favorite PDF
(CT14 here)

Fourier transform
back to momentum space



§ Luckily, we know the answer 

§ Two possible solutions proposed (likely more) 

Fourier Truncation Issues
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Filter approach Derivative approach

𝐹 𝑧lim, 𝑧wid =
1 + erf

𝑧 + 𝑧lim
𝑧wid

2

1 − erf
𝑧 − 𝑧lim
𝑧wid

2

𝑞 𝑥 = න
−𝑧max

+𝑧max

𝑑𝑧
−𝑃𝑧
2𝜋

𝑒𝑖𝑥𝑃𝑧𝑧

𝑖𝑃𝑧𝑥
ℎ′ 𝑧

1708.05301 (LP
3
)

Fixed 𝐿𝑧 = 32



Problem with Moments
§ For higher moments, ops mix with lower-dimension ops
 Renormalization is difficult too

§ Relative error grows in higher moments
 Calculation would be costly and difficult
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Dolgov et al. PRD66, 034506 (2002) 

Göckeler et al. PRD71, 114511 (2005)

LHPC (SCRI, SESAM):

2f, Wilson and clover

QCDSF: 0f

x2q x3q



Beyond Traditional Moments?
§ Longstanding obstacle!

§ Holy grail of structure calculations

§ Applies to many structure quantities: 
 Generalized parton distributions (GPDs)

 Transverse-momentum distributions (TMD)

 Meson distribution amplitudes…

 Wigner distribution
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Beyond Traditional Moments?
§ Reaching for higher moments 
 Fictitious heavy quarks (Detmold and Lin, 

hep-lat/0507007)
 Smeared lat. ops (Davoudi et al. 1204.4146)

§ Direct calculation of x dependence
 Hadronic tensor currents

(Liu et al., hep-ph/9806491, ... 1603.07352) 
 Inversion method/OPE without OPE

(QCDSF, hep-lat/9809171, …1703.01153) 
 Euclidean correlation functions (RQCD, 1709.04325)
 Lattice cross-section method (Y.-Q. Ma and J. Qiu, 2014, 2017)
 Large-momentum effective theory (LaMET) and variations
 Original LaMET (“quasi-PDF” method) This talk
 Pseudo-PDF method: differs in FT (A. Radyushkin, 2017) 
 Smeared quasi-PDF (C. Monahan and K. Orginos, 2017)
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