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densities. For insta nce, the singlet evolution equa tion
schema tica lly rea ds

d

d ln Q2
D⃗H(z, Q2) =

[
P̂ (T ) ⊗ D⃗H

]
(z, Q2), (2 )

where

D⃗H ≡
(

DH
Σ

DH
g

)
, DH

Σ ≡
∑

q

(DH
q + DH

q̄ ) (3 )

a nd

P̂ (T ) ≡
(

P (T )
qq 2 nfP (T )

gq

1
2nf

P (T )
qg P (T )

gg

)
. (4 )

is the ma trix of the singlet timelike evolution kernels.
The NLO splitting functions P (T )

ij ha ve been computed
in [2 6 , 2 7 ] or ca n be rela ted to the corresponding spa celike
kernels by proper a na lytic continua tion [2 8 ].

The ra nge of a pplica bility for fra gmenta tion functions
a s defined a bove is severely limited to medium-to-la rge
va lues of z. On the one ha nd, the timelike evolution ker-
nels in (4 ) develop a strong singula r beha vior a s z → 0 ,
a nd, on the other ha nd, the produced ha drons a re con-
sidered to be ma ssless. More specifica lly, the splitting
functions P (T )

gq (z) a nd P (T )
gg (z) ha ve a domina nt, la rge

loga rithmic piece ≃ ln2z/z in their NLO pa rt, which
ultima tely lea ds to nega tive fra gmenta tion functions for
z ≪ 1 in the course of the Q2 evolution a nd, perha ps, to
unphysica l, nega tive cross sections, even if the evolution
sta rts with positive distributions a t some sca le Q0< Q.
At sma ll z, a lso finite ma ss corrections proportiona l to
MH/(sz2) become more a nd more importa nt. While
there a re wa ys to resum the singula r sma ll-z beha vior
to a ll orders in αs, there is no systema tic or unique wa y
to correct for finite ha dron ma sses, for insta nce by intro-
ducing some “re-sca led” va ria ble z′ in SIA. Insepa ra bly
entwined with ma ss effects a re other power corrections
or “dyna mica l higher twists”.

Anywa y, including sma ll-z resumma tions or ma ss cor-
rections in one wa y or the other in the a na lysis of ha dron
production ra tes is not compa tible with the fa ctoriza -
tion theorem a nd the definition of fra gmenta tion func-
tions outlined a bove. “Resummed” or “ma ss corrected”
fra gmenta tion functions should not be used with fixed or-
der expressions for, sa y, the semi-inclusive deep-inela stic
production of a ha dron, eN → e′HX , discussed in
Sec. II C. Therefore we limit ourselves in our globa l
a na lysis to kinema tica l regions where ma ss corrections
a nd the influence of the singula r sma ll-z beha vior of the
evolution kernels is negligible. It turns out tha t a cut
z > zmin = 0 .0 5 (0 .1 ) is sufficient for da ta on pion (ka on)
production.

Fina lly, conserva tion of the momentum of the fra g-
menting pa rton f in the ha droniza tion process is sum-
ma rized by a sum rule sta ting tha t

∑

H

∫ 1

0
dzzDH

i (z, Q2) = 1 , (5 )

i.e., ea ch pa rton will fra gment with 1 0 0 % proba bility into
some ha dron H . Equa tion (5 ) is compa tible with the evo-
lution kernels in the MS scheme, a lthough not for ea ch
individua l contribution

∫1
0 dzzDH

i (z, Q2). Of course, the
sum rule (5 ) should be domina ted, perha ps a lmost sa t-
ura ted, by the fra gmenta tion into the lightest ha drons
such a s pions a nd ka ons. The unsta ble sma ll-z beha v-
ior, however, prevents Eq. (5 ) from being a via ble con-
stra int in a globa l a na lysis. Only trunca ted moments∫1

zmin
dzzDH

i (z, Q2) a re mea ningful.

B. Single-inclusive e+e− Annihilation

The cross sections for the single-inclusive e+e− a nni-
hila tion (SIA) into a specific ha dron H ,

e+e− → (γ, Z) → H, (6 )

a t a center-of-ma ss system (c.m.s.) energy
√

s a nd in-
tegra ted over the production a ngle ca n be written a s
[2 9 , 3 0 ]

1
σtot

dσH

dz
=

σ0∑
q ê2

q

[
2 FH

1 (z, Q2) + FH
L (z, Q2)

]
. (7 )

The energy EH of the observed ha dron sca led to the bea m
energy Q/2 =

√
s/2 is denoted by z ≡ 2 pH · q/Q2 =

2 EH/
√

s with Q being the momentum of the intermedi-
a te γ or Z boson.

σtot =
∑

q

ê2
q σ0

[
1 +

αs(Q2)
π

]
(8 )

is the tota l cross section for e+e− → hadrons including
its NLO O(αs) correction a nd σ0 = 4 πα2(Q2)/s. The
sums in (7 ) a nd (8 ) run over the nf a ctive qua rk fla vors q,
a nd the êq a re the corresponding a ppropria te electrowea k
cha rges (see App. A of Ref. [2 4 ] for deta ils).

To NLO a ccura cy, the unpola rized “time-like” struc-
ture functions FH

1 a nd FH
L in (7 ) a re given by

2 FH
1 (z, Q2) =

∑

q

ê2
q

{
[
DH

q (z, Q2) + DH
q̄ (z, Q2)

]

+
αs(Q2)

2 π
[
C1

q ⊗ (DH
q + DH

q̄ )

+C1
g ⊗ DH

g

]
(z, Q2)

}
, (9 )

FH
L (z, Q2) =

αs(Q2)
2 π

∑

q

ê2
q

[
CL

q ⊗ (DH
q + DH

q̄ )

+CL
g ⊗ DH

g

]
(z, Q2), (1 0 )

with ⊗ denoting a sta nda rd convolution. The releva nt
NLO coefficient functions C1,L

q,g in the MS scheme ca n be
found in App. A of Ref. [2 4 ].
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to a ll orders in αs, there is no systema tic or unique wa y
to correct for finite ha dron ma sses, for insta nce by intro-
ducing some “re-sca led” va ria ble z′ in SIA. Insepa ra bly
entwined with ma ss effects a re other power corrections
or “dyna mica l higher twists”.

Anywa y, including sma ll-z resumma tions or ma ss cor-
rections in one wa y or the other in the a na lysis of ha dron
production ra tes is not compa tible with the fa ctoriza -
tion theorem a nd the definition of fra gmenta tion func-
tions outlined a bove. “Resummed” or “ma ss corrected”
fra gmenta tion functions should not be used with fixed or-
der expressions for, sa y, the semi-inclusive deep-inela stic
production of a ha dron, eN → e′HX , discussed in
Sec. II C. Therefore we limit ourselves in our globa l
a na lysis to kinema tica l regions where ma ss corrections
a nd the influence of the singula r sma ll-z beha vior of the
evolution kernels is negligible. It turns out tha t a cut
z > zmin = 0 .0 5 (0 .1 ) is sufficient for da ta on pion (ka on)
production.

Fina lly, conserva tion of the momentum of the fra g-
menting pa rton f in the ha droniza tion process is sum-
ma rized by a sum rule sta ting tha t
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some ha dron H . Equa tion (5 ) is compa tible with the evo-
lution kernels in the MS scheme, a lthough not for ea ch
individua l contribution
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i (z, Q2). Of course, the
sum rule (5 ) should be domina ted, perha ps a lmost sa t-
ura ted, by the fra gmenta tion into the lightest ha drons
such a s pions a nd ka ons. The unsta ble sma ll-z beha v-
ior, however, prevents Eq. (5 ) from being a via ble con-
stra int in a globa l a na lysis. Only trunca ted moments∫1
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B. Single-inclusive e+e− Annihilation

The cross sections for the single-inclusive e+e− a nni-
hila tion (SIA) into a specific ha dron H ,

e+e− → (γ, Z) → H, (6 )
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q ê2

q

[
2 FH

1 (z, Q2) + FH
L (z, Q2)

]
. (7 )

The energy EH of the observed ha dron sca led to the bea m
energy Q/2 =

√
s/2 is denoted by z ≡ 2 pH · q/Q2 =

2 EH/
√

s with Q being the momentum of the intermedi-
a te γ or Z boson.

σtot =
∑

q

ê2
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der expressions for, sa y, the semi-inclusive deep-inela stic
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Sec. II C. Therefore we limit ourselves in our globa l
a na lysis to kinema tica l regions where ma ss corrections
a nd the influence of the singula r sma ll-z beha vior of the
evolution kernels is negligible. It turns out tha t a cut
z > zmin = 0 .0 5 (0 .1 ) is sufficient for da ta on pion (ka on)
production.

Fina lly, conserva tion of the momentum of the fra g-
menting pa rton f in the ha droniza tion process is sum-
ma rized by a sum rule sta ting tha t

∑

H

∫ 1

0
dzzDH

i (z, Q2) = 1 , (5 )

i.e., ea ch pa rton will fra gment with 1 0 0 % proba bility into
some ha dron H . Equa tion (5 ) is compa tible with the evo-
lution kernels in the MS scheme, a lthough not for ea ch
individua l contribution

∫1
0 dzzDH

i (z, Q2). Of course, the
sum rule (5 ) should be domina ted, perha ps a lmost sa t-
ura ted, by the fra gmenta tion into the lightest ha drons
such a s pions a nd ka ons. The unsta ble sma ll-z beha v-
ior, however, prevents Eq. (5 ) from being a via ble con-
stra int in a globa l a na lysis. Only trunca ted moments∫1

zmin
dzzDH

i (z, Q2) a re mea ningful.

B. Single-inclusive e+e− Annihilation

The cross sections for the single-inclusive e+e− a nni-
hila tion (SIA) into a specific ha dron H ,

e+e− → (γ, Z) → H, (6 )

a t a center-of-ma ss system (c.m.s.) energy
√

s a nd in-
tegra ted over the production a ngle ca n be written a s
[2 9 , 3 0 ]

1
σtot

dσH

dz
=

σ0∑
q ê2
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a nd the êq a re the corresponding a ppropria te electrowea k
cha rges (see App. A of Ref. [2 4 ] for deta ils).

To NLO a ccura cy, the unpola rized “time-like” struc-
ture functions FH

1 a nd FH
L in (7 ) a re given by

2 FH
1 (z, Q2) =

∑

q

ê2
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ê2
q

[
CL

q ⊗ (DH
q + DH

q̄ )

+CL
g ⊗ DH

g

]
(z, Q2), (1 0 )

with ⊗ denoting a sta nda rd convolution. The releva nt
NLO coefficient functions C1,L

q,g in the MS scheme ca n be
found in App. A of Ref. [2 4 ].

he-

e+

H

l'l

h

Xp

h

X

X

p

p

cleaner:  only FFs
‘easier’  HO QCD
very precise data

 only information on  

densities. For insta nce, the singlet evolution equa tion
schema tica lly rea ds

d

d ln Q2
D⃗H(z, Q2) =

[
P̂ (T ) ⊗ D⃗H

]
(z, Q2), (2 )

where

D⃗H ≡
(

DH
Σ

DH
g

)
, DH

Σ ≡
∑

q

(DH
q + DH

q̄ ) (3 )

a nd

P̂ (T ) ≡
(

P (T )
qq 2 nfP (T )

gq

1
2nf

P (T )
qg P (T )

gg

)
. (4 )

is the ma trix of the singlet timelike evolution kernels.
The NLO splitting functions P (T )

ij ha ve been computed
in [2 6 , 2 7 ] or ca n be rela ted to the corresponding spa celike
kernels by proper a na lytic continua tion [2 8 ].

The ra nge of a pplica bility for fra gmenta tion functions
a s defined a bove is severely limited to medium-to-la rge
va lues of z. On the one ha nd, the timelike evolution ker-
nels in (4 ) develop a strong singula r beha vior a s z → 0 ,
a nd, on the other ha nd, the produced ha drons a re con-
sidered to be ma ssless. More specifica lly, the splitting
functions P (T )

gq (z) a nd P (T )
gg (z) ha ve a domina nt, la rge

loga rithmic piece ≃ ln2z/z in their NLO pa rt, which
ultima tely lea ds to nega tive fra gmenta tion functions for
z ≪ 1 in the course of the Q2 evolution a nd, perha ps, to
unphysica l, nega tive cross sections, even if the evolution
sta rts with positive distributions a t some sca le Q0< Q.
At sma ll z, a lso finite ma ss corrections proportiona l to
MH/(sz2) become more a nd more importa nt. While
there a re wa ys to resum the singula r sma ll-z beha vior
to a ll orders in αs, there is no systema tic or unique wa y
to correct for finite ha dron ma sses, for insta nce by intro-
ducing some “re-sca led” va ria ble z′ in SIA. Insepa ra bly
entwined with ma ss effects a re other power corrections
or “dyna mica l higher twists”.

Anywa y, including sma ll-z resumma tions or ma ss cor-
rections in one wa y or the other in the a na lysis of ha dron
production ra tes is not compa tible with the fa ctoriza -
tion theorem a nd the definition of fra gmenta tion func-
tions outlined a bove. “Resummed” or “ma ss corrected”
fra gmenta tion functions should not be used with fixed or-
der expressions for, sa y, the semi-inclusive deep-inela stic
production of a ha dron, eN → e′HX , discussed in
Sec. II C. Therefore we limit ourselves in our globa l
a na lysis to kinema tica l regions where ma ss corrections
a nd the influence of the singula r sma ll-z beha vior of the
evolution kernels is negligible. It turns out tha t a cut
z > zmin = 0 .0 5 (0 .1 ) is sufficient for da ta on pion (ka on)
production.

Fina lly, conserva tion of the momentum of the fra g-
menting pa rton f in the ha droniza tion process is sum-
ma rized by a sum rule sta ting tha t

∑

H

∫ 1

0
dzzDH

i (z, Q2) = 1 , (5 )

i.e., ea ch pa rton will fra gment with 1 0 0 % proba bility into
some ha dron H . Equa tion (5 ) is compa tible with the evo-
lution kernels in the MS scheme, a lthough not for ea ch
individua l contribution

∫1
0 dzzDH

i (z, Q2). Of course, the
sum rule (5 ) should be domina ted, perha ps a lmost sa t-
ura ted, by the fra gmenta tion into the lightest ha drons
such a s pions a nd ka ons. The unsta ble sma ll-z beha v-
ior, however, prevents Eq. (5 ) from being a via ble con-
stra int in a globa l a na lysis. Only trunca ted moments∫1

zmin
dzzDH

i (z, Q2) a re mea ningful.

B. Single-inclusive e+e− Annihilation

The cross sections for the single-inclusive e+e− a nni-
hila tion (SIA) into a specific ha dron H ,

e+e− → (γ, Z) → H, (6 )

a t a center-of-ma ss system (c.m.s.) energy
√

s a nd in-
tegra ted over the production a ngle ca n be written a s
[2 9 , 3 0 ]

1
σtot

dσH
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σ0∑
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[
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L (z, Q2)
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. (7 )

The energy EH of the observed ha dron sca led to the bea m
energy Q/2 =

√
s/2 is denoted by z ≡ 2 pH · q/Q2 =

2 EH/
√

s with Q being the momentum of the intermedi-
a te γ or Z boson.

σtot =
∑

q

ê2
q σ0

[
1 +

αs(Q2)
π

]
(8 )

is the tota l cross section for e+e− → hadrons including
its NLO O(αs) correction a nd σ0 = 4 πα2(Q2)/s. The
sums in (7 ) a nd (8 ) run over the nf a ctive qua rk fla vors q,
a nd the êq a re the corresponding a ppropria te electrowea k
cha rges (see App. A of Ref. [2 4 ] for deta ils).

To NLO a ccura cy, the unpola rized “time-like” struc-
ture functions FH

1 a nd FH
L in (7 ) a re given by
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g ⊗ DH

g
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with ⊗ denoting a sta nda rd convolution. The releva nt
NLO coefficient functions C1,L

q,g in the MS scheme ca n be
found in App. A of Ref. [2 4 ].
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is the ma trix of the singlet timelike evolution kernels.
The NLO splitting functions P (T )

ij ha ve been computed
in [2 6 , 2 7 ] or ca n be rela ted to the corresponding spa celike
kernels by proper a na lytic continua tion [2 8 ].

The ra nge of a pplica bility for fra gmenta tion functions
a s defined a bove is severely limited to medium-to-la rge
va lues of z. On the one ha nd, the timelike evolution ker-
nels in (4 ) develop a strong singula r beha vior a s z → 0 ,
a nd, on the other ha nd, the produced ha drons a re con-
sidered to be ma ssless. More specifica lly, the splitting
functions P (T )

gq (z) a nd P (T )
gg (z) ha ve a domina nt, la rge

loga rithmic piece ≃ ln2z/z in their NLO pa rt, which
ultima tely lea ds to nega tive fra gmenta tion functions for
z ≪ 1 in the course of the Q2 evolution a nd, perha ps, to
unphysica l, nega tive cross sections, even if the evolution
sta rts with positive distributions a t some sca le Q0< Q.
At sma ll z, a lso finite ma ss corrections proportiona l to
MH/(sz2) become more a nd more importa nt. While
there a re wa ys to resum the singula r sma ll-z beha vior
to a ll orders in αs, there is no systema tic or unique wa y
to correct for finite ha dron ma sses, for insta nce by intro-
ducing some “re-sca led” va ria ble z′ in SIA. Insepa ra bly
entwined with ma ss effects a re other power corrections
or “dyna mica l higher twists”.

Anywa y, including sma ll-z resumma tions or ma ss cor-
rections in one wa y or the other in the a na lysis of ha dron
production ra tes is not compa tible with the fa ctoriza -
tion theorem a nd the definition of fra gmenta tion func-
tions outlined a bove. “Resummed” or “ma ss corrected”
fra gmenta tion functions should not be used with fixed or-
der expressions for, sa y, the semi-inclusive deep-inela stic
production of a ha dron, eN → e′HX , discussed in
Sec. II C. Therefore we limit ourselves in our globa l
a na lysis to kinema tica l regions where ma ss corrections
a nd the influence of the singula r sma ll-z beha vior of the
evolution kernels is negligible. It turns out tha t a cut
z > zmin = 0 .0 5 (0 .1 ) is sufficient for da ta on pion (ka on)
production.

Fina lly, conserva tion of the momentum of the fra g-
menting pa rton f in the ha droniza tion process is sum-
ma rized by a sum rule sta ting tha t

∑
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∫ 1

0
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i (z, Q2) = 1 , (5 )

i.e., ea ch pa rton will fra gment with 1 0 0 % proba bility into
some ha dron H . Equa tion (5 ) is compa tible with the evo-
lution kernels in the MS scheme, a lthough not for ea ch
individua l contribution
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i (z, Q2). Of course, the
sum rule (5 ) should be domina ted, perha ps a lmost sa t-
ura ted, by the fra gmenta tion into the lightest ha drons
such a s pions a nd ka ons. The unsta ble sma ll-z beha v-
ior, however, prevents Eq. (5 ) from being a via ble con-
stra int in a globa l a na lysis. Only trunca ted moments∫1
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dzzDH

i (z, Q2) a re mea ningful.

B. Single-inclusive e+e− Annihilation

The cross sections for the single-inclusive e+e− a nni-
hila tion (SIA) into a specific ha dron H ,

e+e− → (γ, Z) → H, (6 )

a t a center-of-ma ss system (c.m.s.) energy
√

s a nd in-
tegra ted over the production a ngle ca n be written a s
[2 9 , 3 0 ]

1
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=
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The energy EH of the observed ha dron sca led to the bea m
energy Q/2 =
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s/2 is denoted by z ≡ 2 pH · q/Q2 =
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s with Q being the momentum of the intermedi-
a te γ or Z boson.

σtot =
∑
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ê2
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[
1 +

αs(Q2)
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]
(8 )

is the tota l cross section for e+e− → hadrons including
its NLO O(αs) correction a nd σ0 = 4 πα2(Q2)/s. The
sums in (7 ) a nd (8 ) run over the nf a ctive qua rk fla vors q,
a nd the êq a re the corresponding a ppropria te electrowea k
cha rges (see App. A of Ref. [2 4 ] for deta ils).

To NLO a ccura cy, the unpola rized “time-like” struc-
ture functions FH

1 a nd FH
L in (7 ) a re given by
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+
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with ⊗ denoting a sta nda rd convolution. The releva nt
NLO coefficient functions C1,L

q,g in the MS scheme ca n be
found in App. A of Ref. [2 4 ].
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is the ma trix of the singlet timelike evolution kernels.
The NLO splitting functions P (T )

ij ha ve been computed
in [2 6 , 2 7 ] or ca n be rela ted to the corresponding spa celike
kernels by proper a na lytic continua tion [2 8 ].

The ra nge of a pplica bility for fra gmenta tion functions
a s defined a bove is severely limited to medium-to-la rge
va lues of z. On the one ha nd, the timelike evolution ker-
nels in (4 ) develop a strong singula r beha vior a s z → 0 ,
a nd, on the other ha nd, the produced ha drons a re con-
sidered to be ma ssless. More specifica lly, the splitting
functions P (T )

gq (z) a nd P (T )
gg (z) ha ve a domina nt, la rge

loga rithmic piece ≃ ln2z/z in their NLO pa rt, which
ultima tely lea ds to nega tive fra gmenta tion functions for
z ≪ 1 in the course of the Q2 evolution a nd, perha ps, to
unphysica l, nega tive cross sections, even if the evolution
sta rts with positive distributions a t some sca le Q0< Q.
At sma ll z, a lso finite ma ss corrections proportiona l to
MH/(sz2) become more a nd more importa nt. While
there a re wa ys to resum the singula r sma ll-z beha vior
to a ll orders in αs, there is no systema tic or unique wa y
to correct for finite ha dron ma sses, for insta nce by intro-
ducing some “re-sca led” va ria ble z′ in SIA. Insepa ra bly
entwined with ma ss effects a re other power corrections
or “dyna mica l higher twists”.

Anywa y, including sma ll-z resumma tions or ma ss cor-
rections in one wa y or the other in the a na lysis of ha dron
production ra tes is not compa tible with the fa ctoriza -
tion theorem a nd the definition of fra gmenta tion func-
tions outlined a bove. “Resummed” or “ma ss corrected”
fra gmenta tion functions should not be used with fixed or-
der expressions for, sa y, the semi-inclusive deep-inela stic
production of a ha dron, eN → e′HX , discussed in
Sec. II C. Therefore we limit ourselves in our globa l
a na lysis to kinema tica l regions where ma ss corrections
a nd the influence of the singula r sma ll-z beha vior of the
evolution kernels is negligible. It turns out tha t a cut
z > zmin = 0 .0 5 (0 .1 ) is sufficient for da ta on pion (ka on)
production.

Fina lly, conserva tion of the momentum of the fra g-
menting pa rton f in the ha droniza tion process is sum-
ma rized by a sum rule sta ting tha t

∑

H

∫ 1

0
dzzDH

i (z, Q2) = 1 , (5 )

i.e., ea ch pa rton will fra gment with 1 0 0 % proba bility into
some ha dron H . Equa tion (5 ) is compa tible with the evo-
lution kernels in the MS scheme, a lthough not for ea ch
individua l contribution

∫1
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i (z, Q2). Of course, the
sum rule (5 ) should be domina ted, perha ps a lmost sa t-
ura ted, by the fra gmenta tion into the lightest ha drons
such a s pions a nd ka ons. The unsta ble sma ll-z beha v-
ior, however, prevents Eq. (5 ) from being a via ble con-
stra int in a globa l a na lysis. Only trunca ted moments∫1
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i (z, Q2) a re mea ningful.

B. Single-inclusive e+e− Annihilation

The cross sections for the single-inclusive e+e− a nni-
hila tion (SIA) into a specific ha dron H ,

e+e− → (γ, Z) → H, (6 )

a t a center-of-ma ss system (c.m.s.) energy
√

s a nd in-
tegra ted over the production a ngle ca n be written a s
[2 9 , 3 0 ]

1
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=
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s/2 is denoted by z ≡ 2 pH · q/Q2 =
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s with Q being the momentum of the intermedi-
a te γ or Z boson.
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]
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is the tota l cross section for e+e− → hadrons including
its NLO O(αs) correction a nd σ0 = 4 πα2(Q2)/s. The
sums in (7 ) a nd (8 ) run over the nf a ctive qua rk fla vors q,
a nd the êq a re the corresponding a ppropria te electrowea k
cha rges (see App. A of Ref. [2 4 ] for deta ils).
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a global NLO FFs set validated by the largest set of unpolarized data
for the DSSV07 helicity PDFs

densities. For insta nce, the singlet evolution equa tion
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is the ma trix of the singlet timelike evolution kernels.
The NLO splitting functions P (T )

ij ha ve been computed
in [2 6 , 2 7 ] or ca n be rela ted to the corresponding spa celike
kernels by proper a na lytic continua tion [2 8 ].

The ra nge of a pplica bility for fra gmenta tion functions
a s defined a bove is severely limited to medium-to-la rge
va lues of z. On the one ha nd, the timelike evolution ker-
nels in (4 ) develop a strong singula r beha vior a s z → 0 ,
a nd, on the other ha nd, the produced ha drons a re con-
sidered to be ma ssless. More specifica lly, the splitting
functions P (T )

gq (z) a nd P (T )
gg (z) ha ve a domina nt, la rge

loga rithmic piece ≃ ln2z/z in their NLO pa rt, which
ultima tely lea ds to nega tive fra gmenta tion functions for
z ≪ 1 in the course of the Q2 evolution a nd, perha ps, to
unphysica l, nega tive cross sections, even if the evolution
sta rts with positive distributions a t some sca le Q0< Q.
At sma ll z, a lso finite ma ss corrections proportiona l to
MH/(sz2) become more a nd more importa nt. While
there a re wa ys to resum the singula r sma ll-z beha vior
to a ll orders in αs, there is no systema tic or unique wa y
to correct for finite ha dron ma sses, for insta nce by intro-
ducing some “re-sca led” va ria ble z′ in SIA. Insepa ra bly
entwined with ma ss effects a re other power corrections
or “dyna mica l higher twists”.

Anywa y, including sma ll-z resumma tions or ma ss cor-
rections in one wa y or the other in the a na lysis of ha dron
production ra tes is not compa tible with the fa ctoriza -
tion theorem a nd the definition of fra gmenta tion func-
tions outlined a bove. “Resummed” or “ma ss corrected”
fra gmenta tion functions should not be used with fixed or-
der expressions for, sa y, the semi-inclusive deep-inela stic
production of a ha dron, eN → e′HX , discussed in
Sec. II C. Therefore we limit ourselves in our globa l
a na lysis to kinema tica l regions where ma ss corrections
a nd the influence of the singula r sma ll-z beha vior of the
evolution kernels is negligible. It turns out tha t a cut
z > zmin = 0 .0 5 (0 .1 ) is sufficient for da ta on pion (ka on)
production.

Fina lly, conserva tion of the momentum of the fra g-
menting pa rton f in the ha droniza tion process is sum-
ma rized by a sum rule sta ting tha t
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individua l contribution
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The cross sections for the single-inclusive e+e− a nni-
hila tion (SIA) into a specific ha dron H ,

e+e− → (γ, Z) → H, (6 )
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is the tota l cross section for e+e− → hadrons including
its NLO O(αs) correction a nd σ0 = 4 πα2(Q2)/s. The
sums in (7 ) a nd (8 ) run over the nf a ctive qua rk fla vors q,
a nd the êq a re the corresponding a ppropria te electrowea k
cha rges (see App. A of Ref. [2 4 ] for deta ils).
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is the ma trix of the singlet timelike evolution kernels.
The NLO splitting functions P (T )

ij ha ve been computed
in [2 6 , 2 7 ] or ca n be rela ted to the corresponding spa celike
kernels by proper a na lytic continua tion [2 8 ].

The ra nge of a pplica bility for fra gmenta tion functions
a s defined a bove is severely limited to medium-to-la rge
va lues of z. On the one ha nd, the timelike evolution ker-
nels in (4 ) develop a strong singula r beha vior a s z → 0 ,
a nd, on the other ha nd, the produced ha drons a re con-
sidered to be ma ssless. More specifica lly, the splitting
functions P (T )

gq (z) a nd P (T )
gg (z) ha ve a domina nt, la rge

loga rithmic piece ≃ ln2z/z in their NLO pa rt, which
ultima tely lea ds to nega tive fra gmenta tion functions for
z ≪ 1 in the course of the Q2 evolution a nd, perha ps, to
unphysica l, nega tive cross sections, even if the evolution
sta rts with positive distributions a t some sca le Q0< Q.
At sma ll z, a lso finite ma ss corrections proportiona l to
MH/(sz2) become more a nd more importa nt. While
there a re wa ys to resum the singula r sma ll-z beha vior
to a ll orders in αs, there is no systema tic or unique wa y
to correct for finite ha dron ma sses, for insta nce by intro-
ducing some “re-sca led” va ria ble z′ in SIA. Insepa ra bly
entwined with ma ss effects a re other power corrections
or “dyna mica l higher twists”.

Anywa y, including sma ll-z resumma tions or ma ss cor-
rections in one wa y or the other in the a na lysis of ha dron
production ra tes is not compa tible with the fa ctoriza -
tion theorem a nd the definition of fra gmenta tion func-
tions outlined a bove. “Resummed” or “ma ss corrected”
fra gmenta tion functions should not be used with fixed or-
der expressions for, sa y, the semi-inclusive deep-inela stic
production of a ha dron, eN → e′HX , discussed in
Sec. II C. Therefore we limit ourselves in our globa l
a na lysis to kinema tica l regions where ma ss corrections
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evolution kernels is negligible. It turns out tha t a cut
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i (z, Q2). Of course, the
sum rule (5 ) should be domina ted, perha ps a lmost sa t-
ura ted, by the fra gmenta tion into the lightest ha drons
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ior, however, prevents Eq. (5 ) from being a via ble con-
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B. Single-inclusive e+e− Annihilation

The cross sections for the single-inclusive e+e− a nni-
hila tion (SIA) into a specific ha dron H ,

e+e− → (γ, Z) → H, (6 )
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[2 9 , 3 0 ]

1
σtot

dσH

dz
=

σ0∑
q ê2
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is the tota l cross section for e+e− → hadrons including
its NLO O(αs) correction a nd σ0 = 4 πα2(Q2)/s. The
sums in (7 ) a nd (8 ) run over the nf a ctive qua rk fla vors q,
a nd the êq a re the corresponding a ppropria te electrowea k
cha rges (see App. A of Ref. [2 4 ] for deta ils).
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ê2
q

[
CL

q ⊗ (DH
q + DH

q̄ )

+CL
g ⊗ DH

g

]
(z, Q2), (1 0 )
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q,g in the MS scheme ca n be
found in App. A of Ref. [2 4 ].
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ê2
q

{
[
DH

q (z, Q2) + DH
q̄ (z, Q2)

]

+
αs(Q2)

2 π
[
C1

q ⊗ (DH
q + DH

q̄ )

+C1
g ⊗ DH

g

]
(z, Q2)

}
, (9 )

FH
L (z, Q2) =

αs(Q2)
2 π

∑

q

ê2
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Conclusions:

Please, oh please, don’t trust ��2 = 1

Please, don’t tell me MC sampling is equivalent ��2 = 1

Please, don’t trust LO sets (and beware of the NLO)

Please, don’t tell me that heavy quark masses have no effects

SIDIS can actually constrain PDFs, if existing data do, then EIC…

not only competitive, but an excellent cross-check for the standard flavor discriminants

EIC will set a milestone for FFs precision, and their status as precision tools.



Thanks!
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