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Introduction
Working definition - calculation of x-dependent PDFs and QDAs (quark 
distribution amplitudes) from Euclidean-space lattice calculations.

X. Ji, Phys. Rev. Lett. 110 (2013) 262002 
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Quasi distributions approach light-cone distributions in limit of large Pz

• Quasi-PDF (qPDF) interpreted in LaMET (Large Momentum Effective Theory) 
was proposed by X.Ji

• Pseudo-PDF (pPDF) recognizing generalization of PDFs in terms of Ioffe 
Time.
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Pseudo-PDF vs Quasi-PDF
Relation between qPDF and pPDF approaches 
– Both integrals of Ioffe-Time Distribution Function 
– Computed matrix elements the same 
– Should yield same PDF after matching and systematic controls
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Joe Karpie

Require sufficiently fine lattice spacings

• Hadronic Tensor (HT)
Wµ⌫ =

1
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KF Liu, SJ Dong, PRL72, 1790 (1994)
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This is a four-point function.



Good “Lattice Cross Sections”
• LCS
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Ma and Qiu, Phys. Rev. Lett. 120 022003
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Calculated in perturbation 
theory (“process dependent”)Parton Distribution 

function

Calculated in 
LQCD

Short distance scale
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LCS - II

OS(⇠) = ⇠4Z2
S [ ̄q q](⇠)[ ̄q ](0)

OV 0(⇠) = ⇠2Z2
V 0 [ ̄q⇠ · � q0 ](⇠)[ ̄q0⇠ · � ](0)

Choice of Operators
O(⇠) =  ̄(0)�W (0, 0 + ⇠) (⇠)

Wilson line
Gauge-Invariant Currents

Flavor-changing

• Straight-forward operator renormalization 
• ξ can be off-axis 
• Variety of operators  

• Control over systematic uncertainties 
• “Higher-Twist”



First Application - Pion PDF  
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Discrepancy in large-x 
behavior of pion distribution

de Teramond, liu, Sufian, Dosch, 
Brodsky, Deur, PRL (2018)

• u distribution of FNAL E615 to leading order 
• C12-15-006 at Hall A will look at structure of pion 
• C12-15-006A at Hall A will look at structure of Kaon 
• No free pion target

R. Sufian, J. Karpie, C. Egerer, K. Orginos, J. Qiu, D. Richards, Phys. Rev. D 99, 074507 (2019), arXiv:1901.03921
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• Pion less computationally demanding that nucleon 
– Larger signal-to-noise ratio

Why the Pion - II? 

Cp
�2(t, ~p) !

⇢
e�m⇡t Mesons
e�(3m⇡/2)t Baryons
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X
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! e�E(~p)t

• Important constraint on systematic uncertainty is 
understanding operator renormalization 
– Operator renormalization “independent” of external 

states
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Calculate K at tree-level between quark states

k = xp k = xp

�⇠/2 ⇠/2

⌫ µ
l

k = xp k = xp

�⇠/2 ⇠/2

⌫ µ
l

Process, i.e. current, dependent
1

2
[�µ⌫

V,A(⇠, p) + �µ⌫
A,V (⇠, p)]

<latexit sha1_base64="FtSd2NpCIyLMl4QXUzqIm2QwgV0="></latexit><latexit sha1_base64="FtSd2NpCIyLMl4QXUzqIm2QwgV0="></latexit><latexit sha1_base64="FtSd2NpCIyLMl4QXUzqIm2QwgV0="></latexit><latexit sha1_base64="FtSd2NpCIyLMl4QXUzqIm2QwgV0="></latexit>

Perturbative Kernel 



in the Qweak experiment arises from the Gs
M(Q2). A precise estimate of Gs

M(Q2) can lead to

more/higher precision in the estimated value of proton weak charge Qp = (1� 4 sin2 ✓W ) in the

Qweak experiment. It is very important to know the value of Qp with greater precision because/as

this will constrain the possibility of Beyond Standard Model physics.

Discuss NuTeV anomaly from the second moment of the s(x)� s̄(x) asymmetry (from high-

lighted 10)
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Computational Setup
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h⇧(�p0)|OJ1(x0)OJ2(⇠)|⇧(�p0)i =

=
X

y,z

ei(p
0.z�p.y)

hq̄ �⇧ q(z, T ) Q̄ J2 Q(x0 + ⇠, t) q̄ J1 q(x0, t) q̄ �⇧ q(y, 0)i

=
X

y,z

ei(p
0.z�p.y)Tr[J2 GQ(x0 + ⇠, t;x0, t) J1 G(x0, t; y, 0)�⇧G(y, 0; z, T )�⇧ G(z, T ;x0 + ⇠, t)]

mu/d  mQ  ms

Straightforward computational setup using sequential-source 
method:

D(Z, T ;w)H(w;x0, t) =
X

y

e
�ip·y�⇧G(y, 0;x0, t)

D(s;w)H̃(w;x0, t) =
X

z

e
ip·z�⇧H(z, T ;x0, t)

Momentum  
projection

Momentum  
projection

Momentum conservation

C4(T)



• 2 + 1 Clover-fermion action 
– Lattice spacing a ~ 0.127 fm 
– Pion mass 460 MeV 
– 323 x 96 lattice, 490 Configs 
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Computational Details

Data degrades at higher momenta



Quality of Data
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C2pt(~p, T ) = h⇧~p(T )⇧̄~p(0)i
<latexit sha1_base64="c22Zci0POvZ+aMT17AWCzuQY8Xc=">AAACPnicdZBLSwMxFIUzvh1fVZdugkVoQcpModqNILhxWcHaQjOUTHrbBjOZIckIZZhf5sbf4M6lGxeKuHVp+hCq6IXA4TsnJPeEieDaeN6Ts7C4tLyyurbubmxube8UdvdudJwqBk0Wi1i1Q6pBcAlNw42AdqKARqGAVnh7MfZbd6A0j+W1GSUQRHQgeZ8zaizqFpqk4150M6IiXE1MXiJ3wLIkP74u4zNMBJUDAZg0uI1Mnb xkLRJSlVmaz2GvTNQk7pKgWyh6FW8yeE7UT2o1v4b9GSmi2TS6hUfSi1kagTRMUK07vpeYIKPKcCYgd0mqIaHslg6gY6WkEeggm6yf4yNLergfK3ukwRM6fyOjkdajKLTJiJqh/u2N4V9eJzX9epBxmaQGJJs+1E8FNjEed4l7XAEzYmQFZYrbv2I2pIoyYxt3bQnfm+L/xU214nsV/6paPK/P6lhDB+gQlZCPTtE5ukQN1EQM3aNn9IrenAfnxXl3PqbRBWd2Zx/9GOfzC+C8rl0=</latexit><latexit sha1_base64="c22Zci0POvZ+aMT17AWCzuQY8Xc=">AAACPnicdZBLSwMxFIUzvh1fVZdugkVoQcpModqNILhxWcHaQjOUTHrbBjOZIckIZZhf5sbf4M6lGxeKuHVp+hCq6IXA4TsnJPeEieDaeN6Ts7C4tLyyurbubmxube8UdvdudJwqBk0Wi1i1Q6pBcAlNw42AdqKARqGAVnh7MfZbd6A0j+W1GSUQRHQgeZ8zaizqFpqk4150M6IiXE1MXiJ3wLIkP74u4zNMBJUDAZg0uI1Mnb xkLRJSlVmaz2GvTNQk7pKgWyh6FW8yeE7UT2o1v4b9GSmi2TS6hUfSi1kagTRMUK07vpeYIKPKcCYgd0mqIaHslg6gY6WkEeggm6yf4yNLergfK3ukwRM6fyOjkdajKLTJiJqh/u2N4V9eJzX9epBxmaQGJJs+1E8FNjEed4l7XAEzYmQFZYrbv2I2pIoyYxt3bQnfm+L/xU214nsV/6paPK/P6lhDB+gQlZCPTtE5ukQN1EQM3aNn9IrenAfnxXl3PqbRBWd2Zx/9GOfzC+C8rl0=</latexit><latexit sha1_base64="c22Zci0POvZ+aMT17AWCzuQY8Xc=">AAACPnicdZBLSwMxFIUzvh1fVZdugkVoQcpModqNILhxWcHaQjOUTHrbBjOZIckIZZhf5sbf4M6lGxeKuHVp+hCq6IXA4TsnJPeEieDaeN6Ts7C4tLyyurbubmxube8UdvdudJwqBk0Wi1i1Q6pBcAlNw42AdqKARqGAVnh7MfZbd6A0j+W1GSUQRHQgeZ8zaizqFpqk4150M6IiXE1MXiJ3wLIkP74u4zNMBJUDAZg0uI1Mnb xkLRJSlVmaz2GvTNQk7pKgWyh6FW8yeE7UT2o1v4b9GSmi2TS6hUfSi1kagTRMUK07vpeYIKPKcCYgd0mqIaHslg6gY6WkEeggm6yf4yNLergfK3ukwRM6fyOjkdajKLTJiJqh/u2N4V9eJzX9epBxmaQGJJs+1E8FNjEed4l7XAEzYmQFZYrbv2I2pIoyYxt3bQnfm+L/xU214nsV/6paPK/P6lhDB+gQlZCPTtE5ukQN1EQM3aNn9IrenAfnxXl3PqbRBWd2Zx/9GOfzC+C8rl0=</latexit><latexit sha1_base64="c22Zci0POvZ+aMT17AWCzuQY8Xc=">AAACPnicdZBLSwMxFIUzvh1fVZdugkVoQcpModqNILhxWcHaQjOUTHrbBjOZIckIZZhf5sbf4M6lGxeKuHVp+hCq6IXA4TsnJPeEieDaeN6Ts7C4tLyyurbubmxube8UdvdudJwqBk0Wi1i1Q6pBcAlNw42AdqKARqGAVnh7MfZbd6A0j+W1GSUQRHQgeZ8zaizqFpqk4150M6IiXE1MXiJ3wLIkP74u4zNMBJUDAZg0uI1Mnb xkLRJSlVmaz2GvTNQk7pKgWyh6FW8yeE7UT2o1v4b9GSmi2TS6hUfSi1kagTRMUK07vpeYIKPKcCYgd0mqIaHslg6gY6WkEeggm6yf4yNLergfK3ukwRM6fyOjkdajKLTJiJqh/u2N4V9eJzX9epBxmaQGJJs+1E8FNjEed4l7XAEzYmQFZYrbv2I2pIoyYxt3bQnfm+L/xU214nsV/6paPK/P6lhDB+gQlZCPTtE5ukQN1EQM3aNn9IrenAfnxXl3PqbRBWd2Zx/9GOfzC+C8rl0=</latexit>



Challenges of Higher Momenta
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Boosted interpolating operators

Bali et al., Phys. Rev. D 93, 094515 (2016)
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Our “Good Cross Section”



Extraction of PDF
“Inverse Problem” - ill-posed inverse Fourier transform.

�n(!, ⇠
2, P 2) =

X

a

Z 1

�1

dx

x
fa(x, µ

2)Ka
n(x!, ⇠

2, x2P 2, µ2) +O(⇠2⇤2
QCD)

Calculate on Lattice
Calculate in PQCD

Extract PDF?

Similar challenge to global fitting community! see F. Steffens



Comparison with Fits/QCD
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No scale dependence

LP3, arXiv:1804.01483

N. Karthik, APS 2019; Lattice 2018

Preliminary



Finite Volume Effects
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in the Qweak experiment arises from the Gs
M(Q2). A precise estimate of Gs

M(Q2) can lead to

more/higher precision in the estimated value of proton weak charge Qp = (1� 4 sin2 ✓W ) in the

Qweak experiment. It is very important to know the value of Qp with greater precision because/as

this will constrain the possibility of Beyond Standard Model physics.

Discuss NuTeV anomaly from the second moment of the s(x)� s̄(x) asymmetry (from high-

lighted 10)
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LξL - ξ

Briceno, Guerrero, Hansen and Monahan, arXiv:1805.01304

m⇡L ' 4Typically

Future?

⇢
⇠ shortdistance
m⇡ ! mphys

⇡



Summary
• First calculation of PDFs from gauge-invariant current-

current correlators using VA currents. 
• Calculation for variety of lattice currents including 

Wilson line in progress 
– Higher-order kernel - scale dependence 
– Off-axis separations and momenta 
– “Higher-twist” contributions 

• Important to understand finite-volume effects -   

Projected calculations with  

!17

243 × 96, a ≃ 0.127 fm, mπ ≃ 430 MeV

Projected calculations with  
m⇡ ⇡ 380 MeV, a ⇡ 0.09 fm (323 ⇥ 64)

m⇡ ⇡ 170 MeV (643 ⇥ 128)



Nucleon?
• Perturbative Calculation Proceeds in same way 
• Does not admit straightforward computational method 
• Exploit ideas from Spectroscopy?
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Improved sampling of lattice through distillation

Nucleon Scalar Charge C.Egerer, D.Richards, F.Winter, Phys. Rev. D 99, 034506 (2019)



And a word from Ian and Me….
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