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H Reminder: rapidity evolution of TMDs from low to moderate x
m Rapidity factorization for particle production.
m One-loop evolution of gluon TMD
m DGLAP, Sudakov and BK limits of TMD evolution equation
In works: conformal properties of TMD factorization:
m Conformal group and “TMD” subgroup
m Conformal rapidity evolution of TMDs in the Sudakov region

Conclusions and outlook
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TMD factorization

Factorization formula for particle production in hadron-hadron
scattering looks like

do

T Z/dzbj_ei(%b)J‘Df/A(xA;bJ_a 1Dy /p(xg, b1, n)o(ff — H)
f

+ power corrections + “Y — terms”

where 1 is the rapidity, Dy /4 (x,z1,7) is the TMD density of a parton f in
hadron A, and o(ff — H) is the cross section of production of particle
H of invariant mass m?, = Q? in the scattering of two partons.
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Example: Higgs production by gluon fusion in pp scattering

Suppose we produce a scalar particle (Higgs) in a gluon-gluon fusion.

For simplicity, assume the vertex is local:

Lo = gu / &2 D()F (D), F=FoFm
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Rapidity factorization for particle production

Sudakov variables:

2
p=api+Bp2+pl,  pL~pa, p2=ps pr=ps=0

s s
X = —X X = =X
P2 D) ’ P1 D)

P, e
"Projectile” fields: |F| <b
"Central” fields
"Target” fields: |X| < a

pB

We integrate over “central” fields in the background of projectile and
target fields.
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TMD factorization

At the tree level, the “hadronic tensor”

def
W(pa,pe,q) = (pa,plF*(x)F*(0)|pa, ps)

in the region s > 0 > Q% has the form

16 . .
Wpa:pe:a) = 35— / d*x ) €1 / dxydx_ e~ V3 (@ux-FBuxs)

x L pal 2 e x OF(0) [pa) pnlF (s, x)F"(0)lpg) + x4 0}
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Rapidity evolution: one loop

We study evolution of ﬁlrl(xL7X3)]:;m(yL,XB) with respect to rapidity cutoff n

7 2 iv/3x am pm
]_-l(l( l)(ZvaB) = \/:/dZ-F 4 \/; BZJr[*OOaZ-‘r]z Foi(Z-HZL)
7 d4k 7] —ik-x
AT() = /(277)49(6)1 — laxl)e 4, (k)

Matrix element of F¢ (K, , x,) F“(k, , xp) at one-loop accuracy:
diagrams in the “external field” of gluons with rapidity < 7.

@

(b)

Figure : Typical diagrams for one-loop contributions to the evolution of gluon TMD.
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Method of calculation

We calculate one-loop diagrams in the fast-field background

in the following way:
if k, ~ k, = propagators in the shock-wave background
if k, > k, = light-cone expansion of propagators

We compute one-loop diagrams in these two cases and write down
“‘interpolating” formulas correct both at k; ~ &k, and k; >k,
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Evolution equation

d

i F (B, 20 ) F (5 v) (1)

1 oBBsgui — 2kitk;
= —a,Tr{ [d%k Ul ————— (Uky, + ppU) —— 12
@ {/ L(m{ oﬂ3s+pi( o)

Shbgult— U2 vy 2 ﬁk<ﬁ +ﬁ)|k )
— 2R, Gik oBg S+[)2 guk ﬁ +pl k‘2 ik B s L
o Bpsd — Wk, |
x (kL |F(Bp + = ){W(MUT'FUTM)W

i
okt gty _asrt— Py 25;]11g ly)
199 UBBSJ"pi l /3 + 2 k? o

E Bz )y, | P ; Ut !
+23(5B~,M)(w|piﬂ(ﬂ3)(lBl +U0) (203,85 = gjmg™ U UﬁBs—pi—I—iEU

ofps

]:]'(BB)WLUL)
4 2| = U e U288, — )60k~ U Fi(55) B
UﬁBS _PL Py
~ ofBs _ 2
+]:i(ﬁB)W|TL) ](BBMUL)} +0(e)
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Evolution equation

d

i F (B, 20 ) F (5 v) (1)

1 UﬁBSQ/Li - 2klkl
= —a,Tr{ [d%k Ut ——— (UK, ) ——— TR
a. {/ L(m{ o Uk )

gl —— U2 4U+2k‘f ; f"“(ﬁ +ﬁ)|k )

u Jik 05B5+Pi guk B +pl ki ik B s L
k2 [ oBpsdt — 2k! k; 1

ko | F L2y TV et s Uty ———

X (k| (BB+US){ oBs + 12 (kU + P1)0B38+pi

. 1 . pj Kl
- Qkigjl(ﬁﬁ(] 251Ut WU + 295175 =) 28]
i

~ m 1
: = v : PLAY 74 P
+23(5B~,M)(w|piﬂ(ﬂ3)(lBl +U0) (203,85 = gjmg™ U Uﬁgs—pi—l—iEU
ofps
F](BB)Pi(UﬂBS—pi+iE |yi)
1
+2(es] - Ul U (2014, gz-mgk)(zak—UkmwB)”—Q
UﬁBS—PL Py
=, g, S
+E(mﬂ*|m Fi(Brys) b +0(a?)
pi(0Bps — pt —ie)

Valid at all Bjorken xz = 83 and all k; but complicated and not unique
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Light-cone limit

. . o “da [ .
G en 2 )P Dl = 20| s {00
™ o @ Jo

1 2,&’3 Xlz; X% } ~
— — : - F! A,
. Lﬁi’)’ (xg+B)% (xg+p)> (xg+pB)* Pl F (xs + 5,01

« fni(xB + 3537«\’L)‘p>lnal - <]7‘]:”("B \L)fm(xl? /\L)‘p>lna’}

XB
B(xp + )
In the LLA the cutoff in o < cutoff in transverse momenta'

~ X s s d
<P‘]:in(xBaxi)]:ln(xBny_)‘P>ki<“2 = %N/ dﬁ/ﬁ aa {samo}

= DGLAP equation = (' = 225

d
%%D(xg, 01,7n) DGLAP kernel

1 .7
Qg dz 1 1 / / XB
— Dy, 7[ TR - }QD—,O,
C/XB 7 (l—z’)Jr 7 21 =2)]ay (Z’ ln)
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Low-x case: BK evolution of the WW distribution

Low-x regime: xz = 0 + characteristic transverse momenta

P2~ (x —y)I2 < s

= in the whole range of evolution (1 > ¢ > s y)l ) we have ’% <1
= the kinematical constraint 6(1 — —) can be om|tted

= non-linear evolution equation

d -~
;U?(Zl)%q(ZZ)

2 —
~ o~ é .
— 3Tr{ (—idf + Ufl)[/d2z3(Ule;f3 — )2 (U, UL, - 1] 07 +UR)}
T 13423

where n = Ino and —'%- is the dipole kernel

”13””3
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Sudakov double logs

Sudakov limit: xz = xp ~ 1 and k&2 ~ (x —y) > ~ few GeV.

(p|Ff (xp,xL) Ff (x5, L) Ip)

dln
= sae [ CPL [0 g T ) e+ )
P ! os’ J os’
OXBS
— | F e, ) F ()l
oxps +pL
Double-log region: 1 > o > (o= )L and oxgs > p2 > (x —y)
d asNe dZPJ_ i(p.z
= mD(xB,zL,lna) =3 D(xB,zl,lna)/ =l [1-— e‘(P’Z)L]
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Evolution equation at arbitrary xz and &
Limits are nice but the equation itself is not

d -
gt B )T (BeyyL)

(4.1)
1 oBpsgui — 2k
==, Teq [ @k (2 QU (Ui + pU) — 5
a.Tr{./ L(M‘{ 0[135+pi( et 2il) oBps + k%
— 2kt ga Ut

1 pi Qki‘ ‘k( ki)

U -2l =2 U+ T A F + L) |k

- U 5 s kigk B+ k1)
JBBsé‘L72klk 1

ko |F! =2 2 ut+UTp) ——

x (kL |F' (BB + S){ Bus + 2 (kU + pl)ﬂ'[3133+172l

1 .

— 2k g Ut U -2t —Li

k
U+2
oBps + p 2 i oBps +p + gll }'yL
3 1
+2Fi (B ) (v By 7z fk(ﬁB)(Z 01 +U) (265, 8- gj,,,g”)U*mU
s—p2 +i
oﬂBs
Fi(BB) 2 (oBps -2 +i9 [y1)
+2(xy | - Uf%U(%’“d’
ofps 717L

kL (; = "
i Om — 9im9 )(lakak)]:l(ﬁB)pT
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Evolution equation at arbitrary xz and &

Limits are nice but the equation itself is not

d -
gt B )T (BeyyL) (4.1)

1 oBBSGui — 2kt ki
= —a,Tr a2k (x Ul _(Uk. [ Pl il
a {/ J_(M_\{ 0[338+Pi( & +prU) oBs 12

. -L 2
kgl —— U gt — Py N, B k1)
o oBps+p. M oBps s+p? k2 s

aﬂBsé‘L — 2k k;
{7l(kllﬁ +U'p)

1
1 2L _
x (ke |7 (Bp + ) ofps+ k2 oBps+p

ags

1 D
— 2k g, UT U —25tut £l
1951 oBps +p 2 1 oBps + p

K
5 U + 2y71 [y1)

3 1
+ 2]: (ﬂB LL)(JL‘ 2 ]:k(BB)(Z (9[ +Ul)(26m i .‘/jm.‘lu)U\\ oBgs _p2 + i(U
E 7+

oﬂBs
Fi(Be) p? astfp + i€)

1 ’ . - 77
—U(2658), = gimg™) (101 — U) Fi(Bp) o
0,8 s — Py

‘. "53'5 v 2
+ fl(ﬂs)pi(am}s I — |M)]"J(BB~,M)} +0(a5)

[y1)

+2(zy| —

Conformal invariance may help!
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TMD factorization in the coordinate space

TMD factorization in the coordinate space (ignoring indices of F;)

(8(21)8(22)8(23)8 (24) F* () F*(v)
= <S(Z1—aZlL)S(Z2—7Z2L)]:(x+7xl_)]:(y+vyl_)>
X <S(Z3+,Z3L)S(Z4+,Z4L)]:(X7,XL)}—()}7,yL)>

For simplicity one can consider scalar operators S (like TrZ2 in A'=4 SYM)
Small-x region
s> Q@ ~ql & u,3p 00,04 = =00, (x—y)ix—y) -~ @x—y7
“Sudakov” region
>ql & (—yil—y)-<@-yi

“Small-x + Sudakov” region

s>07>q1 & u,my — 00,0 ,ur & —00, (x—y)ir—y)- < (x—y)7
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Conformal properties of TMD factorization

Conformal properties of correlators the Regge limit are well studied

w(v,ay)

<S(Zl—,le)S(Zz—,ZZL)S(-X-Q—,XJ_)S()}-&-,_)}J_» = /dl/f(l/, O(s)(I)(r, V)R 2

where w(v, a5) = pomeron intercept, f (v, ay) = “pomeron residue”,

— — Regge limit ,
R = @xkoy) Res e S
g (x=y) G, (=7
v )2 (=) —zo_ (—z1)2 2
_ vy . [z1- (x—22)% Zzz( )2 ] ~ 1 (fixed),
X+ |y+|(x7y)L 21— \sz\Z]ZL

and ®(r, v) is some function (hypergeometric).
By analogy, one may assume

w(v,a5)

9]

(S(z1—,21,)8(z2—s 22, )F (g, x 1) F (4, 1)) = /dV F(v,a,)®(r,v)R

Motivation: at small (x — y)} <z}, (¢ ¢% > my) the small-x behavior of
“Wilson frames” defining F (x4, x1 )F(y+,y.1) is the same as for correlators
Sy, x1)S(4,v1)

V. Kazakov, E. Sobko, IB 2013—218 o
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Conformal properties of TMD factorization

The conformal ratios R; and r; are invariant under the inversion

21— 22— X4 Y+

U- 7 5 - 7 5 M T s Y T oy (*)
Z Z X y
1y 2, L 1

Similarly, for the bottom correlator

w(v,oy)

<S(Z3+,Z3L)S(Z4+,Z4L)]:(X7,XL)]:())7,)7L)> = /dl/ F(V’ O‘S)(I)(r/?V)RI

where o
R = 30—y Reegelimit a0y =
7 (—y)? Fy )%
—v 2 — 2 _ _ 212
I e ) ; [zt (x—2z4)] 1445(x 23)% | ~ 1 (fixed)
x—|y—[(x=y)3 Zs+\m+|z34l

It looks like the factorazed correlator (S(z1)S(22)S(z3)S (za) F2(x) F2(y)) is a
function of four conformal ratios R, R, r, ¥’ instead of 9
(In general, n-point correlator is a function of 4n — 15 conformal ratios)
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Conformal properties of TMD factorization

However, there are more “conformal ratios” invariant under inversion (x)
Example: correlator of two currents and conformal dipole with rapidity cutoff

A~ Qpgy ~ €

a Z1-20—\ Las)  w(v)
(S(zi—,21,)S(zo—, 20, Wpne(x1,y1)) = [ dv F(v, o) ®(r, I/)( = ) 5
12,

Z%ZL (x—»7

x—21)> x—2)> —21)7 —2)7
e e e =

r =

~ 1 in the Regge limit

Q: How many such “conformal ratios” for TMD correlators?
A: Presumably four...
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Conformal properties of TMD factorization

However, there are more “conformal ratios” invariant under inversion (x)
Example: correlator of two currents and conformal dipole with rapidity cutoff

A~ Qpgy ~ €

Z1-Z2—\ 2as) w)
(S(a1-r21,)S (20 22, W1, 31)) = /dvF(u,asmr,u)(l 2y 5 2

Z%zl
2 2
Z X —
r= = 12( 5 y)(J; R — ~ 1 in the Regge limit
—21 —22 V—21 y—22
Zl*zz*[ ZlfL - z2,L}[ Z17L - zsz}

Q: How many such “conformal ratios” for TMD correlators?
A: Presumably four...

First, we need to learn more about the group of symmetry of TMDs
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Conformal properties of TMD factorization

However, there are more “conformal ratios” invariant under inversion (x)
Example: correlator of two currents and conformal dipole with rapidity cutoff

A~ Qpgy ~ €

. 21-Zp—\ 22 w(v)
(S(Zlﬂzu)s(zz—,zh )Z/{conf(xJJyJ-)> = dv F(V7 C!S)(I)(Vy V)( Z2 ) s
12

2 2

Z X —
"= (x—21)? 12 (z )3 y)(J)_ 21)? (G—22)3 ~ 1 in the Regge limit

s 5 —21 —22
11—127[ zlfL - ZZ,LH zl,L - szL}

Q: How many such “conformal ratios” for TMD correlators?
A: Presumably four...

First, we need to learn more about the group of symmetry of TMDs
TMDs are invariant under the inversion (x):

Fi'(zr,z4) = [oot +zu,24 + 21" Foi(z4,21)

21 Z z) ]mn 2+ 20

— DO++777+ 2:| fl(%’T) = ]:im(zlaz/-%—)
1%l < T

but what about the full group of TMD transformations?
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Conformal group

Poincare group (Lorentz transformations+shifts), dilatations, and special
conformal transformations

2
Xy +aux

1 55 & inversion + shift + inversion
14 2a-x+a*x

Xu
15 generators

iMy, Mop] = guaMypg + 8vaMua — 818Mya — &vaM,p
i[Ml“,,Pa] = gusPo — 8uaPs, i[D,P#} = Py,
DvKu] = —Ky, i[Ku»Pu] = Z(gw,DJrMW)

Ky Map] = —8uaKp + gusKa

For scalar fields
Do(x) = i(x*0¢ + AN)op(x), Kud(x) = i(2x,x" 0y — x>y + 2x,A)

where A is the dimension of the field (in the leading order: canonical, in all
orders: canonical + anomalous)

Note that Poincare generators + dilatation form an 11-parameter subgroup
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Generators of conformal transformations of TMDs

In the leading order 11 generators transform TMD operators covariantly

. . 0
—lP[.F_j(X+,XJ_) = 81'.7:_}‘(X+,XJ_), —ZP,]:_j()C_;'_,XJ_) = W}-—j(‘x-‘r?xl)
+

. d T
sz,,-}'_j(up] +x1) = *xii}-—j(x—t-:xl),

dx .
—iDF_i(xp,x1) = (xp5— o —i—xki + 2) F_i(xy,x1)
ax ox, Xk
7l.M,:,']:_k(X+7xL)
= (xi0j — 500) F k(s , x1) + girF—j (x4, x1) — gieF—i(x4,x1),
d

—iK, F_ iy, x1) = 2x;(x* .

+xp—— +2)Fj(xy,x0)

i 0
Ox ak
0
+ xﬁ_ ﬁf_j(x_‘_,)u) — 2 F_i(xg, x1 ) + 285 F —x (x4, x 1),
. d
—IK_F_j(xy,x1) = lea]:—j(xﬁ)u)’

. d
71M+,]-'_l~(x+,xl)] = ()C.y_di + )]:—i(upl +xL)

The remaining operators P, K, M ; do not preserve the form of F_;
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Subgroup of conformal transformations of TMDs

The structure of this subgroup is very transparent in term of “embedding
formalism” in 6-dim space

Conformal transformations are Lorentz transformations of light-rays

(152, 1% x,) in 6-dim space with metric (1,-1,1,-1,-1,-1).

Generators
1 1
Ly = My, Lo, = E(P#_Ku)v Loy, = E(Pﬂ"‘K#)v Ly, =D
where g2 = —1, g "1 =1, then

7i[Lmn7 Lab] = gmaLnb + gnbLma - gmbLna - gnaLmb

If we now define
Lim = My, Ly =Py, Ly =D

with indices m,n,l = —2,—1,1,2,
we get usual commutation relations for Poincare generators M,,,,, P, and

“dilatation” D in the 4-dim subspace orthogonal to our physical “+” and “-”
directions
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Evolution equation in the Sudakov regime in the coordinate space

. ) ) \/2/: \/2/:
In Sudakov regime amaxBps > (x —y) 2 and Bz ~ T/\ ~ %

(x = ¥)3 Qmaxs
Oxy,y 3 A) = F" (g, x1) v, 00)'[oo, y4 [0 F" (y+,y1), A %

amax IS the longitudinal rapidity cutoff < « of gluons emitted by Wilson lines is
restricted by o < armax

One-loop evolution: same diagrams

(b)

Evolution equation in the coordinate space can be obtained by Fourier
transformation of momentum-space result, see slide 15
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Evolution equation in the Sudakov regime in the coordinate space

\/2/ \/2/
In Sudakov regime amaxSBps > (x —y) > and SBp ~ % ~ %

(x — )7 Omaxs
4

Oxy,y 3 A) = F" (g, x1)x, 00)'[oo, y4 [0 F" (y+,y1), A

_ s s
Omax3Bs > (x — y) 2 s> \/ngr,\/ger

Evolution equation
d
)\EO()M»,)LH A)

W ,
N [/ d)q% HO(xg, y5 ) 7/ dy'y (X4, Y45 A) = O 1,545 )
Xt +

)’+_y+
o0 1 2fs O(x4,y43 O,y X\
+/ dy; ; e)+—r+0 x+’y+7 / dxl + y+ ) ( —+ y+ )
Vi Yy — X4 + — X+
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Solution of the evolution equation in the Sudakov regime

Solution (a, = %)

O(x4,y43A) =
_ o [wEow B

a2
a2 g /d Ly, O, ¥s M) () 1

y [ iF(l—asln%O) - ip(l_asln%o) ]
(xy =2 + ie)l_&sl"%o (xy — ¥, — ie)l—@sln%o

y [ ir(1—asng) - ir(1—asng) ]
T R S A

In> 22~ does not look conformally invariant...

SX+Y+
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Conformally invariant solution

If we use rapidity cutoff at a,, = ‘Fjﬁ = A =oalx —y[\/5,
the solution
O(X+,y+;0')
_as (2 2e0i e’ h2eeniegy -
=e ? (i CET N )emw(l)m ao/dxﬁrdy; O}, ;00)
. ( ),&sln% il“(lf@slnglo) - iI‘(lfaslnalO)
X4 Y4 (x o . \1—a,in Z a2
L —xl +ie) o (xyp — X —ie) 0
y [ T —amnZ) (- anZ) ]
. \1—asn = . \1—asIn <
=y +ie) T (yp =y, —ie)

is obviously invariant under the inversion x, — 5, y, — 2.
+ TR+ Ty
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Conformal invariance of the evolution equation

It is easy to see that the r.h.s. of our equation transforms covariantly
under all transformations of the subgroup except Lorentz boost
generated by M, . The reason is that the Lorentz boost in z direction
changes cutoffs for the evolution.

Our Sudakov-type evolution is applicable in the region between

X—Yy
lx —ylL
The Lorentz boost z, — Az, z- — %z_ changes the value of target

matrix element (pa|O|ps) by exp{4Aa;In ; - ” }
but simultaneously it will change the result of similar evolution for

>H}

projectile matrix element (p4|O|p4) by exp{—4\a, ln

= the overall result for the amplitude remains intact.
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Evolution of “generalized TMD’

To compare with conventional TMD analysis let us write down the
evolution of “generalized TMD’

o —ix * Yol Z Z o p —p
D(an€) = [dese 07 (= S F)ps). €= LI

Our result

D% (xg, &) _ —2a,1n 2 Inoso1(G—€)s(r—y) +4re—21n2)
Do (XB: 6)

For usual TMD at ¢ = 0 with the limits of Sudakov evolution set by Eq.
(1) one obtains

D2 (x37 QL) _ 6725@ In % [ln %+47572111 2}
D7 (xB7 QL)
One-loop result with “usual” cutoff differs by —21n2 — —41In2.

44 —21In2 in our result is “scheme-dependent” (depends on the way
to cut a-integration)
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Limits of Sudakov evoluton

g1 < Qinthe momentum space < (x — y)j < (x — )3 in the coord. space.
During Sudakov evolution:

m the transverse separation between gluon operators F; and F; remains intact
m the longitudinal separation increases.

The Sudakov approximation can be trusted until k. >> 8:3;
1
If xg ~ 1, the relative energy between Wilson-line operators F and target nucleon
at the final point of evolution is ~ m% so one should use phenomenological
models of TMDs with this low rapidity cutoff as a starting point of the evolution.

2
If xp < 1, this relative energy is % > m3, s0 one can continue the rapidity

2
evolution in the region % >0 > "’T%V beyond the Sudakov region into the small-x
region.

The transition between Sudakov and small-x regimes means the study of
operator O at (x — y)ﬁ ~ (x —y)3 and we hope that conformal considerations can
help us to obtain the nice-looking TMD evolution in that region.
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Conclusions and outlook

Conclusions

m We obtained conformal evolution of gluon and quark TMDs in the
Sudakov region (for quark TMS N, — cp).
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Conclusions and outlook

Conclusions
m We obtained conformal evolution of gluon and quark TMDs in the
Sudakov region (for quark TMS N, — cp).
Next step (doable)
m Conformal properties of TMD evolution in the small-x region
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Conclusions and outlook

Conclusions
m We obtained conformal evolution of gluon and quark TMDs in the
Sudakov region (for quark TMS N, — cp).
Next step (doable)
m Conformal properties of TMD evolution in the small-x region
Outlook (hopefully doable)
m Conformal evolution for all xp
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Conclusions and outlook

Conclusions

m We obtained conformal evolution of gluon and quark TMDs in the
Sudakov region (for quark TMS N, — cp).

Next step (doable)

m Conformal properties of TMD evolution in the small-x region
Outlook (hopefully doable)

m Conformal evolution for all xp

Thank you for attention!
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Rapidity vs UV cutoff

Typical integral (n = p;, “gluon mass” m = IR cutoff)

17/@ 1 Xgp2 - 1
) w2 (peon—ie)(p? — m? + ie) (xgp2 — p)? — m2 + ie

Regularization # 1 (ours): n = py, |a| < o

o ,ii/‘gda/ dp /dzpl 1 XB
272 |, B — ie m? +p% — afs —iem? + p? + alxg — B)s — ic
1 [° 1 1 Tdo QSXp 1 osxg T
=~ [ da|d = [ —In(1 = ~In? —
7T/o a/ plm2+pia+% /omn< +m2) 2" e e

Double log of o, no UV.
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Rapidity vs UV cutoff

Typical integral (n = p1, “gluon mass” m = IR cutoff)

I /d4p 1 Xppa - n
T ) 7k (pon—ie)(p? — m2 +ie) (xppy — p)? — m? +ic

Regularization # 2 (by slope of Wilson line): n = p; +yp2, v < 1

s [ ' 1 1
L = —i—s [dadB | d*p, -
’ 27r2/ ‘ / Pl +ya —iem? 4+ p — afs —iem? + pi + a(xg — B)s — i€
(pa-n)?>m’n® 1 ) X[:;S2 Tr2 1., xps 7T2
= L = — —1In +— = =-In"—+ —
: 2 mPfn® 6 2 mPy 6

Double log of o, no UV.
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Rapidity vs UV cutoff

Typical integral (n = py, “gluon mass” m = IR cutoff)

;= /d4 1 Xppa - n
) w (peon—ie)(p? — m2 +ie) (xppy — p)? — m? + ie

Regularization #3: n=p, 8 > b

1 XB
I = dodp | d*
3 /a[ﬁ/ pJ‘ 16m2+pL—a/ﬁs—lenﬂ—i—pL—&—oa(xg—ﬁ)s—ie

" dp dzPL XB NUV
= I3 = = In —*~
3 / / m? + p b " m?

UV x single log of the cutoff
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Rapidity vs UV cutoff

Typical integral (n = p1, “gluon mass” m = IR cutoff)

d“l 1 Xpp2 - h

I =
72 (p-n—ie)(p? — m? + ie) (xgp2 — p)> — m? + ie

Regularization # 1 = Regularization # 3:

xB(mz +p2l)
asxg +m? + p%

> 1 X" d B[ dps ~ x(m?+p)
dOz d PlL——> 2 T 3 =
m? +p +’"+1’L J m?+p7 osxp +m? + p

change of variables [ =
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