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Phenomenology of polarized TMDs
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respond to the collinear PDFs: the longitudi-
nal polarized structure function discussed in
the previous section and the quark transver-
sity distribution. The latter is related to the
tensor charge of the nucleon. These three
distributions can be regarded as a simple
transverse momentum extension of the asso-
ciated integrated quark distributions. More
importantly, the power and rich possibilities
of the TMD approach arise from the sim-
ple fact that kT is a vector, which allows
for various correlations with the other vec-
tors involved: the nucleon momentum P , the
nucleon spin S, and the parton spin (say a
quark, sq). Accordingly, there are eight inde-
pendent TMD quark distributions as shown
in Fig. 2.12. Apart from the straightfor-
ward extension of the normal PDFs to the
TMDs, there are five TMD quark distribu-
tions, which are sensitive to the direction of
kT , and will vanish with a simple kT integral.

Because of the correlations between the
quark transverse momentum and the nucleon
spin, the TMDs naturally provide impor-
tant information on the dynamics of par-
tons in the transverse plane in momentum
space, as compared to the GPDs which de-
scribe the dynamics of partons in the trans-
verse plane in position space. Measurements
of the TMD quark distributions provide in-
formation about the correlation between the
quark orbital angular momentum and the nu-
cleon/quark spin because they require wave
function components with nonzero orbital
angular momentum. Combining the wealth
of information from all of these functions
could thus be invaluable for disentangling
spin-orbit correlations in the nucleon wave
function, and providing important informa-
tion about the quark orbital angular momen-
tum.
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Figure 2.13: The density in the transverse-momentum plane for unpolarized quarks with x = 0.1
in a nucleon polarized along the ŷ direction. The anisotropy due to the proton polarization is
described by the Sivers function, for which the model of [77] is used. The deep red (blue)
indicates large negative (positive) values for the Sivers function.

One particular example is the quark
Sivers function f

?q
1T which describes the

transverse momentum distribution corre-
lated with the transverse polarization vector
of the nucleon. As a result, the quark distri-

bution will be azimuthally asymmetric in the
transverse momentum space in a transversely
polarized nucleon. Figure 2.13 demonstrates
the deformations of the up and down quark
distributions. There is strong evidence of the

34

[ EIC White Paper ]

f⊥
1T⇒ presence of a non-zero Sivers function        will induce a dipole 

deformation of  f1



Sivers function sign change
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DY

vanishing Sivers function? Final state interactions and 
Wilson lines to consider

past-pointing
SIDIS

future-pointing

Sign change in Sivers function

f⊥
1T,DIS = − f⊥

1T,DY



Extraction of Sivers Function
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The Sivers function can be determined through its contributions 
to the cross section of the polarized SIDIS process. 
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with q̂ = q/|q|, where all vectors refer to the target rest frame (or to any frame reached from the target rest frame
by a boost along q̂). Writing the right-hand sides of (16) in a Lorentz invariant form, one has

cosφh = −
gµν
⊥ lµPhν

|l⊥| |Ph⊥|
,

sin φh = −
ϵµν
⊥ lµPhν

|l⊥| |Ph⊥|

(17)

with |l⊥| =
√

−gµν
⊥ lµlν and |Ph⊥| =

√

−gµν
⊥ PhµPhν . Here we introduced perpendicular projection tensors

gµν
⊥ = gµν −

qµP ν + Pµqν

P · q (1 + γ2)
+

γ2

1 + γ2

(

qµqν

Q2
−

PµP ν

M2

)

,

ϵρσ
⊥ = ϵµνρσ Pµqν

P · q
√

1 + γ2

(18)

with γ = 2xM/Q, where x is the Bjorken variable and M again the target mass. Evaluating the right-hand sides of (17)
in the target rest frame, one recovers (16). The azimuthal angle φS relevant for specifying the target polarization is
defined in analogy to (16) and (17), with Ph replaced by the covariant spin vector S of the target. The definitions
of φh and φS are illustrated in Fig. 1. We emphasize that (16), (17), (18) do not depend on the choice of coordinate
axes. For definiteness we show in Fig. 1 one frequently used coordinate system. In this system the tensors defined
in Eq. (18) have nonzero components g11

⊥ = g22
⊥ = −1 and ϵ12⊥ = −ϵ21⊥ = −1. Note that two different conventions for

drawing angles and interpreting their sign in figures are in general use in the literature:

A. The z axis is specified and angles are drawn as arcs with one arrowhead. If an angle is oriented according to
the right-hand rule it is positive, otherwise it is negative. Fig. 1 illustrates the application of this convention.

B. Illustrated angles are always assumed to be positive. Only the location of the arc affects the definition of the
angle. No orientation should be assigned to the arc, and any z axis that may be present does not affect the
angle definition.

It is strongly recommended that authors avoid placing single arrowheads on arcs when using convention B. When
using convention A, an explicit remark in the caption may be useful when the figure illustrates a situation in which
an angle has a negative value.
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FIG. 1: Definition of azimuthal angles for the process (15) in the target rest frame. Ph⊥ and S⊥ are the components of Ph and
S transverse to the photon momentum.

Theorists often prefer a coordinate system with the same x axis but with y and z axes opposite to those shown
in Fig. 1, so that in the γ∗p center of mass the target moves in the positive z direction (cf. Sect. I). When working
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contributions from other spin 
structure functions 

the spin structure function                    is a convolution of the 

Sivers function         with the unpolarized fragmentation function 

F sin(�h��S)
UT

f?
1T Dh/q

dσ
dx dy dz dϕS dϕhdP2

hT
=

α2

xyQ2

y2

2(1 − ε) (1 +
γ2

2x ){FUU,T + εFUU,L

+sin(ϕh − ϕS) |ST |[Fsin(ϕh−ϕS)
UT,T + εFsin(ϕh−ϕS)

UT,L ] + …}
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Isolating the terms relevant to the                      modulation

in terms of structure  functions 

sin(ϕh − ϕS)

Asin(ϕh−ϕS)
UT =

∫ dϕS dϕh [dσ↑ − dσ↓] sin(ϕh − ϕS)
∫ dϕS dϕh [dσ↑ + dσ↓]

Asin(ϕh−ϕS)
UT =

Fsin(ϕh−ϕS)
UT,T + εFUT,L

FUU,T + εFUU,L

we will consider only the terms at order αS0

LO - NLL

FUU,T = 𝒞 [f1D1]

written in terms of convolutions of TMDs 

FUU,L = 𝒪 (M2/Q2, P2
hT /Q2) = 0

Fsin(ϕh−ϕS)
UT,T = 𝒞 [−

ĥ ⋅ k⊥

M
f⊥
1TD1]

Fsin(ϕh−ϕS)
UU,L = 0



azymuthal angle of 
the produced hadron

azymuthal angle of 
the polarization vector
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Asin(�h��S)
UT ⌘ hsin(�h � �S)i ⇠

f?
1T ⌦Da!h

1

fa
1 ⌦Da!h

1
<latexit sha1_base64="xpkSUK4t/6YOGtRg293sgu7Nvm0="></latexit><latexit sha1_base64="xpkSUK4t/6YOGtRg293sgu7Nvm0="></latexit><latexit sha1_base64="xpkSUK4t/6YOGtRg293sgu7Nvm0="></latexit><latexit sha1_base64="xpkSUK4t/6YOGtRg293sgu7Nvm0="></latexit>

first Sivers extraction with unpolarised TMDs extracted from data

universality



TMDs in coordinate space

TMD Parton 
Distribution Function

TMD 
Fragmentation Function

FUU,T (x, z, P2
hT, Q2) ≃ ∑

a

x∫ d2k⊥d2P⊥ f a
1(x, k2

⊥; Q2) Da→h
1 (z, P2

⊥; Q2)

× δ2(zk⊥ − PhT + P⊥)

Parametrization defined through previous global fit



Global fit of unpolarized TMDs

Summary of results

Total number of data points: 8059
Total number of free parameters: 11

➛ 4 for TMD PDFs   ➛ 6 for TMD FFs
➛ 1 for TMD evolution

Pavia / Ams. 2016 : an almost global fit

16

Framework HERMES COMPASS DY Z 
production N of points

Pavia 2016
(+Amsterdam) LO-NLL ✔ ✔ ✔ ✔ 8156

A step closer to a global fit of 
quark unpolarized TMDs

Flexible functional form, beyond
the Gaussian assumption

PROs CONs

includes TMD evolution

no “pure” info on TMD FFs

accuracy of TMD evolution : 
not the state of the art

need for a light and fast analysis codereplica methodology (in progress)

kinematic and flavor dependence 
in intrinsic part of TMDs (in progress)

Pavia 2017 
(+ JLab) 8059

�2/d.of. = 1.55± 0.05

published in

[ JHEP06(2017)081 ]
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Evolved TMDs

Non-perturbative contributions have to be extracted 
from experimental data, after parametrization

fa
1

�
x, ⇠T ;µ

2
�
=

X

i

⇣
C̃a/i ⌦ f i

1

⌘ �
x, ⇠̄⇤;µb

�
eS̃(⇠̄⇤;µb,µ)egK(⇠T ) ln(µ/µ0)f̂a

NP (x, ⇠T )

collinear PDF pQCD

(Sudakov  
form factor)

(Wilson  
Coefficient)

nonperturbative part 
of TMD

nonperturbative part 
 of evolutionf̃a

1

�
x, ⇠T ;µ

2
�
=
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Fourier transform: ξT space alternative notation: 
bT

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



Model: non perturbative elements

sum of two different gaussians
dependent on transverse momenta

g1(x) = N1
(1� x)↵ x�

(1� x̂)↵ x̂�
N1 ⌘ g1(x̂)

input TMD PDF @ Q2=1GeV2 

where
x̂ = 0.1
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exp ( −k2
⊥

g1 ) + λk⊥ exp ( −k2
⊥

g1 )

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

1.2

k⟂
2

f̃a
NP = F .T . of

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

for the FF we use two different variances: g3(z), g4(z)



Sivers in coordinate space
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ξT space to apply
CSS formalism for evolution

Sivers distribution function

f̃⊥(n)a
1T (x, ξ2

T; Q2) = n!(−
−2
M2

∂ξ2
T)

n

f̃⊥a
1T(x, ξ2

T; Q2) =
n!

(M2)n ∫
∞

0
d |k⊥ | |k⊥ |( |k⊥ |

ξT )
n

Jn(ξT |k⊥ | ) f̃⊥a
1T(x, ξ2

T; Q2)

f̃⊥(1)a
1T (x, ξ2

T; Q2) =
1

M2 ∫
∞

0
d |k⊥ | |k⊥ |( |k⊥ |

ξT ) J1(ξT |k⊥ | ) f̃⊥a
1T(x, ξ2

T; Q2)

first moment



Parametrization of Sivers function
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Sivers function can be parametrized in terms of its first moment

f⊥
1T(x, k2

⊥) = f⊥(1)
1T (x) f⊥

1TNP(x, k2
⊥)

Its nonperturbative part is arbitrary, but constrained by the positivity bound.

f⊥
1TNP(x, k2

⊥) =
1

πKf

1
Fmax

(1 + λSk2
⊥)

(M2
1 + λSM4

1)
e−k2

⊥/M2
1 f1NP(x, k2

⊥)

following the definition to the nonperturbative part of the unpolarized TMD distribution 

f1NP(x, k2
⊥) =

1
π

(1 + λk2
⊥)

(g1a + λg2
1a)

e−k2
⊥/g1a

Free parameters λS , M1
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Sivers function can be parametrized in terms of its first moment
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normalization factor Kf ≡ ∫ d2k⊥
k2

⊥

2M2
f⊥
1TNP



Parametrization of Sivers function
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f⊥(1)
1T (x) =

Na
Siv

Ga
max

xαa(1 − x)βa(1 + AaT1(x) + BaT2(x)) f1(x, Q2)

normalization 
(abs.value <1)

maximum value
of the function

Tn(x) Chebyshev polynomials

Radici [Phys. Rev. Lett., 
120(19):192001, 2018 ]

Free parameters Na
Siv , αa , βa , Aa , Ba

Flavor dependent: distinct for up, down, sea

https://inspirehep.net/record/1654916
https://inspirehep.net/record/1654916


Evolution of Sivers
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We simply assume that f⊥(1)
1T evolves in the same way as unpolarized f1

Difference in the Wilson coefficients: Ci → CSiv

At our accuracy level (LO): CSiv(0) = δ(1 − x)δai

f̃⊥(1)a
1T (x, ξ2

T; Q2) = f a
1(x; μ2

b) eS(μ2
b ,Q2) egK(ξT)ln(Q2/Q2

0) f̃⊥(1)a
1TNP(x, ξ2

T)

The evolved Sivers function first moment becomes

same choices used for evolved unpolarized TMDs



µb = 2e��E/⇠̄⇤
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⇠̄⇤ (⇠T , ⇠min, ⇠max) = ⇠max


1� exp(⇠4T /⇠

4
max)

1� exp(⇠4T /⇠
4
min)

�1/4

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Evolution and ξT regions
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⇠max =2e��E

⇠min =2e��E/Q
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Q = 1 GeV

Q = 2 GeV

Q = 10 GeV



Experimental data

deuteron [6LiD] Proton [NH3]

hermes

proton [H] 

95
data points

88
data points

1514data points151415141514

111
data points
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2009

Same kinematic cuts applied to unpolarized 

2017

neutron [3He]

6
data points

x, z, PhT  data projections
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a)Example of original data 
(two bins)

b)Data are replicated with 
Gaussian noise

c) The fit is performed on  
the replicated data

d)The procedure is 
repeated 200 times

e)For each point a 68% 
confidence level is 
identified

f) These point connects to 
create a 68% C.L. band



Results
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Summary of results

Total number of data points: 118
Total number of free parameters: 14

➛ for 3 different flavors

χ2/d . o . f = 1.22 ± 0.20

LO - NLL
Replica method
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logarithmic plots of 68% C.L bands for
first moment of Sivers function

for down, up and s quarks 
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Visualization of TMDs: PDF 3D structure 
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Q2 =1 GeV
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Visualization of TMDs: structure deformation
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Conclusions

We extracted a functional form for Sivers 
distribution function, able to describe SIDIS data, 

even for different projections

For the first time the determination of AUT included 
unpolarized TMDs extracted directly from data. 

Moreover, the analysis included the full formalism 
for QCD evolution

We are able to observe a deformation of the 
internal nucleon structure using our 

parametrization.
!29
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The determination of quark angular momentum requires the knowledge of the generalized parton

distribution E in the forward limit. We assume a connection between this function and the Sivers

transverse-momentum distribution, based on model calculations and theoretical considerations. Using this

assumption, we show that it is possible to fit nucleon magnetic moments and semi-inclusive single-spin

asymmetries at the same time. This imposes additional constraints on the Sivers function and opens a

plausible way to quantifying quark angular momentum.
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Nucleons are spin-1=2 composite particles made by
partons (i.e., quarks and gluons). Determining how much
of the nucleons’ spin is carried by each parton is a critical
endeavor towards an understanding of the microscopic
structure of matter. In this work, we propose a way to
constrain the longitudinal angular momentum Ja of an
(anti)quark with flavor a. To do this, we adopt an assump-
tion, motivated by model calculations and theoretical
considerations, that connects Ja to the Sivers transverse-
momentum distribution (TMD) measured in semi-
inclusive deep-inelastic scattering (SIDIS) [1]. The Sivers
function f?a

1T [2] is related to the distortion of the momen-
tum distribution of an unpolarized parton a when the
parent nucleon is transversely polarized. We show that
this assumption of relating Ja to f?a

1T is compatible with
existing data, and we derive estimates of Ja.

The total longitudinal angular momentum of a parton a
(with a¼ q; !q) at some scale Q2 can be computed as a
specific moment of generalized parton distribution func-
tions (GPD) [3]:

JaðQ2Þ ¼ 1

2

Z 1

0
dxx½Haðx; 0; 0;Q2Þ þ Eaðx; 0; 0;Q2Þ': (1)

The GPD Haðx; 0; 0;Q2Þ corresponds to the familiar col-
linear parton distribution function (PDF) fa1ðx;Q2Þ, which
gives the probability of finding at the scale Q2 a parton
with flavor a and fraction x of the (longitudinal) momen-
tum of the parent nucleon. The forward limit of the GPD
Ea does not correspond to any collinear PDF [4]. It is
possible to probe the function Ea in experiments, but never
in the forward limit (see, e.g., [5]). Assumptions are even-
tually necessary to constrain Eaðx; 0; 0;Q2Þ. This makes
the estimate of Ja particularly challenging. The only
model-independent constraint is the scale-independent
sum rule

X

q

eqv

Z 1

0
dxEqvðx; 0; 0Þ ¼ !; (2)

where Eqv ¼ Eq ! E !q and ! denotes the anomalous mag-
netic moment of the parent nucleon.
Inspired by results of spectator models [6– 10] and theo-

retical considerations [1], we propose the following simple
relation at a specific scale QL,

f?ð0Þa
1T ðx;Q2

LÞ ¼ !LðxÞEaðx; 0; 0;Q2
LÞ; (3)

where we define the nth moment of a TMD with respect to
its transverse momentum k? as

f?ðnÞa
1T ðx;Q2Þ ¼

Z
d2k?

!
k2?
2M2

"
n
f?a
1T ðx; k2?;Q2Þ; (4)

and M is the nucleon mass.
In Eq. (3), LðxÞ is a flavor-independent function, repre-

senting the effect of the QCD interaction of the outgoing
quark with the rest of the nucleon. The name ‘‘lensing
function’’ has been proposed by Burkardt to denote LðxÞ
[11]. Computations of the lensing function beyond the
single-gluon approximation have been proposed in
Ref. [12]. It is likely that in more complex models the
above relation is not preserved, at least not as a simple
product of x-dependent functions [8]. Nevertheless, it is
useful and interesting to speculate on the consequences of
this simple assumption. As a more refined picture of TMD
and GPD emerges, it will be possible to improve the
reliability of this assumption or eventually discard it. The
present attempt should be considered as a ‘‘proof of con-
cept’’ for further studies in this direction.
The advantage of adopting the ansatz of Eq. (3) is

twofold: first, it allows us to use the value of the anomalous
magnetic moment to constrain the integral of the valence
Sivers function; second, it allows us to obtain flavor-
decomposed information on the x dependence of the
GPD E and ultimately on the quark total angular momen-
tum. This is an enticing example of how assuming model-
inspired connections between GPD and TMD can lead to
powerful outcomes.
The Sivers function has been extracted from SIDIS

measurements by three groups [13– 16]. All of them
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Nucleons are spin-1=2 composite particles made by
partons (i.e., quarks and gluons). Determining how much
of the nucleons’ spin is carried by each parton is a critical
endeavor towards an understanding of the microscopic
structure of matter. In this work, we propose a way to
constrain the longitudinal angular momentum Ja of an
(anti)quark with flavor a. To do this, we adopt an assump-
tion, motivated by model calculations and theoretical
considerations, that connects Ja to the Sivers transverse-
momentum distribution (TMD) measured in semi-
inclusive deep-inelastic scattering (SIDIS) [1]. The Sivers
function f?a

1T [2] is related to the distortion of the momen-
tum distribution of an unpolarized parton a when the
parent nucleon is transversely polarized. We show that
this assumption of relating Ja to f?a

1T is compatible with
existing data, and we derive estimates of Ja.

The total longitudinal angular momentum of a parton a
(with a¼ q; !q) at some scale Q2 can be computed as a
specific moment of generalized parton distribution func-
tions (GPD) [3]:

JaðQ2Þ ¼ 1

2

Z 1

0
dxx½Haðx; 0; 0;Q2Þ þ Eaðx; 0; 0;Q2Þ': (1)

The GPD Haðx; 0; 0;Q2Þ corresponds to the familiar col-
linear parton distribution function (PDF) fa1ðx;Q2Þ, which
gives the probability of finding at the scale Q2 a parton
with flavor a and fraction x of the (longitudinal) momen-
tum of the parent nucleon. The forward limit of the GPD
Ea does not correspond to any collinear PDF [4]. It is
possible to probe the function Ea in experiments, but never
in the forward limit (see, e.g., [5]). Assumptions are even-
tually necessary to constrain Eaðx; 0; 0;Q2Þ. This makes
the estimate of Ja particularly challenging. The only
model-independent constraint is the scale-independent
sum rule

X

q

eqv

Z 1

0
dxEqvðx; 0; 0Þ ¼ !; (2)

where Eqv ¼ Eq ! E !q and ! denotes the anomalous mag-
netic moment of the parent nucleon.
Inspired by results of spectator models [6– 10] and theo-

retical considerations [1], we propose the following simple
relation at a specific scale QL,

f?ð0Þa
1T ðx;Q2

LÞ ¼ !LðxÞEaðx; 0; 0;Q2
LÞ; (3)

where we define the nth moment of a TMD with respect to
its transverse momentum k? as

f?ðnÞa
1T ðx;Q2Þ ¼

Z
d2k?

!
k2?
2M2

"
n
f?a
1T ðx; k2?;Q2Þ; (4)

and M is the nucleon mass.
In Eq. (3), LðxÞ is a flavor-independent function, repre-

senting the effect of the QCD interaction of the outgoing
quark with the rest of the nucleon. The name ‘‘lensing
function’’ has been proposed by Burkardt to denote LðxÞ
[11]. Computations of the lensing function beyond the
single-gluon approximation have been proposed in
Ref. [12]. It is likely that in more complex models the
above relation is not preserved, at least not as a simple
product of x-dependent functions [8]. Nevertheless, it is
useful and interesting to speculate on the consequences of
this simple assumption. As a more refined picture of TMD
and GPD emerges, it will be possible to improve the
reliability of this assumption or eventually discard it. The
present attempt should be considered as a ‘‘proof of con-
cept’’ for further studies in this direction.
The advantage of adopting the ansatz of Eq. (3) is

twofold: first, it allows us to use the value of the anomalous
magnetic moment to constrain the integral of the valence
Sivers function; second, it allows us to obtain flavor-
decomposed information on the x dependence of the
GPD E and ultimately on the quark total angular momen-
tum. This is an enticing example of how assuming model-
inspired connections between GPD and TMD can lead to
powerful outcomes.
The Sivers function has been extracted from SIDIS

measurements by three groups [13– 16]. All of them
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Figure 2.16: Comparison of the precision (2-� uncertainty) of extractions of the Sivers function
for the valence (left) uv = u � ū and sea (right) ū quarks from currently available data [77]
(grey band) and from pseudo-data generated for the EIC with energy setting of

p
s = 45 GeV

and an integrated luminosity of 10 fb�1 (purple band with a red contour). The uncertainty
estimates are for the specifically chosen underlying functional form.

years [85, 86, 87, 88, 89, 90]. As a lead-
ing power contribution in the spin asymme-
tries, the associated energy evolution unveils
the underlying strong interaction dynamics
in the hard scattering processes. The em-
bedded universality and factorization prop-
erty of the TMDs can only be fully inves-
tigated at the EIC with the planned kine-
matic coverage in Q

2. In particular, the the-
ory calculations including evolution e↵ects
agree with the current constraints on the
quark Sivers function presented in Fig. 2.16,
while they do di↵er at higher values of Q2

[85, 86, 87, 88, 89, 90]. Moreover, a recent
study has shown that at the kinematics of
HERMES and COMPASS, the leading order
SIDIS su↵ers significant power corrections,
which however will diminish at higher Q

2

[90]. This makes the EIC the only machine
to be able to establish the leading partonic
picture of the TMDs in SIDIS.

The kinematic reach of the EIC also al-
lows the measurement of physical observ-
ables over a wide transverse momentum

range. This is particularly important to un-
derstand the underlying mechanism that re-
sults in single spin asymmetries. Recent
theoretical developments have revealed that
both the transverse-momentum-dependent
Sivers mechanism and the quark-gluon-quark
correlation collinear mechanism describe the
same physics in the kinematic regions where
both approaches apply [91, 92]. The only
way to distinguish between the two and un-
derstand the underlying physics is to mea-
sure them over wide pT ranges. The high
luminosities at the EIC machine could pro-
vide a golden opportunity to explore and un-
derstand the mechanism of the transverse
spin asymmetries. In addition, with pre-
cision data in a large range of transverse
momentum, we shall be able to study the
strong interaction dynamics in the descrip-
tion of large transverse momentum observ-
ables and investigate the transition between
the non-perturbative low transverse momen-
tum region and the perturbative high trans-
verse momentum region.

39

Current knowledge of Sivers function (both valence and sea quarks) can 
be greatly improved thanks to the high luminosity measurements at EIC
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Nucleons are spin-1=2 composite particles made by
partons (i.e., quarks and gluons). Determining how much
of the nucleons’ spin is carried by each parton is a critical
endeavor towards an understanding of the microscopic
structure of matter. In this work, we propose a way to
constrain the longitudinal angular momentum Ja of an
(anti)quark with flavor a. To do this, we adopt an assump-
tion, motivated by model calculations and theoretical
considerations, that connects Ja to the Sivers transverse-
momentum distribution (TMD) measured in semi-
inclusive deep-inelastic scattering (SIDIS) [1]. The Sivers
function f?a

1T [2] is related to the distortion of the momen-
tum distribution of an unpolarized parton a when the
parent nucleon is transversely polarized. We show that
this assumption of relating Ja to f?a

1T is compatible with
existing data, and we derive estimates of Ja.

The total longitudinal angular momentum of a parton a
(with a¼ q; !q) at some scale Q2 can be computed as a
specific moment of generalized parton distribution func-
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gives the probability of finding at the scale Q2 a parton
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tum of the parent nucleon. The forward limit of the GPD
Ea does not correspond to any collinear PDF [4]. It is
possible to probe the function Ea in experiments, but never
in the forward limit (see, e.g., [5]). Assumptions are even-
tually necessary to constrain Eaðx; 0; 0;Q2Þ. This makes
the estimate of Ja particularly challenging. The only
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quark with the rest of the nucleon. The name ‘‘lensing
function’’ has been proposed by Burkardt to denote LðxÞ
[11]. Computations of the lensing function beyond the
single-gluon approximation have been proposed in
Ref. [12]. It is likely that in more complex models the
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product of x-dependent functions [8]. Nevertheless, it is
useful and interesting to speculate on the consequences of
this simple assumption. As a more refined picture of TMD
and GPD emerges, it will be possible to improve the
reliability of this assumption or eventually discard it. The
present attempt should be considered as a ‘‘proof of con-
cept’’ for further studies in this direction.
The advantage of adopting the ansatz of Eq. (3) is

twofold: first, it allows us to use the value of the anomalous
magnetic moment to constrain the integral of the valence
Sivers function; second, it allows us to obtain flavor-
decomposed information on the x dependence of the
GPD E and ultimately on the quark total angular momen-
tum. This is an enticing example of how assuming model-
inspired connections between GPD and TMD can lead to
powerful outcomes.
The Sivers function has been extracted from SIDIS

measurements by three groups [13– 16]. All of them

PRL 107, 212001 (2011) P HY S I CA L R EV I EW LE T T E R S
week ending

18 NOVEMBER 2011

0031-9007=11=107(21)=212001(5) 212001-1 ! 2011 American Physical Society

Angular momentum GPD

fa
1 (x,Q

2) no corresponding collinear pdf

Constraining Quark Angular Momentum through Semi-Inclusive Measurements

Alessandro Bacchetta1,2,* and Marco Radici2,†

1Dipartimento di Fisica Nucleare e Teorica, Università di Pavia, Pavia, Italy
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the estimate of Ja particularly challenging. The only
model-independent constraint is the scale-independent
sum rule

X

q

eqv

Z 1

0
dxEqvðx; 0; 0Þ ¼ !; (2)

where Eqv ¼ Eq ! E !q and ! denotes the anomalous mag-
netic moment of the parent nucleon.
Inspired by results of spectator models [6– 10] and theo-

retical considerations [1], we propose the following simple
relation at a specific scale QL,

f?ð0Þa
1T ðx;Q2

LÞ ¼ !LðxÞEaðx; 0; 0;Q2
LÞ; (3)

where we define the nth moment of a TMD with respect to
its transverse momentum k? as

f?ðnÞa
1T ðx;Q2Þ ¼

Z
d2k?

!
k2?
2M2

"
n
f?a
1T ðx; k2?;Q2Þ; (4)

and M is the nucleon mass.
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senting the effect of the QCD interaction of the outgoing
quark with the rest of the nucleon. The name ‘‘lensing
function’’ has been proposed by Burkardt to denote LðxÞ
[11]. Computations of the lensing function beyond the
single-gluon approximation have been proposed in
Ref. [12]. It is likely that in more complex models the
above relation is not preserved, at least not as a simple
product of x-dependent functions [8]. Nevertheless, it is
useful and interesting to speculate on the consequences of
this simple assumption. As a more refined picture of TMD
and GPD emerges, it will be possible to improve the
reliability of this assumption or eventually discard it. The
present attempt should be considered as a ‘‘proof of con-
cept’’ for further studies in this direction.
The advantage of adopting the ansatz of Eq. (3) is

twofold: first, it allows us to use the value of the anomalous
magnetic moment to constrain the integral of the valence
Sivers function; second, it allows us to obtain flavor-
decomposed information on the x dependence of the
GPD E and ultimately on the quark total angular momen-
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this assumption of relating Ja to f?a

1T is compatible with
existing data, and we derive estimates of Ja.
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(with a¼ q; !q) at some scale Q2 can be computed as a
specific moment of generalized parton distribution func-
tions (GPD) [3]:

JaðQ2Þ ¼ 1

2

Z 1

0
dxx½Haðx; 0; 0;Q2Þ þ Eaðx; 0; 0;Q2Þ': (1)

The GPD Haðx; 0; 0;Q2Þ corresponds to the familiar col-
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gives the probability of finding at the scale Q2 a parton
with flavor a and fraction x of the (longitudinal) momen-
tum of the parent nucleon. The forward limit of the GPD
Ea does not correspond to any collinear PDF [4]. It is
possible to probe the function Ea in experiments, but never
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tually necessary to constrain Eaðx; 0; 0;Q2Þ. This makes
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sum rule
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and M is the nucleon mass.
In Eq. (3), LðxÞ is a flavor-independent function, repre-

senting the effect of the QCD interaction of the outgoing
quark with the rest of the nucleon. The name ‘‘lensing
function’’ has been proposed by Burkardt to denote LðxÞ
[11]. Computations of the lensing function beyond the
single-gluon approximation have been proposed in
Ref. [12]. It is likely that in more complex models the
above relation is not preserved, at least not as a simple
product of x-dependent functions [8]. Nevertheless, it is
useful and interesting to speculate on the consequences of
this simple assumption. As a more refined picture of TMD
and GPD emerges, it will be possible to improve the
reliability of this assumption or eventually discard it. The
present attempt should be considered as a ‘‘proof of con-
cept’’ for further studies in this direction.
The advantage of adopting the ansatz of Eq. (3) is

twofold: first, it allows us to use the value of the anomalous
magnetic moment to constrain the integral of the valence
Sivers function; second, it allows us to obtain flavor-
decomposed information on the x dependence of the
GPD E and ultimately on the quark total angular momen-
tum. This is an enticing example of how assuming model-
inspired connections between GPD and TMD can lead to
powerful outcomes.
The Sivers function has been extracted from SIDIS
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PRL 107, 212001 (2011) P HY S I CA L R EV I EW LE T T E R S
week ending

18 NOVEMBER 2011

0031-9007=11=107(21)=212001(5) 212001-1 ! 2011 American Physical Society

Angular momentum GPD

fa
1 (x,Q

2) no corresponding collinear pdf

Constraining Quark Angular Momentum through Semi-Inclusive Measurements

Alessandro Bacchetta1,2,* and Marco Radici2,†

1Dipartimento di Fisica Nucleare e Teorica, Università di Pavia, Pavia, Italy
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partons (i.e., quarks and gluons). Determining how much
of the nucleons’ spin is carried by each parton is a critical
endeavor towards an understanding of the microscopic
structure of matter. In this work, we propose a way to
constrain the longitudinal angular momentum Ja of an
(anti)quark with flavor a. To do this, we adopt an assump-
tion, motivated by model calculations and theoretical
considerations, that connects Ja to the Sivers transverse-
momentum distribution (TMD) measured in semi-
inclusive deep-inelastic scattering (SIDIS) [1]. The Sivers
function f?a

1T [2] is related to the distortion of the momen-
tum distribution of an unpolarized parton a when the
parent nucleon is transversely polarized. We show that
this assumption of relating Ja to f?a

1T is compatible with
existing data, and we derive estimates of Ja.

The total longitudinal angular momentum of a parton a
(with a¼ q; !q) at some scale Q2 can be computed as a
specific moment of generalized parton distribution func-
tions (GPD) [3]:
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The GPD Haðx; 0; 0;Q2Þ corresponds to the familiar col-
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gives the probability of finding at the scale Q2 a parton
with flavor a and fraction x of the (longitudinal) momen-
tum of the parent nucleon. The forward limit of the GPD
Ea does not correspond to any collinear PDF [4]. It is
possible to probe the function Ea in experiments, but never
in the forward limit (see, e.g., [5]). Assumptions are even-
tually necessary to constrain Eaðx; 0; 0;Q2Þ. This makes
the estimate of Ja particularly challenging. The only
model-independent constraint is the scale-independent
sum rule
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where Eqv ¼ Eq ! E !q and ! denotes the anomalous mag-
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and M is the nucleon mass.
In Eq. (3), LðxÞ is a flavor-independent function, repre-

senting the effect of the QCD interaction of the outgoing
quark with the rest of the nucleon. The name ‘‘lensing
function’’ has been proposed by Burkardt to denote LðxÞ
[11]. Computations of the lensing function beyond the
single-gluon approximation have been proposed in
Ref. [12]. It is likely that in more complex models the
above relation is not preserved, at least not as a simple
product of x-dependent functions [8]. Nevertheless, it is
useful and interesting to speculate on the consequences of
this simple assumption. As a more refined picture of TMD
and GPD emerges, it will be possible to improve the
reliability of this assumption or eventually discard it. The
present attempt should be considered as a ‘‘proof of con-
cept’’ for further studies in this direction.
The advantage of adopting the ansatz of Eq. (3) is

twofold: first, it allows us to use the value of the anomalous
magnetic moment to constrain the integral of the valence
Sivers function; second, it allows us to obtain flavor-
decomposed information on the x dependence of the
GPD E and ultimately on the quark total angular momen-
tum. This is an enticing example of how assuming model-
inspired connections between GPD and TMD can lead to
powerful outcomes.
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2INFN Sezione di Pavia, via Bassi 6, I-27100 Pavia, Italy
(Received 3 August 2011; published 14 November 2011)

The determination of quark angular momentum requires the knowledge of the generalized parton

distribution E in the forward limit. We assume a connection between this function and the Sivers

transverse-momentum distribution, based on model calculations and theoretical considerations. Using this

assumption, we show that it is possible to fit nucleon magnetic moments and semi-inclusive single-spin

asymmetries at the same time. This imposes additional constraints on the Sivers function and opens a

plausible way to quantifying quark angular momentum.

DOI: 10.1103/PhysRevLett.107.212001 PACS numbers: 14.65.Bt, 13.40.Em, 13.60.!r, 14.20.Dh

Nucleons are spin-1=2 composite particles made by
partons (i.e., quarks and gluons). Determining how much
of the nucleons’ spin is carried by each parton is a critical
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this assumption of relating Ja to f?a

1T is compatible with
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gives the probability of finding at the scale Q2 a parton
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Ea does not correspond to any collinear PDF [4]. It is
possible to probe the function Ea in experiments, but never
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sum rule
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In Eq. (3), LðxÞ is a flavor-independent function, repre-

senting the effect of the QCD interaction of the outgoing
quark with the rest of the nucleon. The name ‘‘lensing
function’’ has been proposed by Burkardt to denote LðxÞ
[11]. Computations of the lensing function beyond the
single-gluon approximation have been proposed in
Ref. [12]. It is likely that in more complex models the
above relation is not preserved, at least not as a simple
product of x-dependent functions [8]. Nevertheless, it is
useful and interesting to speculate on the consequences of
this simple assumption. As a more refined picture of TMD
and GPD emerges, it will be possible to improve the
reliability of this assumption or eventually discard it. The
present attempt should be considered as a ‘‘proof of con-
cept’’ for further studies in this direction.
The advantage of adopting the ansatz of Eq. (3) is

twofold: first, it allows us to use the value of the anomalous
magnetic moment to constrain the integral of the valence
Sivers function; second, it allows us to obtain flavor-
decomposed information on the x dependence of the
GPD E and ultimately on the quark total angular momen-
tum. This is an enticing example of how assuming model-
inspired connections between GPD and TMD can lead to
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assume a flavor-independent Gaussian transverse-
momentum distribution of the involved TMD. Although
this is an oversimplification, we adopt the same choice. At
the starting scale Q0 and following the notation of
Ref. [17], we use the unpolarized distribution and frag-
mentation functions

fa1 ðx; k2?;Q2
0Þ ¼

fa1 ðx;Q2
0Þ

!hk2?i
e$k2?=hk2?i; (5)

Da
1ðz; P2

?;Q
2
0Þ ¼

Da
1ðz;Q2

0Þ
!hP2

?i
e$P2

?=hP2
?i; (6)

where z is the fraction of the energy of the fragmenting
parton a carried by the detected hadron. For fa1 ðxÞ we
use the MSTW08LO set [18], for Da

1ðzÞ we use the DSS
LO set [19]. We fix the width of the transverse-momentum
distributions for the initial parton and final hadron, respec-
tively, as

hk2?i ¼ 0:14 GeV2;

hP2
?i ¼ 0:42z0:54ð1$ zÞ0:37 GeV2:

(7)

These parameters have been implemented in the HERMES
GMC_TRANS Monte Carlo generator and are known to give
a good description of the HERMES data [20]. In principle,
these functions should be evolved according to TMD evo-
lution [21]. However, here we choose to implement only
the evolution of their collinear part.

Neglecting the contribution of heavier c; b; t flavors,
we parametrize the Sivers function in the following way
(inspired by [15]):

f?a
1T ðx; k2?;Q2

0Þ ¼ f?ð0Þa
1T ðx;Q2

0Þ

% M2
1 þhk2?i

!M2
1hk2?i

e$k2?=M
2
1e$k2?=hk2?i; (8)

where M1 is a free parameter related to the width of the
transverse-momentum distribution, and

f?ð0Þqv
1T ðx;Q2

0Þ ¼ Cqv
ffiffiffiffiffi
2e

p MM1

M2
1 þhk2?i

1$ x="qv

j"qv $ 1j
% ð1$ xÞfqv1 ðx;Q2

0Þ; (9)

f?ð0Þ !q
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0Þ ¼ C !q
ffiffiffiffiffi
2e

p MM1

M2
1 þhk2?i

ð1$ xÞf !q
1ðx;Q2

0Þ: (10)

Note that at Q0 we establish a relation between the Sivers
function for the combinations qv, !q, and the corresponding
unpolarized PDF, at variance with what has been done in
the literature [15,16]. This will turn out to be important
when establishing a relation with the anomalous magnetic
moment, since it guarantees that the valence Sivers func-
tion is integrable at any scale. We multiply the unpolarized
PDF by (1$ x) to respect the predicted high-x behavior of
the Sivers function [22]. We introduce the free parameter

"qv to allow for the presence of a node in the Sivers
function at x ¼ "qv , as suggested by diquark model cal-
culations [9,10] and phenomenological studies [23] (see
the discussion in Ref. [24]). We imposed constraints on the
parameters Ca in order to respect the positivity bound for
the Sivers function [25], neglecting the contribution of the
helicity distribution g1ðxÞ (as in Ref. [15]). For the gluons,
we assume the same functional dependence of the sea
quarks, Eq. (10), with the replacement !q! g.
Also for f?1T , we neglect the effect of TMD scale

evolution [26]. We assume that f?ð0Þ
1T ðx;Q2Þ evolves in

the same way as f1ðx;Q2Þ, based on the results of
Refs. [27,28] (note, however, that a slightly different
result has been obtained in Ref. [29]).
In conclusion, we describe the SIDIS Sivers asymmetry

in the following way:
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1ðM2
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z2 þhP2
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Sivi
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1T ðx;Q2ÞDa

1ðz;Q2Þ
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e2af
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1 ðx;Q2ÞDa
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where

hP2
Sivi ¼ M2

1

"
z2 þhP2

?i
hk2?i

#"
z2 þhP2

?i
hk2?i

þhP2
?i

M2
1

#
; (12)

and PT is the modulus of the transverse momentum of the
detected final hadron in the lab frame.
For the lensing function we use the following ansatz:

LðxÞ ¼ K

ð1$ xÞ$ : (13)

The choice of this form is guided by model calculations
[6– 10], by the large-x limit of the GPD E [22], and by
the phenomenological analysis of the GPD E proposed
in Ref. [30]. We checked a posteriori that there is no
violation of the positivity bound on the GPD Eqv as ex-
pressed in Ref. [31], again neglecting the contribution of
g1ðxÞ. The nucleon anomalous magnetic moments are
computed as

%p¼
Z 1

0

dx

3
½2Eu vðx;0;0Þ$Edvðx;0;0Þ$Esvðx;0;0Þ(;

%n ¼
Z 1

0

dx

3
½2Edvðx;0;0Þ$Eu vðx;0;0Þ$Esvðx;0;0Þ(:

(14)

We perform a combined &2 fit to 105 HERMES proton
data [32], to 104 COMPASS deuteron data [33], and to 8
JLab neutron data [34], of the Sivers asymmetry with
identified hadrons. We sum the statistical and systematic
errors in quadrature and neglect the experimental normal-
ization uncertainty. Since the HERMES and COMPASS
data are presented as three projections of the same data set
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Hermes, Compass, Jlab data

Azimuthal asymmetries

(binned in three different ways: in x; z; Ph?), we consider
all three projections but we multiply their statistical errors
by a factor

ffiffiffi
3

p
and we divide by 3 the number of these

bins (105 and 104) when counting the number of degrees
of freedom. The anomalous magnetic moments are known
to a precision of 10!7 or higher [35]. However, given
the typical uncertainties on PDF extractions, our compu-
tation of ! is affected by a theoretical error of the order
of 10!3. Therefore, for our present purposes we take !p ¼
1:793# 0:001, !n ¼ !1:913# 0:001.

We started from considering 15 free parameters. They
are C !q; Cqv;"qv , with q¼ u; d; s, the gluon coefficient Cg,
M1, the lensing parameters K and #, and the scales Q0 and
QL. However, after some explorations, we made a common
set of assumptions in all attempted fits. In all cases, we
fixed "dv;sv ¼ 0 (no nodes in the valence down and strange
Sivers functions, as suggested in Refs. [9,10,23,24]). We
also set Cg ¼ 0 (the influence of the gluon Sivers function
through evolution is anyway limited). Finally, all fits in-
dicated that Q0 ¼ QL ¼ 1 GeV was an acceptable choice.
Therefore, the actual number of free parameters is at most
10. In this framework, we conclude that it is possible to
give a simultaneous description of the SIDIS data and of
the nucleon anomalous magnetic moments assuming the
relation in Eq. (3).

We explored several scenarios characterized by different
choices of the parameters related to the strange quark. We
considered fits with fixed C!s ¼ 0, or with fixed Csv ¼ 0, or
with both parameters free (but constrained within positiv-
ity limits), or with both fixed Csv ¼ C !s ¼ 0. In all cases,
we obtained very good values of $2 per degree of freedom
($2=d:o :f:) between 1.323 and 1.347. All fits lead to a
negative Sivers function for uv and large and positive for
dv, in agreement with previous studies [13– 16] and with
some models [36– 38]. The data are compatible with van-
ishing sea-quark contributions (with large uncertainties).
However, in the x range where data exist, large Sivers
functions for !u and !d are excluded, as well as large and
negative for !s. The Sivers function for sv is essentially
unconstrained. The parameter M1 is quite stable around
0.34 GeV, as well as the strength of the lensing function K
around 1.86 GeV. The parameter # is typically around 0.4
but can vary between 0.03 and 2. The node "uv appears
only above x $ 0:78.

We now discuss in detail the case with fixed Csv ¼
C !s ¼ 0, because it gives the best $2=d:o :f: (1.323) and
suggests that it is possible to fit the present SIDIS data

for Sivers asymmetries in kaon emission without the
strange contribution to the Sivers function. The best-fit
values of the parameters are listed in Table I together
with their statistical errors corresponding to "$2 ¼ 1.
In Fig. 1, we show the corresponding outcome for

xf?ð1Þa
1T ðx;Q2

0Þwith a¼ u; d; !u; !d. The Sivers functions
for s; !s vanish identically. The uncertainty bands are pro-
duced by propagation of the statistical errors of the fit
parameters including their correlations, and correspond to
"$2 ¼ 1. Our results are comparable with other extrac-
tions of the Sivers function [13,15,16]. They are also
qualitatively similar to the forward limit of the GPD E
extracted from experiments [30,31,39,40].
We can now compute the contribution to the anomalous

magnetic moment of each valence quark flavor qv using
Eq. (14). We obtain

TABLE I. Best-fit values of the 8 free parameters for the case Csv ¼ C !s ¼ 0. The final
$2=d:o :f: is 1.323. The errors are statistical and correspond to "$2 ¼ 1

Cuv Cdv C !u C
!d

!0:229# 0:002 1:591# 0:009 0:054# 0:107 !0:083# 0:122

M1 (GeV) K (GeV) # "uv

0:346# 0:015 1:888# 0:009 0:392# 0:040 0:783# 0:001
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0.03

0.04

0.004

0.000
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x
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FIG. 1. The function xf?ð1Þa
1T ðx;Q2

0Þ(see text) as a function of x
at the scale Q0 ¼ 1 GeV for a¼ u; d; !u; !d from top panel to
bottom, respectively. The uncertainty bands are produced by the
statistical errors on the fit parameters listed in Table I.
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0.34 GeV, as well as the strength of the lensing function K
around 1.86 GeV. The parameter # is typically around 0.4
but can vary between 0.03 and 2. The node "uv appears
only above x $ 0:78.

We now discuss in detail the case with fixed Csv ¼
C !s ¼ 0, because it gives the best $2=d:o :f: (1.323) and
suggests that it is possible to fit the present SIDIS data

for Sivers asymmetries in kaon emission without the
strange contribution to the Sivers function. The best-fit
values of the parameters are listed in Table I together
with their statistical errors corresponding to "$2 ¼ 1.
In Fig. 1, we show the corresponding outcome for
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0Þwith a¼ u; d; !u; !d. The Sivers functions
for s; !s vanish identically. The uncertainty bands are pro-
duced by propagation of the statistical errors of the fit
parameters including their correlations, and correspond to
"$2 ¼ 1. Our results are comparable with other extrac-
tions of the Sivers function [13,15,16]. They are also
qualitatively similar to the forward limit of the GPD E
extracted from experiments [30,31,39,40].
We can now compute the contribution to the anomalous

magnetic moment of each valence quark flavor qv using
Eq. (14). We obtain
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$2=d:o :f: is 1.323. The errors are statistical and correspond to "$2 ¼ 1

Cuv Cdv C !u C
!d

!0:229# 0:002 1:591# 0:009 0:054# 0:107 !0:083# 0:122

M1 (GeV) K (GeV) # "uv

0:346# 0:015 1:888# 0:009 0:392# 0:040 0:783# 0:001

0.04

0.03

0.02

0.01

0.00

0.00

0.01

0.02

0.03

0.04

0.004

0.000

0.004

0.2 0.4 0.6 0.8
x

0.004

0.000

0.004

FIG. 1. The function xf?ð1Þa
1T ðx;Q2

0Þ(see text) as a function of x
at the scale Q0 ¼ 1 GeV for a¼ u; d; !u; !d from top panel to
bottom, respectively. The uncertainty bands are produced by the
statistical errors on the fit parameters listed in Table I.
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Results comparison: TO - CA group
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Same selection of data, considering all projections Asin(�h��S)
UT

3 cases for evolution: no evolution, collinear twist-3, TMD-like evolution 

χ2/dof ∼ 0.94



Results comparison: EIKV

!37

Global fit of the HERMES, COMPASS and JLab experimental 
data on polarized reactions to extract the Sivers functions.

➔Hermes, Compass, Jlab data
➔using CSS evolution
➔relating the first moment of the Sivers function to the

twist-three Qiu-Sterman quark-gluon correlation function

for the unpolarized TMDPDFs, TMDFFs and the weighted quark Sivers function as in Eqs. (3), (4) and (5), respectively.
Combining the b! prescription with Eqs. (15) and (17), we can write out the evolved TMDs explicitly as

fq=Aðx; b;QÞ ¼ fq=Aðx; c=b!Þ exp
!
−
Z

Q

c=b!

dμ
μ

"
A ln

Q2

μ2
þ B

#$
exp

!
−b2

"
gpdf1 þ g2

2
ln

Q
Q0

#$
; (21)

Dh=qðz; b;QÞ ¼ 1

z2
Dh=qðx; c=b!Þ exp

!
−
Z

Q

c=b!

dμ
μ

"
A ln

Q2

μ2
þ B

#$
exp

!
−b2

"
gff1 þ g2

2
ln

Q
Q0

#$
; (22)

f⊥qðαÞ
1T;SIDISðx; b;QÞ ¼

"
ibα

2

#
Tq;Fðx; x; c=b!Þ exp

!
−
Z

Q

c=b!

dμ
μ

"
A ln

Q2

μ2
þ B

#$
exp

!
−b2

"
gsivers1 þ g2

2
ln

Q
Q0

#$
: (23)

It is important to realize that g2 is universal for all
different types of TMDs and is certainly spin independent,
which is one of the important predictions of QCD factori-
zation theorems involving TMDs [26,27]. On the other
hand, the constant term g1 depends on the type of TMDs,
and can be interpreted as the intrinsic transverse momen-
tum width for the relevant TMDs at the momentum scale
Q0 [27,40,46]. Assuming a Gaussian form, we have

gpdf1 ¼
hk2⊥iQ0

4
; gff1 ¼

hp2
TiQ0

4z2
; gsivers1 ¼

hk2s⊥iQ0

4
;

(24)

where hk2⊥iQ0
, hp2

TiQ0
and hk2s⊥iQ0

are the relevant averaged
intrinsic transverse momenta squared for TMDPDFs,
TMDFFs and the quark Sivers functions at the momentum
scale Q0, respectively.
Once we resort to such an intuitive interpretation and

further choose Q0 ¼
ffiffiffiffiffiffiffi
2.4

p
GeV, the typical virtuality scale

in the HERMES experiments, hk2⊥iQ0
and hp2

TiQ0
, have

been extracted from the HERMES experimental data by
various groups [55–58]. At present, values in the following
ranges can give an equally good description of the data:

hk2⊥iQ0
¼ 0.25 − 0.44 GeV2;

hp2
TiQ0

¼ 0.16 − 0.20 GeV2: (25)

On the other hand, the universal parameter g2 has been
extracted mainly from the DY lepton pair and W=Z
production. The value of g2 is intimately connected to
the value bmax one is using. In Ref. [51], Konychev and
Nadolsky have shown that the best fit of the experimental
data can be reached if one chooses bmax ¼ 1.5 GeV−1, and
the fitted g2 is given by

g2 ¼ 0.184 & 0.018 GeV2: (26)

In our work, we will try to tune the three parameters
hk2⊥iQ0

, hp2
TiQ0

and g2 within their current extracted ranges,

Eqs. (25) and (26), to see if we can indeed reconcile the
SIDIS process and the DY-type processes, and to test if we
can describe all the SIDIS, DY lepton pair and W=Z
production data. Indeed, we find the following parameters
can do a rather reasonable job:

hk2⊥iQ0
¼ 0.38 GeV2; hp2

TiQ0
¼ 0.19 GeV2;

g2 ¼ 0.16 GeV2: (27)

The variation of the nonperturbative parameters that enter
into the evolution of TMDs should not affect the shape of
the kernel in the perturbative region 1=b ≫ ΛQCD, where
no nonperturbative model is needed. In other words, the
relative change of the parameters bmax and g2 should
conspire in such a way that the kernel in the perturbative
region is not spoiled. We have checked this fact explicitly at
NLL accuracy for our tuned parameters bmax ¼ 1.5 GeV−1

and g2 ¼ 0.16 and found that this is indeed the case. In the
next subsection we show that the implementation of the
Sudakov factor with the above g2 parameter leads to a
reasonably good description of all the experimental data on
SIDIS, DY lepton pair and W=Z boson production, and
hence to a more solid extraction of the Sivers asymmetry.

B. Transverse momentum distribution

Here, we first review the QCD factorization formalism
for the transverse momentum distribution of hadron pro-
duction in SIDIS, DY lepton pair and W=Z boson pro-
duction in pp collisions. We then demonstrate that the
QCD factorization formalism with the evolution imple-
mented as in Eq. (17) and the tuned nonperturbative
Sudakov factor with parameters given in Eq. (27) leads
to a reasonably good description of the experimental data
on SIDIS, DY lepton pair and W=Z production.
We start with single hadron production in SIDIS, the

scattering processes of a lepton e on a hadron A,

eðlÞ þ AðPÞ → eðl0Þ þ hðPhÞ þ X; (28)
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It is important to realize that g2 is universal for all
different types of TMDs and is certainly spin independent,
which is one of the important predictions of QCD factori-
zation theorems involving TMDs [26,27]. On the other
hand, the constant term g1 depends on the type of TMDs,
and can be interpreted as the intrinsic transverse momen-
tum width for the relevant TMDs at the momentum scale
Q0 [27,40,46]. Assuming a Gaussian form, we have
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hp2
TiQ0
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hk2s⊥iQ0

4
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production. The value of g2 is intimately connected to
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the fitted g2 is given by
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can describe all the SIDIS, DY lepton pair and W=Z
production data. Indeed, we find the following parameters
can do a rather reasonable job:
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¼ 0.38 GeV2; hp2

TiQ0
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The variation of the nonperturbative parameters that enter
into the evolution of TMDs should not affect the shape of
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no nonperturbative model is needed. In other words, the
relative change of the parameters bmax and g2 should
conspire in such a way that the kernel in the perturbative
region is not spoiled. We have checked this fact explicitly at
NLL accuracy for our tuned parameters bmax ¼ 1.5 GeV−1

and g2 ¼ 0.16 and found that this is indeed the case. In the
next subsection we show that the implementation of the
Sudakov factor with the above g2 parameter leads to a
reasonably good description of all the experimental data on
SIDIS, DY lepton pair and W=Z boson production, and
hence to a more solid extraction of the Sivers asymmetry.

B. Transverse momentum distribution

Here, we first review the QCD factorization formalism
for the transverse momentum distribution of hadron pro-
duction in SIDIS, DY lepton pair and W=Z boson pro-
duction in pp collisions. We then demonstrate that the
QCD factorization formalism with the evolution imple-
mented as in Eq. (17) and the tuned nonperturbative
Sudakov factor with parameters given in Eq. (27) leads
to a reasonably good description of the experimental data
on SIDIS, DY lepton pair and W=Z production.
We start with single hadron production in SIDIS, the

scattering processes of a lepton e on a hadron A,
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implementing the evolution at NLL accuracy along with the
LO coefficient functions. All of these could be further
improved, and a first attempt to implement the approach
presented in [29] is being pursued in [76]. Another
important consequence is that since the parameter g2 is a
universal parameter, i.e., independent of the spin, we can
then use the same g2 to extract the Sivers functions from the
current Sivers asymmetry measurements in SIDIS. This
will be the main focus of the next section.

III. QCD EVOLUTION OF
TMDS: THE SIVERS EFFECT

In this section we will first extract the quark Sivers
functions from the Sivers asymmetry measurements in
SIDIS from JLab, HERMES and COMPASS experiments.
We will then make predictions for the Sivers asymmetries
of DY dilepton and W boson production, to be compared
with the future measurements.

A. Global fitting of Sivers asymmetries in SIDIS

Here, we apply our QCD evolution formalism for the
Sivers effect in SIDIS and use it to extract the quark Sivers
functions from the experimental data. The differential
SIDIS cross section on a transversely polarized nucleon
target can be written as [13,77,78]

dσ
dxBdydzhd2Ph⊥

¼ σ0ðxB;y;Q2Þ

× ½FUUþ sinðϕh−ϕsÞF
sinðϕh−ϕsÞ
UT &; (38)

where σ0 ¼ 2πα2em
yQ2 ð1þ ð1 − yÞ2Þ, and ϕs and ϕh are the

azimuthal angles for the nucleon spin and the transverse
momentum of the outgoing hadron, respectively. FUU and
Fsinðϕh−ϕsÞ
UT are the spin-averaged and transverse spin-

dependent structure functions that have the expressions

FUU ¼ 1

2π

Z
∞

0
dbbJ0ðPh⊥b=zhÞ

×
X

q

e2qfq=AðxB; b;QÞDh=qðzh; b;QÞ; (39)

Fsinðϕh−ϕsÞ
UT ¼−

Z
d2b
ð2πÞ2

eiPh⊥·b=zhP̂α
h⊥

×
X

q

e2qf
⊥qðαÞ
1T;SIDISðxB;b;QÞDh=qðzh;b;QÞ; (40)

where P̂h⊥ is the unit vector along the hadron transverse
momentum Ph⊥. If we include the QCD evolution of both
the quark Sivers function and the fragmentation function as
in Eqs. (22) and (23) into Eq. (40), we can eventually write
Fsin ðϕh−ϕsÞ
UT as

Fsinðϕh−ϕsÞ
UT ¼ 1

4πz2h

Z
∞

0
dbb2J1ðPh⊥b=zhÞ

×
X

q

e2qTq;FðxB;xB;c=b'ÞDh=qðzh;c=b'Þ

×exp
!
−
Z

Q2

c2=b2'

dμ2

μ2

"
A ln

Q2

μ2
þB

#$

×exp
!
−b2

"
gff1 þgsivers1 þg2 ln

Q
Q0

#$
; (41)

with J1 being the Bessel function of the first order. The
Sivers asymmetry Asinðϕh−ϕsÞ

UT is defined as

Asinðϕh−ϕsÞ
UT ¼ σ0ðxB; y; Q2Þ

σ0ðxB; y; Q2Þ
Fsin ðϕh−ϕsÞ
UT

FUU
: (42)

If we want to use the above QCD formalism (with QCD
evolution of TMDs included) to describe the Sivers
asymmetries in SIDIS, we have to parametrize the usual
Qiu-Sterman functions Tq;Fðx; x; μÞ. For this part, follow-
ing [79], we assume they are proportional to the usual
unpolarized collinear PDFs as

Tq;Fðx; x; μÞ ¼ Nq
ðαq þ βqÞðαqþβqÞ

α
αq
q ββ

q

q
xαqð1 − xÞβqfq=Aðx; μÞ:

(43)

We will have αu; αd; Nu; Nd for u and d quarks and
Nū; Nd̄; Ns; Ns̄; αsea for sea quarks. At the same time, we
choose the same βq ≡ β for all quark flavors. Including
hk2s⊥i ¼ 4gsivers1 in the nonperturbative Sudakov factor
Eq. (23), we have in total 11 fitting parameters.
We use the MINUIT package to perform a global fit of

the Sivers asymmetries data in SIDIS. To be consistent with
the region of applicability of our QCD factorization
formalism while still having enough experimental data in
our analysis, we restrict our fit to the same transverse
momentum region as specified in the last section for the
unpolarized differential cross section: for hadron produc-
tion at JLab [20] with hQ2i ¼ 1.38 − 2.68 GeV2, we

TABLE I. Best values of the free parameters for the Sivers
function from our fit to SIDIS data [17–20] on Asinðϕh−ϕsÞ

UT .

χ2=d:o:f: ¼ 1.3

αu ¼ 1.051þ0.192
−0.180 αd ¼ 1.552þ0.303

−0.275

αsea ¼ 0.851þ0.307
−0.305 β ¼ 4.857þ1.534

−1.395

Nu ¼ 0.106þ0.011
−0.009 Nd ¼ −0.163þ0.039

−0.046

Nū ¼ −0.012þ0.018
−0.020 Nd̄ ¼ −0.105þ0.043

−0.060

Ns ¼ 0.103þ0.548
−0.604 Ns̄ ¼ −1.000 ( 1.757

hk2s⊥i ¼ 0.282þ0.073
−0.066 GeV2
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Results comparison: EIKV
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TqF (x, x, µ) ➔ “collinear counterpart" of the Sivers function
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To arrive at the second expression in Eq. (44), we first apply
the sign change for the Sivers functions between the SIDIS
and the DY processes:

f⊥;qðβÞ
1T;DYðxa; b;QÞ ¼ −f⊥;qðβÞ

1T;SIDISðxa; b;QÞ: (45)

We then use Eq. (23) and Eq. (44) and follow the
experimental convention to choose the pair’s transverse
momentum p⊥ along the x-direction, while the spin vector
s⊥ is along y-direction [10,85] and the transversely
polarized proton is moving in the þ z-direction. The single
transverse spin asymmetry for DY production is given by

AN ¼ dΔσ
dQ2 dyd2p⊥

=
dσ

dQ2 dyd2p⊥
: (46)

It is important to realize that the AN defined above is
opposite to the so-called weighted asymmetry Asinðϕγ−ϕsÞ

N
defined in the literature; see, e.g., Refs. [63,83].
There are several planned experiments to measure

the AN for DY lepton pair production. The COMPASS
Collaboration at CERN will use a 190 GeV π− beam to
scatter on the polarized proton target [21], which corre-
sponds to a CM energy

ffiffiffi
s

p
¼ 18 .9 GeV. At Fermilab, one

can use the 120 GeV proton beam in the main injector.
There are two proposals corresponding to either a polarized

-0.1

-0.05

0

0.05

0.1

10-3 10-2 10-1

u

d

x

x 
T

q,
F(

x,
 x

)

10-3 10-2 10-1

u
–

d
–

x
10-3 10-2 10-1 1

s

s
–

x

FIG. 11 (color online). Qiu-Sterman function Tq;Fðx; x;QÞ for u, d and s flavors at a scale Q2 ¼ 2 .4 GeV2 , as extracted by our
simultaneous fit of JLab, HERMES and COMPASS data.

-0.04

-0.03

-0.02

-0.01

0

-0.6 -0.4 -0.2 -0 0.2 0.4 0.6
xF

A
N

-0.02

-0.01

0

0.01

0.02

-0.6 -0.4 -0.2 -0 0.2 0.4 0.6
xF

A
N

-0.04

-0.03

-0.02

-0.01

0

0.01

-4 -3 -2 -1 0 1 2 3 4
y

A
N

FIG. 12 (color online). Estimated Sivers asymmetries for DY lepton pair production. Left plot: AN in p↑π− collisions as a function of
xF at COMPASS energy

ffiffiffi
s

p
¼ 18 .9 GeV. Middle plot: AN in p↑p collisions is plotted as a function of xF at Fermilab energyffiffiffi

s
p

¼ 15.1 GeV. Right plot: AN in p↑p collisions is plotted as a function of the pair’s rapidity y at RHIC energy
ffiffiffi
s

p
¼ 510 GeV. We

have integrated over the pair’s transverse momentum 0 < p⊥ < 1 GeV in the invariant mass range 4 < Q < 9 GeV.

ECHEVARRIA et al. PHYSICAL REVIEW D 89, 074013 (2014)

074013-12

dΔσ
dQ2 dyd2p⊥

¼ ϵαβsα⊥σ
DY
0

Z
d2 b
ð2 πÞ2

eip⊥·b
X

q

e2qf
⊥;qðβÞ
1T;DYðxa; b;QÞfq̄=Bðxb; b;QÞ;

¼ −
σDY0
4π

Z
∞

0
dbb2 J1ðp⊥bÞ

X

q

e2qTq;Fðxa; xa; c=b$Þfq̄=Bðxb; c=b$Þ

× exp
!
−
Z

Q

c=b$

dμ2

μ2

"
A ln

Q2

μ2
þ B

#$
exp

!
−b2

"
gpdf1 þ gsivers1 þ g2 ln

Q
Q0

#$
: (44)

To arrive at the second expression in Eq. (44), we first apply
the sign change for the Sivers functions between the SIDIS
and the DY processes:

f⊥;qðβÞ
1T;DYðxa; b;QÞ ¼ −f⊥;qðβÞ

1T;SIDISðxa; b;QÞ: (45)

We then use Eq. (23) and Eq. (44) and follow the
experimental convention to choose the pair’s transverse
momentum p⊥ along the x-direction, while the spin vector
s⊥ is along y-direction [10,85] and the transversely
polarized proton is moving in the þ z-direction. The single
transverse spin asymmetry for DY production is given by

AN ¼ dΔσ
dQ2 dyd2p⊥

=
dσ

dQ2 dyd2p⊥
: (46)

It is important to realize that the AN defined above is
opposite to the so-called weighted asymmetry Asinðϕγ−ϕsÞ

N
defined in the literature; see, e.g., Refs. [63,83].
There are several planned experiments to measure

the AN for DY lepton pair production. The COMPASS
Collaboration at CERN will use a 190 GeV π− beam to
scatter on the polarized proton target [21], which corre-
sponds to a CM energy

ffiffiffi
s

p
¼ 18 .9 GeV. At Fermilab, one

can use the 120 GeV proton beam in the main injector.
There are two proposals corresponding to either a polarized

-0.1

-0.05

0

0.05

0.1

10-3 10-2 10-1

u

d

x

x 
T

q,
F(

x,
 x

)

10-3 10-2 10-1

u
–

d
–

x
10-3 10-2 10-1 1

s

s
–

x

FIG. 11 (color online). Qiu-Sterman function Tq;Fðx; x;QÞ for u, d and s flavors at a scale Q2 ¼ 2 .4 GeV2 , as extracted by our
simultaneous fit of JLab, HERMES and COMPASS data.

-0.04

-0.03

-0.02

-0.01

0

-0.6 -0.4 -0.2 -0 0.2 0.4 0.6
xF

A
N

-0.02

-0.01

0

0.01

0.02

-0.6 -0.4 -0.2 -0 0.2 0.4 0.6
xF

A
N

-0.04

-0.03

-0.02

-0.01

0

0.01

-4 -3 -2 -1 0 1 2 3 4
y

A
N

FIG. 12 (color online). Estimated Sivers asymmetries for DY lepton pair production. Left plot: AN in p↑π− collisions as a function of
xF at COMPASS energy

ffiffiffi
s

p
¼ 18 .9 GeV. Middle plot: AN in p↑p collisions is plotted as a function of xF at Fermilab energyffiffiffi

s
p

¼ 15.1 GeV. Right plot: AN in p↑p collisions is plotted as a function of the pair’s rapidity y at RHIC energy
ffiffiffi
s

p
¼ 510 GeV. We

have integrated over the pair’s transverse momentum 0 < p⊥ < 1 GeV in the invariant mass range 4 < Q < 9 GeV.

ECHEVARRIA et al. PHYSICAL REVIEW D 89, 074013 (2014)

074013-12


