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Outline

Partonic Orbital Angular Momentum

Wandzura Wilczek and genuine twist three contributions
to twist 3 GPDs

Role of the gauge link

Extending to chiral odd sector and twist four

AR, Engelhardt and Liuti PRD 98 (2018)

AR, Courtoy, Engelhardt and Liuti PRD 94 (2016)



QCD Energy Momentum Tensor

Energy Momentum Tensor

. v
Angular Momentum

Observables

Energy density,
Pressure

Deeply Virtual Compton Scattering, moments of GPDs etc.




QCD Energy Momentum Tensor




GPD based definition
of Angular Momentum

i L ik 3 Ok i 0j .k
Jog = 563 /d X (Tq,ga}7 — Ty )
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1

Jq = 9 /dxx(Hq(a:, 0,0) + E¢(2,0,0)) Xiangdong Ji, PRL 78.610,1997

To access OAM, we take the difference between total angular
momentum and spin

TN

OAM Total Spin

Parton —




Direct description of OAM

/daszg = /dazx(H—l—E) —/dzﬁ[

Go=For+H+E

Kiptily and Polyakov, Eur Phys J C 37 (2004)
Hatta and Yoshida, JHEP (1210), 2012

* The moment in x of the GPD G. shown to be OAM




Intrinsic Transverse Momentum

P

=1

The partonic transverse momentum
IS correlated with the momentum of
the observed hadron

N

h

Semi inclusive Deep Inelastic Scattering

X, kr
However, the target does not remain
Intact, no access to the spatial distribution >
of partons Z

Transverse Momentum Distributions




Partonic Orbital Angular Momentum ||

» Consider measuring
both the Intrinsic
transverse momentum
and the spatial
distribution of partons

¢ |y = bt X Kk~

X, kr

L

+ 1 - iot Tk iott AL i kLA
VV/[\WAJ = WU(plaA,)[Fll + P Lo+ 5 L5+ M:I; LF14]U(p, A)

Generalized Transverse Momentum Distributions (related by

Fourier transform to Wigner Distributions) Meissner Metz and Schiegel

JHEP 0908 (2009)




GTMDs that describe OAM

« How does Fi4 connect to OAM ? ( : ) 4_@)

Unpolarized quark in a

2 . . .
W(z,kr,b) = / At e't-AT {Wli - Wji] longitudinally polarized
(2m)* proton

/d:z;/d2 /debka (z,kr,b /d:l;/koT T Fy

Lorce et al PRD84, (2011)

 Another GTMD relevant to OAM @-» — 4@

G describes a longitudinally polarized quark in an
unpolarized proton. Measures spin orbit correlation.




The Two Definitions

* Weighted average of bt X kr
/d:ﬁ/koT—FVl

» Difference of total angular momentum and spin

Lorce, Pasquini (2011)

1
Eq — Jq — §AE GPD

1 1 1 [t -
5/ dex(H, + Ey) 5/ dxH,
—1 —1




The Two Definitions

1
Py

» Weighted average of bt X kr

k2
L, = —/dz/koTMTQFM

» Difference of total angular momentum and spin

Lorce, Pasquini (2011)

1
Eq — Jq — §AE GPD

1 1 1 [t -
5/ dex(H, + Ey) 5/ dxH,
—1 —1




IS there a connection ?

 We find that

Fiy (z) = /; dy (EzT(y) + H(y) + E(y))

AR, Engelhardt and Liuti PRD 98 (2018)

AR, Courtoy, Engelhardt and Liuti PRD 94 (2016)

* This Is a form of Lorentz Invariant Relation (LIR)
* This Is a distribution of OAM In X
* Derived for a straight gauge link




Higher Twist

dz_ 2 7 '
/ < zch <p’,A/ | ¢(—z/2)ﬁ¢(z/2) | D, A>z+:zT=O

+ A1+ A0 ~1t+ A0 T 10 1] 5 _+—_.95
YTy, 0Ty YLy oy L Lyt oty
Leading twist — twist 2 Higher twist — twist 3

 Involve only good  Involve one good and

components one bad component

e Simple interpretation in e The bad component

terms of parton represents a quark

densities gluon composite




Derivation of Generalized LIRS

To derive these we look at the parameterization of the quark quark
correlator function at different levels

d*z k.2 : Generalized Parton
o © (', A [ P(=2/2)T9(2/2) | p, A) Correlation Functions
(GPCFS)
Integrate over k—
Meissner Metz and Schlegel,
JHEP 0908 (2009)
dz—d2ZT ixPY 2" —kp.zr /0 Al | T
¢ 'y A" | p(—2/2)T(2/2) | p, A) 2+ =0 GTMDs

l Integrate over kr

dz_ +, n
/ A= jixP ' N | Y(—2/2)T0(2/2) | p,A) st —sr o GPDs




Generalized Lorentz Invariance
Relations

Parametrization of the quark quark correlator at different levels

_IRs occur because the number of GPCFs Is less than the
number of GTMDSs.

wirl = (P“AF + kM Ay + AFAL) +
UakAU

Uotky TotAU
UM AF 4 “M AF

(PHAf +KkFAY + AFAL)

M? Explicit kr coefficient
- it Tk it AL io kb A
/[XAJ — WU(Z? A)[F11 + A LFip + B LFs+ Ve LF14)U(p, A)
l Integrate over kr
+ A% + A + A/
[ ] P ) Y T P AT - P Y
AA P_|_) U [ZJ H2T_|_ 2N EQT M2 H2T — M EQT U

zkz p A | w( 2/2)F¢(Z/2) |p,A>




Generalized Lorentz Invariance
Relations

* As the quark quark correlator is non-local, the parametrization
depends on choice of gauge link

» At the completely unintegrated level, we have no knowledge of
the light-cone direction for a straight gauge link, hence fewer
functions occur at this level for this case as compared to staple

gauge link case Gauge link

@2 ik (f AT | B2/ 2UTD(2)2) | o A)

27 1\“#2

Non local operator



Generalized Lorentz Invariance
Relations
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An analogy

* The proton electromagnetic current is
parameterized by the Dirac and Pauli form
factors

joHA

JH =eU(P', S _7“F1 | o Fg_ U(P,S)

 We know that the vector GPDs should integrate
to some combination of the same form factors
Irrespective of twist

/dzH(az, 0,t) = F1(t)




Generalized Lorentz Invariance
Relations

* The same set of As describe the whole vector sector.

3 2 p2 A2 52
. Fl(i) = /dO'dO'/dTMTJ [A§ + zAg | J = \/3;0—7'_ C111]\42 - ]\T;;
3 2
» H4+ FE = /dada'dTMTU’Ag—l—Ag + (% — %) (Ag +zAg)
3 3 2 P2 2 12
—> FEor = /dO'dO'/dTMT [(:BO’—T— :U]\/[_}: — A]\ZGQ )Ag —O'/Ag —A?]
kP R kA kpAg
” = TSz T T ATT AL
dF ~
——14 - FEy+H+E
dx
1
(1) _ 7 L . :
Fy(z) = /x dy (E2T(?/) + H(y) +E(y)) Distribution of OAM in x !
k2 moment of a twist Twist three function

two function




Generalized Lorentz Invariance

Relations

. O

d e(1) _
. Sl = — (QHéT -+ EéT) —
Axial Vector dfC( |
dGiZ / A% / A’% ]
gr ~er— gt =1ty |1
Twist two Twist three
\Vector drett

=FEyr+H+E
: -6

The GTMDs are complex in general.
X =X +1X°

The imaginary part integrates to zero, on integration over Kr.




LIR violating term

dF 1(? z/2

— For + H+ F /
dx

-7/2




Generalized Lorentz Invariance
Relations
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LIR violating term

dF 1(? z/2

— For + H+ F /
dx

-7/2




LIR violating term

dF(l) ~ zI2 N
d;l = FEor+H+FE+ Ap,, ‘ 7

-7/2

QPﬂL kr - A
.AFM(ZI}) = v /d2k‘T/dk |: r 1 A11 $A12) A14

N k2, A2 (k1 - A7)? 0As . 0Ag
A%, Ok -v)  ~O(k-v)

_dF)  dFy)

N dx dx L




Intrinsic Momentum vs Momentum
Transfer A

I

<
b Courtoy et al PhysLett B731, 2013

k
A

Burkardt,Phys Rev D62, 2000

dz_

?einV (', A [ (=2/2)T9(2/2) | Py A) ot =20




Equations of Motion Relations

How do we obtain these ?

(Z¢ o m>¢(zout) — fé—F gff( Zout 0,




Equations of Motion Relations

How do we obtain these ?

Uic™ s (zé{—l— gé(— m)Y(Zout) = 0,

Uic™ 5 (iD — m)y(2out)

zp(zm)(z‘ﬁ +m)ic" Ty = w(zm)(i? — gzjf +m)ioc" s = 0




Equations of Motion Relations

How do we obtain these ?

Uio s (zﬁ — m)Y(Zout)

Z/{’L.O'H—’)% (Zé‘l— glf(— m)"?b(zout) — 07

G(zn) (D +m)ic ™ sl = P(z)(i 0 — gA+m)ic" U =0
Zin + <ou
b= 9 ta £ = Zin — Rout

/db‘deTe_ib'A/dz d>zre”* = (' N |9 [ z%—l—m )Yio" Ty £+ o' TP zB } Ylp, A) =0



Equations of Mot

How do we obtain these ? /

Uic" s (zﬁ — )Y (Zour) = Uic" s (d
Plzin)(iD +mYioc™H sl = P(zin) (i D —

Zin + Zout

b =
2 )

/db_deTe_ib'A/dz d*zre F(p' N4 [ z%—i—m )Yio"Ty° £ iot AP zB



EoM relations for Orbital Angular
Momentum

no mass term!

5 _ k2 2 A ' .
rEyp = —H +2 / Py T Op 2 / Pl (MY — M)
M2 AZ

Twist 3 Twist 2 Genuine Twist 3
(explicit gluon)

dF})

= Eor+H+E
dx

Mig, =1 [ A2 d 27 jiapts—ikran N % (-2) [(3 igAur| o+ TU(T +igh)|. J U (3) 1P Az

2n)? 2

I - PP NN
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Wandzura Wilczek Relations

1 5 1 1
. dy H dy - 1 ay
EQT:_/ —H+E)+ |—- | SH|+|-Mp,— | SMp,
,"‘ z Y i L z Y i L z Y
\ <« . \
Twist three it Genuine Tw 3
vector GPD Axial vector GPD
contributes to a vector
GPD

AR, Engelhardt and Liuti PRD 98 (2018)

go(2) = —g1(2) + / W o1 (2) + ga(2)

y ’ "

Twist three <

PDE Y Genuine Tw 3

Twist two




Moments of twist three GPDs
-Quark gluon structure @_, -0

1 1
/dszQT = 3 /dazx(H—I—E) —3 /dazH = OAM ‘
o = 1 5 2 ~ 2
drz”Eor = —3 dex”(H + F) — 3 draH — 3 drae Mg,
v=0

Genuine Twist Three

[dza [ @er M = 2 6N D00 P FE OO A

4(P+)?




Moments of twist three GPDs
-Quark gluon structure G- - )

/dx (By +20Thy) = —/dxﬁ :>/d:z; (B + 20y + H) = 0
, ~ 1 ~ 1 m ~
duz (EQT + 2H2T) = —5 [ deaH -3 [ doH + — [ da(Br + 2Hr)
mass term
1 ~ 9 2
/ d o (EQT +2H2T) - -3 / dra”H — / drzH + 3]\”; dvz(Er + 2Hr)
2
— —/dxa:/\/lgll

3 v=0

Genuine Twist Three dg

[doe [ @heaiy = e WL N FOY P 06O)lpA)



Back to staple gauge link
and LIR violating term

Equation of Motion

~ ~ A i i
;J:BEQT Al ro / dszA—%(Mﬁ—M;S_)

GPDs are not affected by staple




Back to staple gauge link
and LIR violating term

Equation of Motion

i
= =1 (1) 2, A i,5 .S
T
GPDs are not affected by staple
Eliminated using LIR

dF}
dx

:EH+H+E+AM



Back to staple gauge link
and LIR violating term

Equation of Motion

= > A i i
;JQZEQT H - F} / koTA—QT (Mf+ —M_’S_)

GPDs are not affected by staple
Eliminated using LIR

dF\y =
dj; = For +H+E+ Ap,

d

AF14 (37) dm (MF14 MF14 ”020) Connects completely unintegrated
quark quark correlator to
. qgq correlator!
Ap, () = 2P /d2kT/dk [kT At (A11 + xA12) + A1y B. Kriesten, S. Liuti
(in progress)
k2, A2 (k- Ar)? 0Ag 0Ag
i AZ, (8(k V) T a(k fu))]



What violates the WW
relations?

1 1 1 1
~ dy H dy ~ 1 dy dy
Bar = - [ St )= |2 = [ 58] - |2xn - [ Gvan - [ S,
~ , 1dy~ H 1dy m |1, ~ 1dy ~
2H2T+E2T = — ) EH— ?— i ?H —|—M E<2HT+ET)_ i ?<2HT—|—ET)
1 L d Ld
_ [_MGM— _«;JMGH] +/ Y Aa,,
9y Y r Y



Calculating the torque from Lattice

Straight link
0.0
= | u—d quarks
g_ -05¢} m, =518 MeV
== || =0 4
S —1.0¢ " n _
ii: LRI I
Fi4 = ~19] 1 Staple
~ | _
—00 =10 -3 0 J 10 oo
vl /a

Michael Engelhardt @_, _ 4_@

Phys. Rev. D95 (2017) Longitudinally polarized proton

Loy —Lyi=T

Torque!




Calculating the force from Lattice
data — Sivers function

d 1 d , A; A A _
d—_ /dZUFl(Q) = d /dCCMF12 = Z(2P+)/d$$A2 (M:’_+ _MZ_’_) = Mg:j
v v— =0 v v— =0
d 1 d . A, .S ,S —3
d—_/dﬂ?G§2) = d /dCUMGlz — Z(2P+)/d£€$A2 (M:’__F +Mrﬁ_) — M%’;
v v— =0 v v— =0
The derivative with respect to the gauge
link direction gives the force!
o Sivers=5hift, u—d - quarks
= D4f \\ -
; 0.2 ,*l’ﬁﬂ’"'--\;\
t": 0.0 »
= .l | £=04L S . .
TE T lbr| = 0.34 fm, bt I ¥ 3] ]
> _pal | DWF \ H% ] Transversely polarized proton
- L DY v sIDIS
1 11 e S A AP S S
—oo =10 B 0 5 0 W. Armstrong, F. Aslan, M. Burkardt, M. Engelhardt,
piv (lattice ynits) B. Kriesten, S. Liuti and A. Rajan (in progress)




Extending to the Chiral Odd
Sector

[dhfg”_h , J
da — V&) T 5§,

lOff forward LIR
dH'Y A2,
{ & = Hr — P - H
_2H' — 2, (kr X Ar)® 1 27, vty A vFytAY _
zH] /d ke Hir + b H = o [ Py (M4 = M) =0 EoM
['=v"9"

for connecting chiral odd GPDs and GTMDs

0 _ /dz; d2zzn,T / dzoutd ZOutTezk(&out Z; n)+2A(~out+A« n)/2
(2m)* (2m)?

_ <
(P A | Dzin) [0+ m)TU £TUGD —m) | $(zou) [ P,A)|




LIRs between Twist 3 and
Twist 4 distributions

M
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LIRs between Twist 3 and
Twist 4 distributions
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LIRs between Twist 3 and
Twist 4 distributions

M | (K i A€ L i ki (Akqy + ik N N
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LIRs between Twist 3 and
Twist 4 distributions

M

3 k? er k2 . kI (Akq + ik . . .
whil = o ( T+ fL) OAA"|‘( ( v Q)fi_Fl_+(AOj1+’I,Oj2)f,T) O-AA']
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i s M [ [iciki K ‘ L k3, (Aky + ko) ‘
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7 P+ —_ /
2D oI \casured in experiment F !
2f3 — f1= y (P
T kaT ]\[2 @
N (PF )5‘.
_ 12 . k1 + iAk .
wh™1 = 5 [A93L0AA' + ! 293TO—AA'
. . dgl(l) (P M
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Summary

e Showed a way of deriving Wandzura Wilczek relations.
Allows us to write out the quark gluon quark contribution
to twist three GPDs precisely. Study the x dependence.

e Gluons play a key role in describing the properties of the
nucleon.

Thanks!



Collinear Picture : Transverse Quark
Current, Higher Twist

%Z(—Z/Q)TLZD(Z/Z) » Leading order quark
current
&(—Z/Q)W%zb(z/Z) » Transverse quark

current, implicitly
Involves quark gluon
k| k-kdp gk Interactions

Probabilistic parton model interpretation works well at leading order, with
transverse quark projection operator need to include quark gluon interactions

Both in Collinear Picture




Quark gluon quark contributions

< =T
)

(007 7)

(53

straight

ot

< T
)

( 27 2
/ da / Phr MY, =
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2P+
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1
2P

1€ gu—

staple

(final state interactions)
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(007 __)
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