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« Therole of input SFs in RC

« Comparing RCs in DIS

« Radiative correction in SIDIS
« Tests and validation

¢ Summary
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Radiative DIS

Akushevich et al. http://www.jlab.org/RC/radgen/

| mi:or SIDIS we need x-sections/SFs in

generate a single kinematical point at the full W range, including exclusive part

E,=10.6 GeV with €'=2.0 GeV, 6=0.3
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From SIDIS to DIS

f)

e o v 7" 3D SIDIS
drdQ? ddzdppd|Pai|?  zQ* 2(1—¢) (1 * _1) {FUU;T + EFL-U,L}.

Fyur(z,z,Q%) = / &Py Fyur(z, 2, P ..Q%

dde"dw v-i-MZ / En dEhd dQ? d'a dEh u+MZ f 1 dzdQ? dv d-

do o 2(12 yQ - 5 )
drdQ2dyy — zQ* 2(1 —¢) {FL'L'..'T(I,Q ) +eFyu Lz, Q )}.

do o 20:2 ,y2 B | , | X | , DIS
drdQ?dy  zQ* 2(1 —¢) {2(1 e)xFi(x, Q) +e(1 +~7)Fa(x,Q )}

Fyur(z,Q%) = Fr(z,Q°) = 2aF(z,Q°) = /z dzFyur(z,z,Q%)

Fuua(e,Q?) = Fiu(@.@?) = (1 +7)Fa(z, Q*) — 2F (x, Q? )—Z[ d=Fyy(z,2,Q?)
CLAS12 main trigger is €’X, DIS and SIDIS collected simultaneously

Jefferfon Lab Avakian, FF2019 March 16 @& 3



Fr(x,0%) =

Comparing different DIS models
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reasonable agreement in
most of the relevant
kinematics

How critical are 10-20% differences in extraction of underlying PDFs?
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Comparing DIS MCs (Bosted vs RadGen)
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Radiative DIS

/5 S ./5 S P N _e S .. Akushevich et al. http://www.jlab.org/RC/radgen/
a) b) c) d) e)

Figure 1: Feynman diagrams contributing to the Born and the radiative correction cross sections
in lepton-nucleus scattering
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Radiative correction become very significant for low energy scattered electron
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Radiative DIS

,. . ,. _ e ,. i e Akushevich et al. http://www.jlab.org/RC/radgen/

a) b) c) d) e)

Figure 1: Feynman diagrams contributing to the Born and the radiative correction cross sections

in lepton-nucleus scattering
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Important to include the radiated photon in the MC
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Sensitivity of RC to SFs
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RC change few % with input SFs, and can affect precision measurements
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Azimuthal asymmetries in SIDIS

Idf’ = Non-perturbative  vs  perturbative
dl‘-B dydi dzdgp, dP hl Cahn 1978 Georgi & Politzer, Mendez 1978

2 2
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« Large cos¢ modulations observed by EMC were reproduced in electroproduction of
hadrons in SIDIS with unpolarized targets at COMPASS and HERMES
» Effect is dominated by non-perturbative Cahn contribution
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All moments are relevant

B

L
2 2 L 2\ _
/d krk? f(x, k2) = 2F (2) — Fy(x) + My
Tw 3 Tw 4 Tw 2

Connection with SIDIS cross section

cos ¢ 2M ii'k M D-— il' M ﬁ
FUU% = 66[— MhT (iBhHiL+ Ajlfl p )— AfT (.’L'f—LDl‘Fﬁhh—lL;)]

Simonetta Liuti (UVA) CTEQ Fall Meeting, Nov 10
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Radiative SIDIS

Akushevich&llyichev in progress

e(k1, &) +nlp,n) — e(ks) + h(pp) + z(p,)

dUB : doB = o’ w,,, L* ks dBﬂ 15

dIddedp%quhdqb ) \/EQZI Hv koo Pho i

op = o T (g =k, p, pp) LE (13_]'&(13&1;

e(ki,&) +n(p,n) = elky) + hipn) + 2(pe) + (k) L L L v e

N additional photon can be described by three additional variables:

kq
R =2kp, T = —, ok
kp' " Sz = 2p(k1 — ko)
31.
The phase space of the real photon: d’k _ RdeTdQS"" Ay = 82 — 4AM?Q?
ko 2/ Ay
¢r is an angle between (kq,ks) and (k, q) planes.
e(k1,&) +n(p,n) — e(k2) + h(pn) + ulpa) + (k). (ki +p=ho=ph=pu=H)
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From x-section to events

In unpolarized target case:
o (2, y, .0, N) =Y Ki(z,y,.)(Fri(a1, .xn) cos(icos gp) + AFy (21, .y ) sin(iep)

For polarized targets more SFs and new variable ¢s

When we turn on QED radiation x-section gets additional 3variables, after integration over which,
we can obtain the radiative x-section

hX ehX
0Rad (T, Y, 2, P, 0,05) = a5 (z,Y, 2, Pp, &, 05) X R(z,y, 2, Pp,¢y) + Ralz,y, 2, Pr, ¢, )
RC generates additional moments and modifies existing ones
S \
Experiment has certain acceptance function ( Q. Fr. z ¢’)

defining fraction of events accepted in a given phase space defined by kinematical variables

The number of events the experiment will measure in a given phase space in a given At :

doS (z,y, ...
dSpace

Nmeasured — Luminasity * / ) * A(QZ’, Qza PT7 2 qb)

phasespace
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3D PDF Extraction and VAlidation (EVA) framework

SIDIS,DY,e+/e-)
experiments

Hard Scattering MC
(GEANT, FASTMC,...)

event selection
e’ hX, e’ hhX,.,

Grid operations

Radiative «— X-section

Data Counts
(x-sections,

multiplicities,....)

x-section calculations |!

r 1

TED meetings at JLab to finalize
goals and coordinate efforts

Defined set of

N

?

assumptions

I

QCD | Library for
fundamentals Structure
SF <-.—> Function (SF)
Ca'CU"’fi‘“O”S | calculations
Defined set of | ! 3D PDF and
assumptions | FF (models,
‘l’ | parametrizations)

extract N Extract
x-section SFs

Extract 3D PDFs / $

-------------------- >| Validation of extracted

SFs or 3D PDFs (for a
given set of assumptions)

Development of a reliable techniques for the extraction of 3D PDFs and fragmentation
functions from the multidimensional experimental observables with controlled
systematics requires close collaboration of experiment, theory and computing

..!effe?son Lab
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Summary

* For SIDIS studies we need a MC generator with flexible
input (x-sections, structure functions, grids, functional forms)
which can generate events in full phase space, including
the full set of involved SFs with radiative effects.

» Extraction of sets of SF in iterative procedure for SIDIS
generation-reconstruction-acceptance-radiative corrections-
bin-centering corrections should be validated using the MC
with well defined reasonable input.

 Input from theory/phenomenology and output from
experiment should have a well defined unified structure
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Support slides...
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F2 Nobuo vs CJ15
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Difference more significant at small Q2
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Generators: x-section vs weights

single bin
..g 10L‘. 0.19<x<0.21
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Two approaches for DIS event generation (x-section based and weighted)
are fully compatible (2M events generated in both cases)

Using weights for events makes the generation much faster, and most
importantly provides statistics for acceptance studies in small bins.
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Generators: x-section vs weights
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» Two approaches are fully compatible (2M events generated in both cases)
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Binning in DIS

0.6
0.5
0.4
0.3
0.2
0.1

0 025 05075 1

"model”: "Nobuo_FZ,FL"
"reference": "N. Sato
"multiplicity”:"
"Beam Energy": 10.600
"lepton-polarization”:

"nucleon-polarization”:

"particle":

"variables"

"axis":[
{"name":"a","
{"name":"b",

"pis"

]‘
"parameters":[

0.26510E+01
0.45973E+00
0.50249E+01
0.74271E401
0.16775E+01
0.42042E+01
0.68917E+01
0.67994E+01
0.32602E+01
0.10215E+00
0.34061E+01
0.56184E+01
0.54527E+01
0.55007E+01
0.42467E+01
0.67098E+00

N LAl W EmA R
o

WWWWWWNNNNNRERBRBSO®
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"bins":

et al"

Counts"

"p"
ng"

bins":

0.65582E-01
0.26153E-01
0.93813E-01
0.10466E+00
0.45997E-01
0.90587E-01
0.10499E+00
0.93186E-01
0.59573E-01
0.99691E-02
0.85340E-01
0.99012E-01
0.86880E-01
0.78669E-01
0.63689E-01
0.23812E-01

99, "min":
99, "min":

0
0 025 05075 1
X X

More traditional binning in x
Q2 used so far

:["Counts","Err.Counts","acc","xav", "yav", "q2av"

0.05, "max": 0.95, "scale":"lin","description":"
0.95, "max": 13.1, "scale":"lin","description":"

0.2844  0.0567 0.9068 1.0230

0.1292 0.0583 0.9387 1.0889

0.4135 0.0633 0.8204 1.0316

0.4572 0.0640  0.8863 1.1270

0.2508 0.0664 0.9288 1.2271

0.3478 0.0726 0.7160 1.0321

0.4300 0.0725 0.7861 1.1326

0.5257 0.0726 0.8699 1.2546

0.3875 0.0745 0.9191 1.3624

0.0751 0.0768 0.9474 1.4476

0.2959 0.0818 0.6358 1.0339

0.3585 0.0817 0.6982 1.1334

0.4473 0.0817 0.7737 1.2556

0.5458 0.0816  0.8494 1.3780

0.5134  0.0825 0.9090 1.4907

0.2186 0.0851 0.9380

x_bj"}
2"}

With small bins x,y-binning will be
much better for extraction of SFs

1) scale variable
2) fixed range

3) smaller change in resolution
x=0.4
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Binning in DIS
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For small bins in x-g2 or x-y spread in other kinematical variables is
becoming small (x2-3 resolution in 6 and E’), reducing the role of
bin-centering corrections and variations of structure functions in the bin
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DIS output and data analysis

Experimental

/ :
dJEB\]X—)e h X ey
dxdOZdd; 2121 Sh N 1heory

Use a set of SF,

step-1
, Pel T
(for a given Epeam,A,A ) measure i
For a given model/theory based
on underlying non-perturbative

input and assumptions extract
SF, from data

Fl(iUl,ZUQ,ZUg, "'$N7P17P27 PM>

step-2: define the acceptance, estimate radiative effects

step-3 produce a table of corrected counts/cross
sections and systematic errors in given bins

2
Lq, Qz /IZ', yz/ Need a reliable mechanism
Phenomenology for estimation of systematics
* * * in extraction of the
Fl (:El’ L2, X35 - UN, 175 425 "PM) parameters for given SF set)
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Standard input for SFs

“"Elab": "1@.6",
"author": "N. Sato",
"axis": [
{
"bins": 200,
"description": "Bjorken x",
"max": ©.999,
"min": @0.05023842613463728,
“"name": "a",
“"scale": "arb"
Iy:
{
"bins": 200,
"description": "y",
"max": @.999,
"min": @.05023842613463728,
“"name": "b",
“"scale": "arb"
iy
1,
"generator”: "JAM",
"lepton": "e-",
“"reaction": "DIS",
"target": "p",
“"wvariables": [
"x,v,Q2,F2,FL,FL,dsig/dxdy"
]
ix iy x VY
(%] 191 5.2610e-0Z2 9.5868e-01
(%] 192 5.2610e-0Z2 9.634Z2e-01
(%] 193 5.2610e-02 9.6817e-01
%] 194 5.2610e-02 9.7291le-01
(%] 195 5.2610e-02 9.7765e-01
@ 196 5.2610e-02 9.8240e-01
(%] 197 5.2610e-02 9.8714e-01
(%] 198 5.2610e-0Z2 9.9188e-01

..!effe:?son Lab

N

(JavaScript Object Notation for a single

hadron production eN->e “X)

Qz

.0039%e+00
.0089%e+00
.02139%e+00
.0188e+00
.0238e+00
.0288e+00
.0337e+00
.0387e+00

Wwwwwwww

Table can be generated from any
existing program for calculation of SFs
for any given set of parameters, final
state particles, target nucleon,
polarization states in tiny bins.

7

.0120e-01
.0160e-01
.2199%e-01
.@23%e-01
.0278e-01
.8317e-01
.@355e-01
.@394e-01

Avakian, FF2019 March 16
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.@973e-02
.@859%e-02
.0746e-02
.@633e-02
.8522e-02
.0411e-02
.0301e-02
.0192e-02

muumuuununm

F3

.4901e-04
.5211e-04
.5522e-04
.5832e-04
.614Z2e-04
.6453e-04
.6763e-04
.7074e-04

NN

dsig/dxdy
.6325e-03
.6154e-03
.5987e-03
.5823e-03
.5662e-03
.5503e-03
.5348e-03
.5196e-03
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Extraction of DIS x-section and acceptance

"variables":["N","Counts","Err.Counts","acc","RadCor", "xav", "yav",

.33103E+07
. 79404E+06
.45989E+07
. 78833E+07
.25279E+07
.2990ZE+07
. 54615E+07
.66272E+07
.41679E+07
.14361E+06
.23725E+07
.38319E+07
.42636E+07
.49319E+07
.48486E+07

{
"model": "Nobuo_F2Z,FL"
"reference”: "N. Sato et al"
"multiplicity”:"Counts"
"Beam Energy": 10.600
"lepton-polarization”: "@"
"nucleon-polarization": "@"
"particle”: "pi+"
"axis":[
{"name":"a","bins":
{"name":"b","bins":
1,
"parameters":[
]
}
0 0 0.81900E+03
0 1 0.17300E+03
1 0 0.14940E4+04
1 1 0.24200E+04
1 2 0.74100E+03
2 0 0.10610E+04
2 1 0.21560E+04
2 2 0.26110E+04
2 3 0.15350E+04
2 4 0.48000E+02
3 0 0.82900E+03
3 1 0.15660E+04
3 2 0.20270E+04
3 3 0.24600E+04
3 4 0.22240E+04

» Acceptance can be used to correct distributions for monitoring

IS I RS S I T R I I IS S S

AannAcor.n7

99, "min":
99, "min":

Q.
0.

o008

[ IS S S

e 0909

05, "max":
95, "max":

.11567E+06
.60369E+05
.11898E+06
.16025E+06
.92865E+05
.91799E+05
.11762E+06
.12970E+06
.10638E+006
.20728E+@5
.82399E+0@5
.96832E+05
.94699E+05
.99437E+@5
.10281E+06

ATIRAOr .nc

gZav"

0.95, "scale":"lin","description”:"x_bj"}

13.1, "scale":"lin","description":"QA2"}

PO O 000000000000 ®

. 18094E+00
.83559E-01
.43024E+00
.38679E+00
.18311E+00
.34089E+00

44019E+00

.51925E+00
.29366E+00
.41388E-01
.30402E+00
.35124E+00
.44952E+00
. 54600E+00
.43699E+00

AaCcAacnr.nn

OO R R e e W NN NN =W

. 5475
.1196
L7770
.2943
NS
.4475
el
.0516
.5589
. 0801
.3423
.4013
.5274
.8039
.3514

=y

PR~ I S S IS S S S S S S S

.0566
.0583
.0631
.0637
. 0664
.0725
.0723
.0722
.0744
.0768
.0816
.0816
.0814
.0814
.0822

nocn

PO 0000000000000 O

.9099
AL
.8246
.8924
.9300
.7176
.7891
.8767
29235
.9478
.6379
.6993
S
.8531
29135

nsorc

Radiative corrections
may be significant

e N el e e el e e e e e e

.0248
.0883
.0334
.1298
.2276
.0332
skl
NS
.3654
.4485
.0341
.1334
.2578
.3798
.4934

cocn

» DIS output can be generated using input F{,F, or F,,F, or directly x-sections

.geff;gon Lab
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Recovering generated input from reconstructed set

Step-ll 40Mil generated events (200x200 bins) line N. Sato

—

Q%= 44/- 0.03 GeV?

o
({]
weight

x-section

o
(o<}
T T

—

-4
on

acceptance
o o
o ~
S

&
(3]
R

0.4

03"

» Acceptance can be defined using the weighted generator set
» Both MCs after reconstruction recover the generated input in most of the
kinematics.)
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0 vs E’: json file for online monitoring

Dedicated DIS generator with radgen (gemc input)

pa 1 1 0.12 1.04 11 10.600 2212 1 0.6882683E-05 ©.1235496E+00 11.55 8.13
1-1. 1 11 © @ -1.2610 -0.0968 1.5722 2.0177 0.0005 -0.0185 0.9768 -0.4312
2 0. 1 22 1 0 0.2821 -0.0185 0.3528 0.4521 0.0000 -9.0185 0.0768 -0.4312
2
€ 10
10 |- 3 |
§
Ey 10 |
LlI
8 104; L‘L\j‘x 1
103
6 L L
104
] | TR - 1 H
0 2 4 6 8 10
¢ E
Y
104 1D 1000000
2 - | HlH Entries 49127
i 103 ‘ W F""'h
L':
S IS SR B J I Ry
5 10 15 20 25 30 0 35 40 10 T,
Y » Sy
S : o 10| reconstructed photons%u”\
Significant fraction of DIS radiative R 1
photons may be reconstructed °© 5 10 15 20 25 30 33 M0

JefferSon Lab Avakian, FF2019 March 16 @



Acceptance function

1500 | 8 03af
1250 | < 0.32f
1000 | 0.3F
750 : L 0.28 -
500 | 0.26
0.24

252r | - 0.225?— h‘H

0 50 100 150 200 250 300 3 025y iggii o5 zse sbo 3o

M N
© 0 1
A(x, 0% Bz, ¢) =Ag| 1 + ZA,,, cos m¢ + EB,, sin n¢]. omy = AP)o(§) = AOGO{ I+ 7[2Aiai * ZBibi]
m=1 n=1

M-1 M-1 N-1
1
+ cos ¢[a1 + A + 5( ZIA,'G,'+] + Z;A,'_Ha,' + Z;Bib,'_H
= = =

N M-1 M-1
" ‘ |
Acceptance generates additional = ZB,-+.b,-” + sin ¢[b, + B + ;[ Y Biai— Y B,
moments and modifies existing ones i=1 i=1

i=1
N-1 N

+ ZA,'b,'.,.] - ZA,’Hb,‘]:I + }
i=1 i=1
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Recovering generated input from generated set

Step-|

[ ]
10 “jmo=e

- 1 10 1 ' 10 '
0.05 0.5 095 005 05 0.95 0.05 0.5 0.95
X X X

Reasonable agreement with generated input (filled symbols—>N. Sato)
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Generating DIS and SIDIS

Full event generator (PEPSI)

Niracks A N I-pol N-pol I-ID  Epean 1 T-ID process-ID x-section

13 1 1 0.0 1.0 11 10.600 2212 1 0.8052759E+05
1-1. 21 11 @ 0 0.0000 0.0000 10.6000 10.6000 0.0005 0.0000 0.0000 0.0000
2 1. 21 2212 @0 © 0.0000 0.0000 0.0000 9.9383 0.9383 0.0000 0.0000 0.0000
3 0. 21 22 1 © -90.9974 -9.7292 3.5178 3.4109 -1.5059 0.0000 0.0000 0.0000
4-1. 1 1 1 © ©.9974 ©0.7292 7.0822  7.1891  0.0005 0.0000 ©0.0000  ©0.0000
Sy o 13 2 0 6 -1.0092 -0.9040 3.2382 3.5102 0.0056 0.0000 0.0000 0.0000
6 0. 13 2103 2 © 0.0117 0.1747 0.2796 0.8389 0.7713 0.0000 0.0000 0.0000
7 1. 12 2 5 9 -1.0092 -0.9040 3.2382 3.5102 0.0056 0.0000 0.0000 0.0000
8 0. 11 2103 6 9 0.0117 0.1747 0.2796 0.8389 0.7713 0.0000 0.0000 0.0000
9 0. 11 92 7 10 -90.9974 -9.7292 3.5178 4.3492 2.2391 0.0000 0.0000 0.0000
10 2. 11 2224 9 12 -0.7729 -1.0806 3.4710 3.9069 1.2047 0.0000 0.0000 0.0000
11 -1. 1 -211 9 0 -0.2245 0.3514 0.0468 0.4422 0.1396 0.0000 0.0000 0.0000
12 1. 1 2212 10 © -0.5843 -0.9049 2.3668 2.7645 0.9383 0.0000 0.0000 0.0000
13 1. 1 211 10 © -0.1886 -90.1757 1.1042 1.1425 0.1396 0.0000 0.0000 9.

do .- y2 2
- = 1+ — | S Four +cFup
drdQ? dy dzdond|Pp1|? ~ zQ* 2(1—¢) 2 T :

Dedicated (inclusive pion generator)

1 0.6882683E-05 @.1235496E+00 11.55 8.13

2 1 1 1.0 1.0 11 10.600 2212 1 0.1108596E-01
1-1. 1 11 © @ -0.7583 -0.7440 3.9571 4.0972 0.0005 -0.0174 0.0305 1.3425
21 1 211 @ 0 0.8698 -0.6332 3.2529 3.4291 0.1396 -0.0174 0.0305 1.3425
2 1 1 1.0 1.0 11 10.600 2212 1 0.4220764E-02
1-1. 1 11 @ @ -1.1716 0.9665 3.2259 3.5656 0.0005 0.0016 -0.0436 -1.5889
2NN 1 211 @ 0 0.1630 -0.4267 3.5986 3.6302 0.1396 0.0016 -0.0436 -1.5889
do 20 y? 2 2 2
= 2(1 —e)zFi(z,Q°) + (1 +~°)Fa(x, Q"
Td0 @ = 207 70— |21~ 97 Q%) +£(1 + 7)) (2, Q%)
Dedicated DIS generator
2 1 1 0.12 1.04 11  10.600 2212
1-1. 1 11 @ @ -1.2610 -0.0968 1.5722  2.0177  0.0005 -0.0185
2 0. 1 22 1 0 -0.0185

.geff;lzon Lab

0.2821

0.3528

0.4521

0.0000

-9.0185

Avakian, FF2019 March 16

0.0768
0.0768

0 (twist-4)

-0.4312

-9.4312
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DIS input from theory and phenomenology

Study the effect of F_UU,L (accounted in DIS and ignored in SIDIS)

F(x,0%) =

- 0.8
To7f
0.6 |

0.5

0.4 |

0.3
0.2
0.1
-0
-0.1
-0.2

5 Cyr(x) ' 2
F%T(.\-.Q-)<1 4 A ) (1 +~=)F5
B 0° 1+ R=- —
2z F
\ 4
Q’= o 02-1R
02-3 = 02_3
» AQ§= .O A Q;:S
v Q= m o @F
- 'O!A
- v ®
e Veoik
- o0 ,": 5@8
: - v
- g@;OO v"e@e N
& ag®
E vvv§ ?;g.o O -
— A ] O
LI TTIYEE L b 0, A

7IJ|JIXJXJ111‘IJIJ|JIIJ|JIJI‘IIII‘IJIJ‘JJJJ‘JI

01 02 03 04 05 06 0.7 08 0.9

X

 Different Q2-dependent factors contribute.
« Separation is important for DIS, but will be critical for SIDIS

J)effe:?son Lab

N

=
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10 - a A v

1IA|II | | Loy Ly | | P R

01 02 03 04 05 06 0.7 08 09
X

Consistent in kinematics,
where HT are not significant
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Kinematic distributions

107 : 2500 F
ik solid-PEPSI 3000 | i S N
10 _ T dashed-SIDIS ;7‘ "‘A—A' 2000 [ M'_";
i RH‘R dotted-DIS (Bosted) 2500 | ([ © o Y
10 3 v A e ’ [ e
; T, 2000 - | 1L|1 1500 |- —
ZP i r | ’
0% LL“‘:%L 1500 [ . i
» . & 1000 4
10 ¢ 1711 1000 | | L o
i e i F L
1 ",.‘L—‘rt 500 H i WE Lo
I R B R R B \ __MLJ__A ~ _
2 4 6 8 10 12 14 9 . 0 Lol - e
Q1 0 02 04 06 08 1 P‘-2 0 01 02 0.3 04 05 06 0.7 0.8 09 1
T Z

enX evnts compared with enX events from PYTHIA tuned to data

Simple event generator should be “reasonable”
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CLAS and Projected CLAS12 Inclusive Cross Sections

14 e

inclusive, Q2=5 GeV? ]
inclusive, Q2=6 GeV2 +——

Qglusive, Q2=7Gev2 —— 1 CLAS Data were obtained at (Q¥<4.7 Gel?

12 |

10 |

Projected CLAS12 results

> Electron beam energy: 10.6 GeV

Cross-section, mcbhn

| > Integrated luminosity: 12.8*101° mb-!

| > Bin sizes: W= 0.01 GeV and Q%= 0.1 GeV?

[ > Expected statistical accuracy in the
ol S N S S S S 1 range from 0.2% to 2.0%

* First precise measurements of inclusive cross section evolution with W and Q? in the
resonance region (smallest bin sizes over W, Q¥ ever achieved)

* Yield valuable insight into quark hadron duality
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