
BERNSTEIN POLYNOMIALS BASED 
PROBABILISTIC INTERPRETATION OF QUARK 
HADRON DUALITY 
 
PARTONHADRON DUALITY WORKSHOP 
JAMES MADISON UNIVERSITY, SEP. 23-25, 2018 

Simonetta Liuti 
         University of Virginia 

 

 
   



9/25/18 2 

Definition of duality 

Observation of approximate Q2  scaling (reminiscent of 
photon-quark scattering) in the region where the proton 
resonance structure is clearly detectable 
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measurements at higher Q2 —data which are planned but
not yet available [24].

Figure 3 shows the same duality integral ratio as in
Fig. 2, but here obtained more locally, in restricted j
ranges around the three prominent resonance enhancement
regions observed in inclusive nucleon resonance electro-
production, i.e., around the masses of the D P33(1232)
(1.3 # W2 , 1.9 GeV2), the S11(1535) (1.9 # W2 ,
2.5 GeV2), and the F15(1680) (2.5 # W2 , 3.1 GeV2)
resonances, and in the higher W2 region above these
(3.1 # W2 # 3.9 GeV2). The uncertainties shown were
computed as in Fig. 2. The latter higher mass ratios,
which compare near deep inelastic data to deep inelastic
data are essentially one and similar to the results in Fig. 2.
It has been pointed out [25] that the D resonance form
factor decreases faster in Q2 than the leading order pertur-
bative QCD Q24 behavior which the scaling curve should
reflect. A similar observation may possibly be made from
Fig. 3 where the ratio (res!DIS) drops below unity in the
region 1 , Q2 , 3.5 "GeV!c#2. The S11 region, on the
other hand, appears systematically higher than the others.
Generally, however, the lower mass resonances appear to
average to the deep inelastic strength, manifesting duality
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FIG. 3. The ratios of integrated data strength in limited ranges
of j around the prominent resonance enhancement mass regions,
to the strength from the resonance fit (stars) and NMC (squares)
scaling curves integrated over the same j regions.

behavior even in these limited ranges of j at low Q2

where higher twist effects might be expected to be large.
By utilizing new inclusive data in the resonance region

at large x, it has been possible to revisit quark-hadron dual-
ity experimentally for the first time in nearly three decades.
These new data, combined with the extensive global mea-
surements of the F2 structure function from deep inelastic
scattering, allow for precision tests of duality in electron-
nucleon scattering. The original duality observations are
verified, and the QCD moment explanation indicates that
higher twist contributions to the n ! 2 moment of the F2
structure function are small or canceling, even in the low
Q2 regime of Q2 $ 0.5 "GeV!c#2. Duality is observed
to hold for local resonance enhancements individually, as
well as for the entire 1 # W2 # 4 GeV2 resonance region.
In all cases, duality appears to be a nontrivial dynamic
property of the nucleon structure function.

This work is supported in part by research grants from
the National Science Foundation. C. E. K. and R. E. wish
to thank A. Radyushkin for many useful discussions.
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Understanding the dynamical origin of this behavior 
remains one of the unsolved questions in QCD  
 
! monitoring the transition from its perturbative to  
non-perturbative regimes (including the behavior of αS in 
the non-perturbative limit)  



9/25/18 5 

In this talk we ask the question about how to average over the 
resonances and its physical meaning  

    Strategy 
 
1.  Introduce a set of orthogonal polynomials (Bernstein polynomials) and 

calculate the F2 moments 

2.  Bernstein polynomials select ranges in x that are determined completely 
independently from those characteristic of resonance structure (the ranges 
spanned by each B moment do not coincide at any given Q2 with any of the 
most prominent resonance ranges) 

3.  By increasing  the number of B moments, restricting their ranges in x, one 
can define a critical number and interval size after which the smoothness of 
the curve is disrupted and the characteristic resonance structure starts 
reappearing.  

4.  By sampling the structure function with Bernstein polynomials, one, 
therefore, obtains quantitative clues on the degree of ``locality" of parton-
hadron duality.  
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Physics ideas: the space-time structure of hadronization 
(see also talk by J. Collins) 

a*

Hadronization procedure based on HERWIG 

pre-hadron clusters 

High W2 Low W2 

The two pictures  

Q2 (GeV2)

F 2p cluster distribution 



9/25/18 12 

If we broadly attribute the resonance peak formation to an 
effect of confinement, we can study its emergence by making a 
one to one correspondence between the number of Bernstein 
moments used to reproduce the function's behavior in the 
resonance region and the number of partonic configurations 
generated from a probabilistic point of view 
(!comparing resolutions) 
 

Large W2  ! large number of different final hadronic 
configurations, each with low probability  
 
Low W2 ! final configurations with similar hadronic 
content are formed with a high probability 

Similar to parton shower Monte Carlos (MC’s) approaches 
(Lai et al. 2009, Frixione et al, 2002)  
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Conclusions 

Parton hadron duality is fascinating because it is at the core of 
our understanding of the mechanisms defining the space-time 
structure of QCD reactions 
 
Need to define observables to test quantitatively this idea    


