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Outline

•Part 1: transversity from dihadron fragmentation functions 

•Part 2 (brainstorming): analogies between dihadron 
fragmentation functions and hadron-in-jet fragmentation 
functions
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Vectors in dihadron production
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Vectors in dihadron production

 4

quark h2

h1

p

P1

P2

R =
P1 − P2

2 Ph = P1 + P2



Vectors in dihadron production
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(Leading-twist) TMD dihadron FFs

 6

(sT × RT) ⋅ Ph

(sT × p⊥) ⋅ Ph

(p⊥ × RT) ⋅ sL

H∢
1

H⊥
1

G⊥
1

In this situation, beside the transverse quark spin 
(sT), we have two transverse vectors

One of them is the parton transverse momentum, 
requiring TMD factorization

D1

Bianconi, Boffi, Jakob, Radici, hep-ph/9907475  
Matevosyan et al., arXiv:1802.01578

Red functions are T-odd

http://arxiv.org/abs/hep-ph/9907475
http://arxiv.org/abs/arXiv:1802.01578


Collinear dihadron FFs
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(sT × RT) ⋅ Ph

In this situation, beside the transverse quark spin, 
we have only one transverse vector

The parton transverse momentum is not involved 
and collinear factorization can be used

D1

H∢
1

A.k.a. “interference fragmentation function”



TMD single-hadron FFs
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(sT × p⊥) ⋅ Ph

In this situation, we have again only one transverse vector

Since it is the parton transverse momentum, TMD 
factorization is required

D1

H⊥
1
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DiFFs offer the possibility of accessing  
transversity and tensor charge 
in collinear factorization

The nicest application of DiFFs (so far) 



Semi-inclusive DIS
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Proton-proton collisions
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Collinear 
factorization

TMD 
factorization

h1(x)

H�
1 (z, Mh)

H�
1 (z, p�)

h1(x, k�)

H�
1 (z, Mh)

f1(xA)
<latexit sha1_base64="c1VUkOhmSYsLYe9wQwSyXX15d1c="></latexit>

h1(xB)
<latexit sha1_base64="KxFN6tp5kZwfcF2pjGKKSKAqvYA="></latexit>



Possibility of a “global” extraction
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Collinear 
factorization

h1(x)

H�
1 (z, Mh)

H�
1 (z, Mh)

f1(xA)
<latexit sha1_base64="c1VUkOhmSYsLYe9wQwSyXX15d1c="></latexit>

h1(xB)
<latexit sha1_base64="KxFN6tp5kZwfcF2pjGKKSKAqvYA="></latexit>

Adolph et al., P.L. 
B713 (12)

hermes

Airapetian et al., 
JHEP 0806 (08) 
017

Adamczyk et al., 
P.R.L. 115 (2015) 
242501



Unpolarized DiFFs (from MC)
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Courtoy et al., P.R. D85 (12) 114023

increasing z

Note: DiFFs depend in general on z, cosθ, Mh
2



Interference DiFFs 
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Q0
2 = 1 GeV2

 Mh  behavior  z  behavior

Radici et al., JHEP 1505 (15) 123
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Dihadron transversity extraction
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The bands are determined by statistical errors and by different 
scenarios concerning the gluon unpolarized DiFF

Radici, Bacchetta, arXiv:1802.05212

http://arxiv.org/abs/arXiv:1802.05212


Tensor charge status
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lattice

extractions
���
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Alexandrou et al., arXiv:1703.08788

Gupta et al., arXiv:1806.09006

Anselmino et al., arXiv:1303.3822

Kang et al., arXiv:1505.05589

Lin et al., arXiv:1710.09858

Radici et al., arXiv:1802.05212

At the moment, there is a clear tension between extractions 
and lattice calculations



To-do list

• Use new dihadron BELLE data to fit the unpolarized DiFFs 
(currently derived from Monte Carlo generators) 

• Refit interference fragmentation function 

• Go from LO to NLO (one of Rodolfo’s requests…) 

• Include new data when available (e.g., new 500 GeV STAR data)
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TMD single-hadron FFs
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(sT × p⊥) ⋅ Ph

We cannot use proton-proton data in this case, due 
to the breaking of TMD factorization

D1

H⊥
1



But there is a way out…
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Hadron-in-jet FFs
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(sT × j⊥) ⋅ Ph H⊥hj
1

In this case, a hybrid between TMD and collinear 
factorization is needed, but the possible observables are 
analogous to dihadron FFs.

Dhj
1

Yuan, arXiv:0709.3272  
see F. Ringer and Y. Makris’s talks

http://arxiv.org/abs/arXiv:1707.00913


Dihadron and hadron-in-jet FFs
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σUT ∝ sin(ϕS − ϕR) f1(xa) ⊗ h1(xb) ⊗ Δσab↑→c↑d ⊗ H∢
1 (zc, cos θ, R2

T)

σUT ∝ sin(ϕS − ϕH) f1(xa) ⊗ h1(xb) ⊗ Δσab↑→c↑d ⊗ H⊥hj
1 (zc, zh, j2

⊥)

Kang, Prokudin, Ringer, Yuan, arXiv:1707.00913

Bacchetta, Radici, hep-ph/0409174

Transversity

http://arxiv.org/abs/hep-ph/0409174


How can we further exploit  
the analogy between  
dihadron and hadron-in-jet FFs? 
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Application n.1
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Hadron-in-jet FFs can be used to access the collinear 
transversity in semi-inclusive DIS 

A
sin(�H+�S)
SIDIS ⇠

h1(x)
|j?|
zhMh

H
?hj
1 (z, zh, j2?)

f1(x) D
hj
1 (z, zh, j2?)

<latexit sha1_base64="cNd5nc6EAKyiCt2RudhShBktGak="></latexit>

A
sin(�R+�S)
SIDIS ⇠

h1(x)
|RT |
Mh

H
^
1 (z, cos ✓, R2

T )

f1(x) D1(z, cos ✓, R2
T )

<latexit sha1_base64="/bfE2VjDhkNJQL8YF50rYmrnONQ="></latexit>



Application n. 2
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From the knowledge of polarized gluon dihadron FFs, we can 
infer something about polarized gluon hadron-in-jet FFs

gluon pol.

U � l

D1 H
^
1

<latexit sha1_base64="nuOoIVFyL/HC7FlelurApNokvMA="></latexit>

Bacchetta, Radici, hep-ph/0409174

δĜ∢H∢
1 was called

note that in this case they are not T-odd

gluon pol.

U � l

D
hj
1 H

?hj
1

<latexit sha1_base64="JZ323Frwn0/LlmGCBEWF1jT7egc="></latexit>

http://arxiv.org/abs/hep-ph/0409174


Application n. 2
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Bacchetta, Radici, hep-ph/0409174

σUU ∝ … + cos(2ϕRC
− 2ϕRD

) f1(xa) ⊗ f1(xb) ⊗ Δσab→g↑g↑ ⊗ H∢
1 (zc, cos θC, R2

TC) ⊗ H∢
1 (zd, cos θD, R2

TD)

proton

proton

σUU ∝ … + cos(2ϕHC
− 2ϕHD

) f1(xa) ⊗ f1(xb) ⊗ Δσab→g↑g↑ ⊗ H⊥hj
1 (zc, zhc, j2

⊥C) ⊗ H⊥hj
1 (zd, zhd, j2

⊥D)

proton

proton



Application n. 3
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We know subleading twist dihadron FFs, so we can infer 
subleading twist hadron-in-jet FFs 

quark pol.

U L T

D
^

G
^

E, H
<latexit sha1_base64="1/jlMKZveAH8gMHeO4TopcQKhcQ="></latexit>

Bacchetta, Radici, hep-ph/0311173

quark pol.
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D
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G
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E
hj, H
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<latexit sha1_base64="wHH/cYdPz8LOoeUvgjkYNvJWG1U="></latexit>

http://arxiv.org/abs/hep-ph/0311173


Application n. 3
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σLU ∝ sin ϕR
M
Q [x e(x) H∢

1 (z, cos θ, R2
T) +

Mh

M
f1(x)

G̃∢

z (z, cos θ, R2
T)]

σLU ∝ sin ϕH
M
Q [x e(x) H⊥hj

1 (z, zh, j2
⊥) +

| j⊥ |
M

f1(x)
G̃⊥hj

z (z, zh, j2
⊥)]

Bacchetta, Radici, hep-ph/0311173

Scalar-charge distribution see, e.g., Pasquini, Rodini, arXiv:1806.10932  
and references therein

http://arxiv.org/abs/hep-ph/0311173


Application n. 4
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p RT Ph
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R

quark h2

h1

Pjet

jet

We can introduce dihadron-in-jet FFs 
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Application n. 4
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We can introduce dihadron-in-jet FFs 

quark pol.

U L T

D
2hj
1 G

?2hj
1 H

^2hj
1 , H

?2hj
1

<latexit sha1_base64="wuR0rNTOuIec0KPwMBrstqwb2kw="></latexit>

gluon pol.
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1 H
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1 , H
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1

<latexit sha1_base64="ARugarRxdNrqsg5l2mIiuNCnZfs="></latexit>

The nice feature is that we obtain functions that are sensitive  
to parton helicity



Expected asymmetry
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σUL ∝ sin(ϕH − ϕR) f1(xa) ⊗ g1(xb) ⊗ Δσab→→c→d ⊗ G⊥2hj
1 (zc, zh, cos θ, j2

⊥, R2
T, j⊥ ⋅ RT)

proton

proton

Helicity distribution

It may have an impact on  
global helicity PDF extractions
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Application n. ?
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This is what we could think of with our “sensibility” to spin 
physics.  
 
Vice-versa, a lot of work in the hadron-in-jet field went into 
unpolarized physics: can we use this extended expertise to 
use with DiFFs? 



Conclusions

• DiFFs offer rich possibilities, in particular to access transversity 

• The analogy with hadron-in-jet can help identifying interesting 
observables 

• They can be used to access also the function e(x) and the helicity 
distribution 
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Data vs theory plots
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Adolph et al., P.L. 
B713 (12)
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Airapetian et al., 
JHEP 0806 (08) 
017
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Comparison with previous fit
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Impact of future COMPASS data
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Possible new run with deuterium in 2021,  
with higher statistics than proton data 



Impact of future CLAS data
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Tensor charge improvement
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Tensor charge contributions
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Inclusion of lattice constraints
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8) PNDME ’18 

9) ETMC ’17 

10) RQCD ‘14 

11) LHPC ‘12 Green et al., P.R. D86 (12)

Bali et al., P.R. D91 (15)

Alexandrou et al., P.R. D95 (17) 
114514 and  P.R. D96 (17) 
099906 

lattice

Radici & Bacchetta, 
P.R.L. 120 (18) 192001
Kang et al.,  P.R. D93 (16) 
014009
Anselmino et al., P.R. D87 (13) 
094019
Lin et al., P.R.L. 120 (18) 
152502

3) global fit ’17

5) “TMD fit”  * Q2=10 

6) Torino fit    * Q2=1

7) JAM fit ’17 * Q02=2
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0345031) global fit + constrain gT , δu , δd

2) global fit + constrain gT
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DiFFs variables
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Figure 1: Depiction of the azimuthal angles φR⊥ of the dihadron and φS of the component ST of
the target-polarization transverse to both the virtual-photon and target-nucleon momenta q and P ,
respectively. Both angles are evaluated in the virtual-photon-nucleon center-of-momentum frame.
Explicitly, φR⊥ ≡ (q×k)·RT

|(q×k)·RT | arccos (q×k)·(q×RT )
|q×k||q×RT | and φS ≡ (q×k)·ST

|(q×k)·ST | arccos (q×k)·(q×ST )
|q×k||q×ST | . Here,

RT = R − (R · P̂h)P̂h, with R ≡ (Pπ+ − Pπ−)/2, Ph ≡ Pπ+ + Pπ− , and P̂h ≡ Ph/ | Ph |,
thus RT is the component of Pπ+ orthogonal to Ph, and φR⊥ is the azimuthal angle of RT about
the virtual-photon direction. The dotted lines indicate how vectors are projected onto planes. The
short dotted line is parallel to the direction of the virtual photon. Also included is a description of
the polar angle θ, which is evaluated in the center-of-momentum frame of the pion pair.

two chiral-odd naive-T-odd dihadron fragmentation function H!

1,q [20, 37].2 There are no

contributions to this amplitude at subleading twist (i.e., twist-3). Among the various con-

tributions to the fragmentation function H!

1,q are the interference H!,sp
1,q between the s- and

p-wave components of the π+π− pair and the interference H!,pp
1,q between two p-waves. In

some of the literature, such functions have therefore been called interference fragmentation

functions [15], even though in general interference between different amplitudes is required

by all naive-T-odd functions. In this paper the focus is on the sp-interference, since it has

received the most theoretical attention. In particular, in ref. [15] H!,sp
1,q was predicted to

change sign at a very specific value of the invariant mass Mππ of the π+π− pair, close to

the mass of the ρ0 meson. However, other models [37, 38] predict a completely different

behavior.

The data presented here were recorded during the 2002-2005 running period of the

Hermes experiment, using the 27.6 GeV positron or electron beam and a transversely

polarized hydrogen gas target internal to the Hera storage ring at Desy. The open-

ended target cell was fed by an atomic-beam source [39] based on Stern-Gerlach separation

combined with transitions of hydrogen hyperfine states. The nuclear polarization of the

atoms was flipped at 1–3 min. time intervals, while both this polarization and the atomic

fraction inside the target cell were continuously measured [40]. The average value of the

transverse proton polarization |S⊥| was 0.74 ± 0.06.

2The superscript ! indicates that the fragmentation function does not survive integration over the

relative momentum of the hadron pair.
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with known results for specific cases in order to clarify
our nomenclature. Finally, some conclusions are drawn in
Sec. VI.

II. CROSS SECTION IN TERMS OF
STRUCTURE FUNCTIONS

A. Definitions

We consider the process

lðlÞ þ NðPÞ → lðl0Þ þ h1ðP1Þ þ h2ðP2Þ þ X; ð1Þ

where l denotes the beam lepton, N the nucleon target, and
h the produced hadron, and where four-momenta are given
in parentheses. We work in the one-photon exchange
approximation and neglect the lepton mass. We denote
by M the mass of the nucleon and by S its polarization.
The final hadrons have masses M1, M2 and momenta P1,
P2. We introduce the pair total momentum Ph ¼ P1 þ P2

and relative momentum R ¼ ðP1 − P2Þ=2. The invariant
mass of the pair is P2

h ¼ M2
h.

As usual we define q ¼ l − l0, where Q2 ¼ −q2 is the
hard scale of the process. We introduce the variables

xB ¼ Q2

2P · q
; y ¼ P · q

P · l
;

zh ¼
P · Ph

P · q
; γ ¼ 2MxB

Q
: ð2Þ

The longitudinal polarization factor for the beam will be
denoted λe and α is the fine structure constant.
Of particular relevance for our discussions are the angles

involved in the process. Two different sets of transverse
projections are usually taken into consideration. In fact,
we can define two different transverse planes: the first is
perpendicular to ðP; qÞ, and the projection of a generic
4-vector V onto it will be denoted by V⊥; the second one is
perpendicular to ðP;PhÞ and the projection is indicated by
VT . The corresponding projection operators, up to terms of
order M4=Q4, turn out to be1

gμν⊥ ¼ gμν −
qμPν þ Pμqν

P · qð1 þ γ2Þ
þ γ2

1 þ γ2

!
qμqν

Q2
−
PμPν

M2

"
; ð3Þ

ϵμν⊥ ¼ ϵμνρσ
Pρqσ

P · q
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ γ2

p ð4Þ

and

gμνT ¼ gμν −
2xB
Q2zh

ðPμPν
h þ Pμ

hP
νÞ

þ M2
hγ

2

Q2z2h

!
PμPν

M2
þ Pμ

hP
ν
h

M2
h

"
; ð5Þ

ϵμνT ¼ ϵμνρσ
PρPhσ

P · Ph
: ð6Þ

We define the azimuthal angles [1,28]

cosϕh ¼ −
lμPhνg

μν
⊥ffiffiffiffiffiffiffiffiffiffiffiffiffi

l2⊥P
2
h⊥

p ; sinϕh ¼ −
lμPhνϵ

μν
⊥ffiffiffiffiffiffiffiffiffiffiffiffiffi

l2⊥P
2
h⊥

p ; ð7Þ

where lμ⊥ ¼ gμν⊥ lν and Pμ
h⊥ ¼ gμν⊥ Phν. The azimuthal angle

of the spin vector, ϕS, is defined in analogy to ϕh, with Ph
replaced by S.
For dihadron fragmentation functions, we need to

introduce one more azimuthal angle. We first introduce
the vector RT, i.e., the component of R perpendicular to P
and Ph. Defining the invariant

ζh ¼
2R · P
Ph · P

; ð8Þ

neglecting terms of order M4=Q4 we can write

Rμ
T ¼ gμνT Rν ¼ Rμ −

ζh
2
Pμ
h þ xB

ζhM2
h − ðM2

1 −M2
2Þ

Q2zh
Pμ:

ð9Þ

However, the cross section will depend on the azimuthal
angle of RT measured in the plane perpendicular to ðP; qÞ.
Therefore, we need to use Eq. (7) replacing Ph with RT .
We will denote the azimuthal angle of RT in this frame by
ϕR⊥ . This choice is similar to what has been done in
Ref. [29], but here it has been realized in a covariant way.
In Appendix A, we compare our definition with other
noncovariant ones available in the literature, pointing out
the potential differences depending on the choice of the
reference frame.
It is anyway convenient to give the expression of the

involved angles in specific frames of reference. The
azimuthal angles are usually written in the target rest frame
(or in any frame reached from the target rest frame by a
boost along q )

ϕh ¼
ðq × lÞ · Ph

jðq × lÞ · Phj
arccos

ðq × lÞ · ðq × PhÞ
jq × ljjq × Phj

; ð10Þ

ϕR⊥ ¼ ðq × lÞ · RT

jðq × lÞ · RT j
arccos

ðq × lÞ · ðq × RTÞ
jq × ljjq × RT j

: ð11Þ

In the center-of-mass (cm) frame of the two hadrons, the
emission occurs back to back and the key variable is the
polar angle ϑ between the directions of the emission and of
Ph [22]. The variable ζh can be written in terms of the ϑ as
follows:1We use the convention ϵ0123 ¼ 1.
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