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Hadronic vs. Partonic Degrees of 
Freedom  

	

•  	Q	≈	1	GeV,	large	x.	

	
	
•  Approach	kinematical	issues	in	terms	of	what	
they	reveal	about	underlying	degrees	of	
freedom.	



Two Questions 

•  What	are	kinematical	target	mass	
approximations?	

•  When/how	do	they	matter?	
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Target Mass Corrections 
	
•  	Large	number	of	TMC	formalisms:	
	

– OPE	based	
	

– Feynman	graph	based	
	

– Higher	twist	
	

– Standard	factorization	(Aivazis,	Olness,	Tung)		

Brady,	Accardi,	Hobbs,	Melnitchouk	PHYSICAL	REVIEW	D	84,	
074008	(2011)	
	

	



Standard setup 

5	

	
•  	Definition	of	a	cross	section	
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Massless Target Approximation (MTA) 
	
•  Exact:	
	
	
	
•  The	approximation:	

	
	
	
	
	

•  Usually	taken	for	granted	at	large	Q	and	small	x	
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MTA in Light-Cone Fractions 
	
•  Light-cone	ratios:	
	
	
	
– No	MTA:	
	
	
	
	
– MTA:	
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16	

Factorization Power Series 

	
•  Drop	O(m2/Q2)	?:		Necessary	for	factorization.	
	
	
	

•  Drop	O(x2Bj	M2/Q2)	?:		Not	necessary	for	
factorization.	

			



•  Make	approximations	with	exact	target	
momentum:	

	
	
•  Then	do	MTA:	

17	

MTA with factorization 

Introduce	O(m2/Q2)	errors		

Introduce	O(xBj2M2/Q2)	errors		
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Aivazis, Olness, Tung (AOT) 

•  Normal	factorization,	just	keeping	exact	mass.	
	
–  MTA		
	
	
	

–  TMC	
	
		
	
	

•  The	only	“pure”	kinematical	correction.	Others	
involve	assumptions	about	dynamics.	
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What if the target mass is important? 

•  How	to	test?	
	
– Scaling	with	Nachtmann	rather	than	Bjorken	
variable?	

–  Improved	universality.		Extend	range	of	pQCD?	
	
	

•  Why	does	it	give	improvement?	Something	
about	nucleon	structure?			

19	

See	N.	Sato	talk	
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Partonic interpretation of target mass 
effects 

k	

k	+	q	q	
•  Small	scales	

•  Exact	target	
mass	useful	if	
suppression	by		
partonic	scales	is	
greater	than	
target	mass	
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Partonic interpretation of target mass 
effects 

•  Parton	virtuality	
vs.	hadron	mass	

k	

k	+	q	q	

??	 ??	
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Partonic interpretation of target mass 
effects 

k	 k	+	q	q	

•  Two	scales?	

P	
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•  AOT	(direct	factorization):	
–  Direct	power	expansion	in	small	partonic	mass	scales	
–  Keep	exact	momentum	expressions	

•  OPE:	
–  Transform	to	Mellin	moment	space		
–  Expand	in	1/Q	(both	twist	and	target	momentum)	
–  Truncate	twist	

•  Identify	leading	M/Q	part	
•  Identify	remaining	series	of	M/Q	

–  Invert	leading	M/Q	(F1(0)	)	
–  Invert	series	of	M/Q		(F1TMC	)	
–  Relate	F1(0)	and	F1TMC		

	 23	

Operator product expansion versus AOT 



Summary 

•  Normal	factorization	derivation	naturally	leads	
to	xN	as	scaling	variable/independent	variable.	
	

•  These	are	easy	to	retain	(AOT).	
	

•  Sensitivity	to	a	target	mass	might	say	
something	about	nucleon	structure.	
	
– Compare	Proton,	Kaon,	Pion,	Nucleus	targets		

24	



Backup 
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•  AOT	(direct	factorization):	
–  Direct	power	expansion	in	small	partonic	mass	scales	
–  Keep	exact	momentum	expressions	
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–  Expand	in	1/Q	(both	twist	and	target	momentum)	
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•  Identify	leading	M/Q	part	
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Operator product expansion versus AOT 



OPE-based 

•  	Georgi-Politzer	(1976)	

	
	
	
	
	
•  What	is	F1,2(0)	?	
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Ŵµ⌫

(xN/⇠, q)f(⇠) +O
�
m2/Q2

�
. (563)

FTMC

1
(xBj, Q

2
) =

1 + ⇢

2⇢
F (0)

1
(xN, Q

2
) +

⇢2 � 1

4⇢2

Z
1

xN

du

u2
F (0)

1
(u,Q2

) +
(⇢2 � 1)

2

8xBj⇢3

Z
1

xN

du

Z
1

u

dv

v2
F (0)

1
(v,Q2

) (564)

⇢2 ⌘ 1 +
4x2

Bj
M2

Q2
(565)

35

Wµ⌫
(P, q) =

Z
1

xN

d⇠

⇠
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As exact structure function 
	
•  Power	series:	

		
	
	

•  Mellin	moments:	
	
	
	

•  Leading	twist	
	
	
	
	
•  			
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Figure 2: Two di↵erent functions with identical integer Mellin moments.

6 Comparison with / critique of other TMC methods

There are many other theoretical formalisms that are often described as Target Mass Corrections (TMC), but
from what I can see these actually involve at least some assumptions or modifications of parton dynamics,
often in ways that are not easy for me to assess. I will critique these below.

The most famous TMC method is the Georgi-Politzer (GP) [3] method based on an extension of the operator
product expansion (OPE). Note that it predates much of the general work on factorization. I will review
the steps around [3, Eqs.(4.9-4.19)]. I will sometimes switch to the notation of [4] because I also want to
include general higher order Wilson coe�cients. The strategy is to expand the forward Compton scattering
amplitude in an OPE and keep only leading twist, but also to keep power suppressed terms associated with
the target mass that are normally dropped. One applies xBj-moments followed by inverse xBj-moments in
order to relate the structure functions to local operator matrix elements. For example, the F2 structure
function is expressed by the leading twist part of the OPE:
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where Nj,l is a combinatorial factor whose detailed form is not important for our discussion, the A2j+2l+2 are
matrix elements of local operators, and C

2l+2j are hard scattering coe�cients that can be calculated in an ↵s

expansion . This establishes the desired relationship between the local matrix elements of quark fields and
the integer xBj-moments of F2(xN, Q
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,M):
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where N̄n,j is another combinatorial factor. The steps are: 1.) take these integer xBj-Mellin transforms, 2.)
analytically continue to non-integer n, 3.) identify the local matrix elements with Mellin moments of structure
functions in an MTA, and 4.) inverse Mellin transform to recover a general expression for F2(xN, Q
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,M

2) in
terms of the MTA structure functions. The analytically continued inverse transverse is
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Figure 2: Two di↵erent functions with identical integer Mellin moments.

6 Comparison with / critique of other TMC methods

There are many other theoretical formalisms that are often described as Target Mass Corrections (TMC), but
from what I can see these actually involve at least some assumptions or modifications of parton dynamics,
often in ways that are not easy for me to assess. I will critique these below.

The most famous TMC method is the Georgi-Politzer (GP) [3] method based on an extension of the operator
product expansion (OPE). Note that it predates much of the general work on factorization. I will review
the steps around [3, Eqs.(4.9-4.19)]. I will sometimes switch to the notation of [4] because I also want to
include general higher order Wilson coe�cients. The strategy is to expand the forward Compton scattering
amplitude in an OPE and keep only leading twist, but also to keep power suppressed terms associated with
the target mass that are normally dropped. One applies xBj-moments followed by inverse xBj-moments in
order to relate the structure functions to local operator matrix elements. For example, the F2 structure
function is expressed by the leading twist part of the OPE:
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where Nj,l is a combinatorial factor whose detailed form is not important for our discussion, the A2j+2l+2 are
matrix elements of local operators, and C

2l+2j are hard scattering coe�cients that can be calculated in an ↵s

expansion . This establishes the desired relationship between the local matrix elements of quark fields and
the integer xBj-moments of F2(xN, Q
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,M):
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where N̄n,j is another combinatorial factor. The steps are: 1.) take these integer xBj-Mellin transforms, 2.)
analytically continue to non-integer n, 3.) identify the local matrix elements with Mellin moments of structure
functions in an MTA, and 4.) inverse Mellin transform to recover a general expression for F2(xN, Q

2
,M

2) in
terms of the MTA structure functions. The analytically continued inverse transverse is
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Figure 2: Two di↵erent functions with identical integer Mellin moments.

6 Comparison with / critique of other TMC methods

There are many other theoretical formalisms that are often described as Target Mass Corrections (TMC), but
from what I can see these actually involve at least some assumptions or modifications of parton dynamics,
often in ways that are not easy for me to assess. I will critique these below.

The most famous TMC method is the Georgi-Politzer (GP) [3] method based on an extension of the operator
product expansion (OPE). Note that it predates much of the general work on factorization. I will review
the steps around [3, Eqs.(4.9-4.19)]. I will sometimes switch to the notation of [4] because I also want to
include general higher order Wilson coe�cients. The strategy is to expand the forward Compton scattering
amplitude in an OPE and keep only leading twist, but also to keep power suppressed terms associated with
the target mass that are normally dropped. One applies xBj-moments followed by inverse xBj-moments in
order to relate the structure functions to local operator matrix elements. For example, the F2 structure
function is expressed by the leading twist part of the OPE:
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where Nj,l is a combinatorial factor whose detailed form is not important for our discussion, the A2j+2l+2 are
matrix elements of local operators, and C

2l+2j are hard scattering coe�cients that can be calculated in an ↵s

expansion . This establishes the desired relationship between the local matrix elements of quark fields and
the integer xBj-moments of F2(xN, Q
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where N̄n,j is another combinatorial factor. The steps are: 1.) take these integer xBj-Mellin transforms, 2.)
analytically continue to non-integer n, 3.) identify the local matrix elements with Mellin moments of structure
functions in an MTA, and 4.) inverse Mellin transform to recover a general expression for F2(xN, Q

2
,M

2) in
terms of the MTA structure functions. The analytically continued inverse transverse is
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Ŵµ⌫

(xN/⇠, q)f(⇠) +O
�
m2/Q2

�
. (563)

FTMC

1
(xBj, Q

2
) =

1 + ⇢

2⇢
F (0)

1
(xN, Q

2
) +

⇢2 � 1

4⇢2

Z
1

xN

du

u2
F (0)

1
(u,Q2

) +
(⇢2 � 1)

2

8xBj⇢3

Z
1

xN

du

Z
1

u

dv

v2
F (0)

1
(v,Q2

) (564)

⇢2 ⌘ 1 +
4x2

Bj
M2

Q2
(565)

Wµ⌫
(P, q) ! Wµ⌫

AP
(P, q) (566)

Wµ⌫

AP
(P, q) ! Wµ⌫

AP
(P̃ , q) (567)

k2 = 0 (568)

F2 =
2

xBj

1X

l=0

1

x2l

Bj

1X

j=0

✓
M2

Q2

◆j

Nj,lC
2l+2jA2j+2l+2 (569)

F2 =
1

2⇡i

Z
i1

�i1
dnx1�n

Bj

✓
M2

Q2

◆j

N̄n,jC
n+2jA2j+n . (570)

Z
1

0

dy yn�2F (0)

2
(y,Q2

) ⌘ CnAn . (571)

Z
1

0

dy yn�2F (0)

2
(y,Q2

) ⌘ CnAn . (572)

Acknowledgments

This work was supported by...

Extend	to	non-integer	values	
	



31	

As exact structure function 
	
•  Invert:	
		

35

Wµ⌫
(P, q) =

Z
1

xN

d⇠

⇠
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•  	Functions	with	equal	moments	up	to	N	=	13	
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As fit to phenomenological structure 
function 

	
•  Finite	order	hard	part	
	

•  Parametrization	of	pdf	

•  Fit	needed	all	the	way	to	x	=	1	
	

•  Theoretical	leading	twist	≠	pheno	fit	near	x	=	1	
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Ŵµ⌫

(xN/⇠, q)f(⇠) +O
�
m2/Q2

�
. (563)

FTMC

1
(xBj, Q

2
) =

1 + ⇢

2⇢
F (0)

1
(xN, Q

2
) +

⇢2 � 1

4⇢2

Z
1

xN

du

u2
F (0)

1
(u,Q2

) +
(⇢2 � 1)

2

8xBj⇢3

Z
1

xN

du

Z
1

u

dv

v2
F (0)

1
(v,Q2

) (564)

⇢2 ⌘ 1 +
4x2

Bj
M2

Q2
(565)

Wµ⌫
(P, q) ! Wµ⌫

AP
(P, q) (566)

Wµ⌫

AP
(P, q) ! Wµ⌫

AP
(P̃ , q) (567)

k2 = 0 (568)

F2 =
2

xBj

1X

l=0

1

x2l

Bj

1X

j=0

✓
M2

Q2

◆j

Nj,lC
2l+2jA2j+2l+2 (569)

F2 =
1

2⇡i

Z
i1

�i1
dnx1�n

Bj

✓
M2

Q2

◆j

N̄n,jC
n+2jA2j+n . (570)

Z
1

0

dy yn�2F (0)

2
(y,Q2

) ⌘ CnAn . (571)

Z
1

0

dy yn�2F (0)

2
(y,Q2

) ⌘ CnAn . (572)

F2 =

X

j

C
↵

n

s

j/i
(x/⇠, Q)⌦ fi/P (⇠;Q) (573)

Acknowledgments

This work was supported by...



As a parton density 

•  	Ellis-Furmanski-Petronzio	(Intro	-	1982)	

•  Impose	k2	=	0		but	allow	kT	>	0	
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As a parton density 

•  	In	low	order	Yukawa	theory	
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FIG. 5: The dependence of the parton virtuality v ⌘
p
�k2 on kT evaluated at exact (solid

red curves) and approximate collinear (dashed blue curves) kinematics, for xbj = 0.6 at fixed

Q = 2 GeV (left panel) and Q = 20 GeV (right panel), for quark mass mq = 0.3 GeV and

spectator diquark mass ms corresponding to v(kT = 0) = 0.5 GeV (see Table I).

kT for the lower Q. At large kT, the virtuality becomes linear with kT, in accordance with

Eq. (59) in the m/Q ! 0 limit. Even assuming v < 1 GeV for kT < 1 GeV, the exact value

of k2 (and its dependence on kT) impacts the shape of the kT distribution and the quality

of the usual factorization approximations.

C. The role of transverse momentum

The factorization approximations discussed in Sec. IV apply to the limit in which kT/Q ⇠

m/Q ⌧ 1. In QCD, however, there are ultraviolet divergences from the integrals over

transverse momentum in the PDF. The standard way to deal with this is to renormalize the

PDF.

When Q is large, vertex corrections involve O (Q2) o↵-shell propagators, so the appropri-

ate renormalization scale is µ ⇠ Q. By comparison, the kinematics of real gluon emission

restrict “large” transverse momentum to be . O
�
Q
p
1� xbj)

�
[see Eq. (32)], so that the

corresponding scale is µ ⇠ Q
p
1� xbj. (In our model calculation, the spectator plays the

role kinematically of a real gluon emission.) If xbj is not too large and Q � m, this mismatch

between real and virtual emissions is not a serious problem because kTmax is at least O (Q)

29

As a parton density 

•  v	=	√-k2	
•  Blue	=	in	pdf	
•  Red	=	in	
unapproximated	
graph	

Moffat	et	al.,	(2017)	

	

•  	In	low	order	Yukawa	theory	


