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e The energy-momentum tensor (EMT) is an operator characterizing the
distribution and flow of energy and momentum.
o Matrix elements between hadronic states characterize coveted properties of hadrons:

e The distribution & decomposition of mass.
e The distribution & decomposition of angular momentum.
o The distribution & decomposition of forces, including shear and pressure.

Pion mass density

Pion pressure decomposition
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@ The canonical EMT is obtained by applying Noether’s theorem to spacetime
translation symmetry:

Z{ 2 B¥a(x) — g 7(@) (7B —m)a(a)}

— 2Tr {G‘“\(?”A)\} + %g‘“jTr [G)‘UGAU]

o It is conserved in the first index: 0,747 = 0.
o It is not symmetric: THY # TV

e It is not gauge invariant. Problem!

o Also, remember the potential energy term for later.

A. Freese (ANL) May 16, 2019



e The gauge invariant kinetic (gik) EMT is obtained by adding the divergence of a
superpotential to the canonical EMT.

See Leader & Lorcé, Phys Rept 541 (2014)

Th @) = > {a@)ir" D¥a(x) - 9" a(@) (i B —my)a(x) |

q

— 2Ty [G“AG”,\} + %g‘“’Tr {G)‘”GAU]

o It is (still) conserved in the first index: 9, Ty = 0. ...but also, 9, Ty = 0 too.
o It is (still) not symmetric: Tp # Ty
e It is gauge invariant.
@ The gik EMT is also the source of gravity in Einstein-Cartan theory.
o Einstein-Cartan theory is a natural extension of general relativity that accommodates
spin via spacetime torsion.

e Also, it’s the gauge theory associated with local Poincaré transformations.
o For a review, see Hehl et al., RMP48 (1976)
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Matrix elements of EMT between hadronic momentum eigenstates give
gravitational form factors (GFFs).

For a spin zero hadron:
1
(P | T, (0) | p) = 2Pu Py Aa(t) + 5 (Auddy — A%g,,)Co(t) + 2m3 g, ca(t)
where a = g, ¢ is any parton flavor, and my, is the hadron mass.

GFFs characterize different aspects of
gravitational structure.

@ A,(t) encode energy distributions,

@ C,(t) & ¢4(t) encode force distributions,
@ ¢,(t) encode force balancing between
quarks & gluons: ¢4(t) = —¢4(t).

See Polyakov & Schweitzer for details
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o Hard exclusive reactions are used to measure GFFs—not gravitational
experiments.

o Deeply virtual Compton scattering (DVCS) to probe quark structure.
o Deeply virtual meson production (DVMP), e.g., J/¢ or T to probe gluon structure.
e ...and more!

o Related to GPDs—spin-zero example:
1
[ dwoHa(e.60) = Ao+ €C.(0
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The gik EMT is the current that a graviton “sees” in Einstein-Cartan theory.

Of course, gravity is too weak for us to do graviton-exchange experiments.

But using graviton exchange as a purely theoretical means of calculation is still
helpful-—can think in field theory terms.

o Ward-Takahashi identities

e Dyson-Schwinger equations

e Feynman diagrams

Matrix elements of the EMT related to graviton vertex:

@' T |p) = @' ITE | p)
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Gravitational Ward-Takahashi Identities

e Quark-graviton vertex satisfies a simple Ward-Takahashi identity (WTI):

AW p) = p"STHP) = 7S (p)

o Identical to WTI for canonical EMT.
o Applies to anything made of only quarks.

o WTI for gluon-graviton vertex more complicated:
v - _ 1 _ _
ARG, p) = p"S7H0) = p7STHp) + 5 Au [T = 2T (p)]

where > is the generator of Lorentz transforms.
o Identical to WTI for Belinfante EMT [proved by DeWitt, PR162 (1967)]
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Dyson-Schwinger Equations

o Equivalence principle: all energy gravitates the same way.
e This includes potential energy, encoded in EMT via —g"" L.

e Graviton vertex diagrams (excluding ghosts—also necessary for a covariant gauge!):

A+ X

e Every one of these must be dressed by Dyson-Schwinger equations.

o These equations are coupled, and there are an infinite tower of them.

@ A simpler model of QCD would be a nice starting point.
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Let us model mesons in the Nambu—Jona-Lasinio (NJL) model of QCD.
o Low-energy effective field theory.

e Models QCD with gluons integrated out. Four-fermi contact interaction.
_ = 1 _ _ _ _
L=3d —m)) + 5G(¥9)” = (r7¢)" + (70)° = (P5¢)7]
1 — 1 — — 1 —
- iGw(@/}'Y,uw)z - iGP[(wﬁ)ﬂuT@/})z + (¢7u757¢)2] - §Gf(¢7,u')’5¢)2]

e Reproduces dynamical chiral symmetry breaking (DCSB).
o Gap equation:

d*k M
(2m)* k2 — M2 + 40

M = m + 8iG(2N,) /

e Mesons appear as poles in T-matrix after solving a Bethe-Salpeter equation
(BSE).
@ See also Andrea Signori’s talk (Monday).
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e NJL model has three- and five-point graviton vertices.

LAY _ A2, uv 11 77AN
AFAY — A*g Colt L B ’YU%DQQ(t)

— BV WY (e
YRR — g" (k- M) + i () 1

= —g"” Z 2Ga ® Q (sum over contact interactions)
Q

e Five-point vertex comes from equivalence principle.
e Contact interaction is a potential energy
o All energy gravitates the same way
e Formally, are introduced to EMT through —¢"” L term

e Three-point satisfies a Bethe-Salpeter equation:

Adh A
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ACA LA

e Graviton vertex BSE driven by elementary interaction:
=Yk — g (f —m)
@ Vaccuum condensate turns bare into dressed mass:

‘ d*k M . .

@ When added, these two terms obey WTI. Last term must be transverse.
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. . AFAY — AQg;U/ ,L'G;I,VAO' -
=K = " (k= M) + === —Co(t) + —— LDy (1)

NJL model dressed quarks:

Alt)=1 C(t) = Co(t) 02 ///
B(t)=0 D(t) = =1+ Dg(t)
—0.4
Elementary quarkS (see also Hudson & Schweitzer). - ;l)((ﬁ))
—0.6 olt
At)=1 C(t)=0
B(t)=0 D(t) = -1 -038
Dressed quarks look bare at high —t. _10] T e |
arXiv:1903.09222 (AF & Ian Cloét) L
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http://inspirehep.net/record/1726347

e Sum three diagrams to get meson EMT.

First two are typical triangle diagrams (appear in EM current, axial current, etc.)
Third bicycle diagram is new to EMT (is NJL-model specific)

But there are (more complicated) analogues in QCD

Equivalence principle: all forms of energy look the same to gravity

Vertices look like potential energy

Graviton can couple to any vertex in the Lagrangian

e All three are needed for energy/momentum conservation!
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Spin-zero mesons

a 1 _
<p/ | TW(O) | p) =2P,P,Aq(t) + i(AuAV - A29W)Ca(t) + Qmi%ca(t)g/w

Let’s look at m and o mesons (summed over all quarks)...

1.0
e A(t) encodes spatial distribution of energy 05
on the light cone [via 2D Fourier transform]| 0
—0.5

e C(t) encodes spatial distribution of forces
on the light cone [via 2D Fourier transform]
—1.5
~2.0

@ ¢(t) = 0—required by energy conservation
arXiv:1903.09222 (AF & Ian Cloét)
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o
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[
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Pion: light cone energy density

Pion mass density

3.5 —— Pion mass density 0 3
Pion charge density ’
3.0
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520
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] j=i
1.0 0.0
=
=
0.5
—0.1
0.04 '
0.0 05 10 15 20
by (fm) —0.2
@ Energy is more centrally concentrated than charge. —0.3
@ Suggests inhomogeneous distribution of charge. —0.2 0.0 0.2
@ NJL model dressed quarks have be (fm)

, but pointlike energy density.

Predict 0 27 fm for pion light cone mass radius.




Breit frame and light front

@ There is controversy in the community regarding the meaningfulness of the “Breit
frame density.”
o Schweitzer (Monday): meaningful as a response function, may require relativistic
corrections. (Probably no good for pion)
o Burkhardt (Tuesday): not at all meaningful, there is no state with this density.
o Lorcé (audience comment): meaningful in terms of localization, can obtain from Wigner
distribution.

o Regardless, we can calculate it (except in chiral 1imit), and see what happens.
e Light cone energy density. ..

d?A i
,OLC(bJ_) = / (QW)éA(_AQL)e (A1lby)

@ Breit frame. ..

A A? A? »
per(r) = / (277)3 1+ 47713r [A(_A2) " 70(_A2) e
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Breit vs. light front: pion energy density

—— Light front . . L .
, R o Light front density positive-definite
(proved by Matthias Burkhardt, Jerry Miller)
9 @ Breit frame density not positive-definite

o Both densities integrate to 1, positive
mass radius.

Radial density

o Light front mass radius: 0.27 fm
o Breit frame mass radius: 1.28 fm

@ Breit frame radius non-zero even if
A(t), C(t) = const
0 1 2 3 1 5

b (fm) ...is this why point particles are not black holes?

I don’t know whether Breit frame density is meaningful, but it is strange.
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Pion: pressure
In the chiral limit:

((9) | T 0) | 7(9)) = 2By — 5 (Auhy — A%g)

ie., Cr(0) —— —1. This is a low energy pion theorem.

mx—0

See Voloshin & Zakharov, PRL45 (1980), Novikov & Shifman, Z. Phys. C8 (1981)

Pion pressure decomposition

Hl Tnter-quark forces
I Forces inside dressed quarks

A. Freese (ANL)

NJL model does satisfy this theorem.
Two-thirds majority of Cr(0) comes from
dressing term in BSE.

It is necessary to self-consistently solve all
non-perturbative dynamical equations.

For GPD calculations involving constituent
quarks, the bilocal operator must also
be dressed (or one will get C(0) wrong
by a factor 3).

n.b., no low-energy sigma theorem. We get
C,(0) = —2.27.
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More on the importance of dressing

= — i(Ar)
pBF(I') / (2 )3 1+ m?r |:A( A ) + 4m72r 20( A ) e

Breit frame energy density

—— With dressing

-~ Without dressing o Cr(t) enters into Breit frame density

[N

o Negative mean-squared mass radius
without dressing. ..

e Breit frame mass radius with
dressing: 1.28 fm

o Breit frame mass radius without
dressing: -0.34 fm

@ Breit frame density absurd without
dressing.
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e ¢(t) = 0 is satisfied by the NJL model.

o This requires the bicycle diagram.

ngrgw(t) — ZWHPP(mgr) [1+2GWpr(m;2T)] =0
Zm?récr(t) = ZUHSS(mEr) [1—2G0H59(7713)] =0

e Green terms are from bicycle diagram
e The overall vanishing is identical to mass shell condition
@ Necessity of bicycle diagram: energy conservation is for sum of kinetic energy
(three-point vertex) and potential energy (five-point vertex)
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Conclusions & outlook

@ The NJL model can be used to compute gravitational structure of hadrons that
respects expected non-perturbative dynamics.

Gravitons couple to every vertex in the Lagrangian—a consequence of the
equivalence principle.

e These couplings are necessary to observe energy conservation.
e Dressing one’s operators is necessary for correct results.
e We predict a pion light cone mass radius of 0.27 fm.

...and, most importantly:

Thanks for your time and attention!
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Spin-one mesons

New work with Cedric Lorce, Wim Cosyn, & Sabrina Cotogno, arXiv:1903.00408
See also Cedric’s talk—right ‘before mine!

(A€™*)(A€)

2m?2

' N | T5,(0) | p,A) = —2Pu Py {(6'*6)911(75) -
P

% (t)}

(Ae™)(Ae)
2m2

L (BuA, - A7) [(e’*em(t) - GE (0| + P (e (Ae) — ey (")) G2 (1)

1 /% 1% 1% 1% a
5 [B (€ (20 + ey (AC)) = ey A% = g (AC)(A0)] G (1)
% a 1% a 1 Ix a
+ €, eympGE (1) + guumi (€ €)GE (1) + S 9 (Ae™)(A)G5 (t)
+ Py (5(86) = ) (A€)) G (t) + Ay, (1(A6) + e,y (A™)) G4 (1)

Well, it’s a bit complicated...

Let’s remove the stuff that’s zero in the NJL model (from energy/momentum conservation)
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(Ae™ )(AE)
2m

(A€™*)(A€)

2m?2 91

@ NIT5, (0)p, A) = 2P, P, {(6'*6)9‘1’( )= ga(t)} %(A;A,, - A%gu0) [(6'*6)%1( )=

P
1
5 [B 0 (€20 + ey (AC) = ey A% = g (AC)(A0)] G (1)

+ Pr (3(80) = 6 (A)) G2 (1) + P, ((8e) = ) (A™) ) G (1)

Look at p meson
@ G1(0) =1 from momentum conservation

G3(0) ~ —1, but no low-energy theorem for rho

]
@ Gi,2,6(t) encode spatial distribution of energy 10
@ G3 4,6(t) encode spatial distribution of forces (pressure, = 05
shear, surface tension) ©
@ Gg(t) related to tensor polarization mode 0.0
@ Gs(t) encodes spatial distribution of total angular —05
momentum :
@ G1o(t) encodes spatial distribution of parton intrinsic ~1.0
spin ' : .
Still a lot... unpacking in a future talk! 0 1 2 ((%NQ) 4 5 6
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The proton

P,P, iPr o,
® N 1T, 0) [ p,X) = a0, X) | A Aa(t) + 232 (A0 () + Ba (1)

A AV - A2 v P v
“79“0(1(,5) + Mgua(t) + Wuovia

= L2 Do (t)|u(p. )

1.0

We have partial proton results ...
@ This is in a quark-diquark model.
Scalar and axial-vector diquarks included.
We get B(0) = 0 exactly.
¢(t) = 0 not yet proved.

Have not yet calculated D(t), from
antisymmetric part of EMT.

0.0

Proton GFFs

—-1.0
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