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Why 3-Body Scattering?

Many hadronic resonances decay into three particles

——> Resonances are pole singularities in complex energy plane

—— Need analytic representations for on-shell 3—3 amplitudes

Surprises in light meson spectrum — a1(1420) in 3w decays

XYZ States — many lie near 3-body thresholds
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Why 3-Body Scattering?

Advancements in Lattice QCD in extracting hadron resonances
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Extensions to 3-body systems

R. A. Briceiio, M. T. Hansen, and S. R. Sharpe,
Phys. Rev. D95, 074510 (2017)

pipiltiil*

H. W. Hammer, J. Y. Pang, and A. Rusetsky,
JHEP 09, 109 (2017)

M. Mai and M. Daring, — See Maxim Mai’s talk
Eur. Phys. J. A53, 240 (2017)

I'r
P. Guo and V. Gasparian, : See Peng Guo’s talk

Phys. Lett. B 774, 441 (2017)

[lJ A. Jackura — Indiana University

——> Need Analytic on-shell 3—3 amplitudes
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3—3 Phenomenology

Interested in on-shell amplitudes — Unitarity constrains amplitude Z Prob i f = 1] = §T9g— 99T —1
f

—+zj:>.<+>%

[ \ \ Full 3-body interaction A

No interaction (connected term)

Connectedness structure

EES

Hadron d.o.f., eg. m, K, ...

Pair-wise interactions

(disconnected term) P

Introduce isobar representation for amplitude 4 = S { 47 E Ye, ’* Y/ (é_*)
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3—3 Phenomenology

Unitarity for 2—2 on-shell amplitudes
| Fp]

= 0060t m, Fe(Op)

E’mé;ﬁmg

Im Fy, = ]-"IJQ Pp Fp

o :=..,i..= = é,m£=.=<—Pp

K-matrix representation ,
[Ap’p ]€’m2;€m£ — Aﬁ’mz;ﬁmg (p y S, p)

Im

—  JFp=Kp+Kpipp Fp
= [1_Kpi:0p]_1lcp

/o \

phase space for _ Short range physics /
on-shell production P

/ /
Pp/’«€7m£ Pp,€7m£

Fix K-matrix from data (e.g. experiment, lattice) or from some model/ EFT

Analytic parameterization for K-matrix

——  Analytic amplitude

— Analytically continue in complex energy plane, search for singularities
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3—3 Phenomenology

Given the 2—2 on-shell amplitudes, can now look at 3—3 amplitudes
| vk
7\ /
.U 88 it
4
’ P p D k P p q | P

Many new terms not in 2—2 case

——> Includes rescattering effects Im

p

Im Ay — / ALy Aep + / / AL, Cate Aup
k k Jq
—l_ Fl-l;/ pp’ Ap’p —l_ / .Fl;i;/ Cp’k Akp
k

+AL’ppPFP+LAL’kapr
+‘F[T)’CP’PIP

\

Recoupling coefficient

Generate One-Particle Exchange (OPE) \

[Cop ]wm;;emg =m0 ((Pp - P’)2 - m2) dm YZ/(M (B*)Yem, (P™)
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3—3 Phenomenology

Use constraint to find on-shell representation of 3—3 amplitude

Postulate integral equation — B-matrix equation Im Fp, = .7:11 ppfp — Fp=Kp+Kpipp Fp
Ap'p = Fp' Bprp Fp + / Fp' Bprx Axp / / d°k
k —
2T ka
B-Matrix contains two terms p p = R p'p T Qp p
/ \One Particle Exchange (OPE)

Short range 3-body dynamics 47 (f)*)ngIZ (p"™)

Can parameterize like K-matrix, [gp P lemyzeme T (Pp — p/)2 —m? + e

fit to data

Pp/,f/,m2 | &
- P

M. Mai, B. Hu, M. Doring, A. Pilloni, and A. Szczepaniak, Eull int "
——> Full integration range /
Eur. Phys. J. A53, 177 (2017) 9 g p Py, £, my

AJ et al. [JPAC],

——> Cut off to physical region
Eur. Phys. J. C 79, no. 1, 56 (2019) Phy 9
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Aspects of Analytic Properties

Resonances have poles in total partial wave amplitudes

J)* /A J ~
[ App Lo, = D (2T + DS () Al (075, 0p) D1, (B)
J,M

First look at PW projection of OPE — S-Wave Quantum Numbers

1 20(0pr, S,0p) — 1
gS Op’;5,0p) = lOg( = = )
(705 70) = 4ippl %% \ (0,5, 7p) + 1

Physically possible for exchanged particle to go on-shell

on-shell particles —=  singularities in physical region
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- - Al et al. [JPAC],
Aspects of Analytic Properties Eur. Phys. J. C 79, no. 1, 56 (2019)
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Aspects of Analytic Properties

Can write B-matrix in terms of other kernels

Ap’p :-Fp’Bp’p]:p"‘/Fp’Bp’kkakap
k

+ / / er/ Bp/k/ Fix Brrk .Akp
k' Jk

Contains rescattering physics

[srin- YOX + o Dl + y

Bubble Triangles

Bubble unitarization gives quasi-two-body phase space

3pi data
fit, gtb- disp
fit, symm- disp

0.20 —

a1(1260) — 3w
M. Mikhasenko et al. [JPAC],

Phys. Rev. D 98, no. 9, 096021 (2018)
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Aspects of Analytic Properties

Look at triangle amplitude in kernel with constant R-matrix R = 1

S-wave — assume narrow width approx. for isobar

TB(UPU S, Up) =

Phase space between
spectator and isobar

\ OPE
/
(vs—m)*
Te(op’,S,0p) = / do 7(5,0)G5(0, 5, 9p)

A2 M? — o —ie

N

\

Isobar amplitude
Integration over physical region

(Vs—m)*
T, — / 1o 7(s,0)Gs(0,s,0p)

Compare analytic structure with Mai et al. triangle ;
P Y & M?2 — o — ie

and with Feynman triangle —00

Includes off-shell physics /

T, — /ds’ (s, M?) gs(MZ,S,O'p)

s’ — s — e
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AJ et al. [JPAC],

Aspects Of Analytic Properties Eur. Phys. J. C 79, no. 1, 56 (2019)

Re T
Im 7

60

Real parts differ / \ Imaginary parts identical

everywhere above production threshold

Aitchison & Pasquier resolve the differences to Feynman — Different R-matrices! |. J. R. Aitchison and R. Pasquier,
Phys. Rev. 152, 1274 (1966)

All are unitary amplitudes, by construction

Some below threshold singularities removed via finite width isobar shape — Better analyticity constraints?
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Aspects of Analytic Properties

Triangle amplitude develops singularity in physical region ——= OPE becomes physical

Rescattering effect — can mimic resonance signatures

—— Explanation for XYZ states?
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Comparison with Lattice Formalism

Have seen can use different B-matrix representations (Mai et al.)

——> known differences is what we put into real part
Ap’p — fp’ Bp’p Fp + /kfp’ Bp’k Akp Bp’p — 7zp’p + gp’p
Lattice formalism by Bricefio, Hansen, and Sharpe (BHS) yield different infinite volume amplitudes in L—o0 limit

‘Ap’p = Dp’p + / / 'Cp’k’ T(k/, k) El—{r’p
" Jk / 3-body K-matrix

T(p',p) =/C(p’,p)+/,/k/<l(p’,k’)ipkf Ly T(k,p)

Dpp = Fp' Gpp Fp + / Fp' Yp'k Dxp /
k

Ladder series

1 , .
Lpp = (§ + Fp ipp | Op'p + Dprp ipp.
R. A. Bricenio, M. T. Hansen, and S. R. Sharpe,
Phys. Rev. D95, 074510 (2017)

Are these equivalent? — YES!
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Comparison with Lattice Formalism

Can check equivalency
AJ et al. [JPAC],

First consider — limit
Rp’p 0 In Preparation

Ap’p — fp’ Bp’p Fp + / 'Fp’ Bp’k Akp
k

— Dp’p — ]:p’ gp’p ]:p + / er, gp’k ka
k

Ladder series
p p |4
k
p’ p’ p’
- X& " ‘>-o-<* " %+

Same Ladder series as BHS
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1]

Comparison with Lattice Formalism

Then, yield relation BHS
_ / / /
'AP’P — DP’P T // Aﬁp’k’ 71{’1{ kp Ap'p = Dprp + // /kLP'k’ T(k', k) El;r’p
7;,13 = Rp'p + // /kRp/k Ll 7I<'p T(®',p) =’C(p’,p)+///k/C(p’,k’)ipkf Ly T(k,p)
/ Lop = ! + Fpr @ Op'p + Dp'p 1
‘Cp’p — Fp 5p’p + Dp’p PP = |3 p’' !Pp’ | %p'p p'p Pp-

Finally, there is a relation between R-matrix and K-matrix

1
Rp/p p— / /Z/{p/k/ K(k/’ k) Z/{kp — g / /Z/{p/k/ K(k/, k) Rkp
rJk Jk

Relationship is real, both representations are equivalent

. |
Z/{p’p — pr/ 5p’p -+ §£;)’p
1 1
Al et al. [JPAC], — ipp/ 5p’p + —FI;l(Sp’p — _gp,p
In Preparation 3 3

A. Jackura — Indiana University



Summary

Have constructed an on-shell representation for 3—3 amplitude

e Satisfies elastic three-body unitarity

e Integral equation in terms of OPE and short-range dynamics

Investigated some of its analytic properties

e OPE singularities in physical region — Triangle singularities
All formalisms on the market appear to be equivalent — Is there an alternative representation?

Future directions:

e Can OPE generate resonance signatures?
e How to systematically continue to complex plane?
e What singularities does the box diagram contribute?

e Synthesis with other techniques?

e External particles with spin?

e Numerical infrastructure for computing amplitudes — Many integral equations with singularities
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Ladder Series

Dp’p — ]:p’ gp’p ]:p + / -7:13’ gp’k ka
k

Dé’mé;émg (pla S, p) — ff’ (Up’) gﬁ’m’ dmy (pla S p)FE(OP)

3
d’k
" E/,Z / 27)3 2w (k) Fu (op )gf’mg,ﬁ” (P’ 5, k) Drrmysom, (k, s,p)

Dé]/mz;fﬂ’w (0prs8,0p) = For(op) gé]’m O (0prs8,0p)Fe(0p)

doy
N Z / SO Fur(00) Gty (75, 01) T(5,010) Dot (01, 5, )
g//

e
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One-Particle Exchange

An important feature of 3—3 scattering is the one-particle exchange (OPE)
Physically possible for exchanged particle to go on-shell Pj
on-shell particles —=  singularities in physical region gkj (p 7p) —
1 Pk

E.-(p' — /. (-

S
/ 0.2 h | ,

u-channel pole gives real
s-channel cuts for 0.15 1Mag -
partial waves
0.1 |
S-wave amputated PWIS OPE 0.05 -
62 |
a0 -]
ES (o), 8,0;) = ! log <z13—1> 7 o
31 ky»°2sYg) — / -0.05 mip = mo = mg = ! _
4 |p3| |p7l z13 +1 M =3
-0.1 ' |
OPE 513(0/1,8,03),
0.15 o =03 = M? 1
. . . J=t=t3=5,=s3=0
function of external kinematics 0.9 | . | -

-10 30 40 50 60 70 80
s [GeV?]
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One-Particle Exchange

Consider dispersive representation

~ 1 1 1 1
(C/’S 0-/7870-' :/ dS/ . /
O . S e

OPE branch points: sk{t) , si{) — depend on kinematics of isobar SS T
P kj kj P Imgkj (O’,;,S,O'j) — 4 lp*| o/
‘Pj} |Pk;
Real particle exchange ]
/ 10
8
. /
553) I'r Sg) e 91
(Vos +ms)? O——0 9
B/ VVWWAAWVAAAAAAAAAD-
(Vo +m1)? _(2)
-4
Virtual particle exchange

Re s [GeV?]
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One-Particle Exchange

OPE branch points: si{t) |, si{) — depend on kinematics of isobar

1.0 () Pt $\) ——

0.5 - 0 15 o3 = 4.41

-0.5+

-1.0+

(S
1.5+ o =9 / 10

Im = 0 inflection points

1
sk = gy | (k= 03) (3 = 01) = e+ w5 (0 + 0y 0}) £ N2 (4 k) N2 (4 )
J

[lJ A. Jackura — Indiana University e 23



One-Particle Exchange

OPE branch points: si{t) |, si{) — depend on kinematics of isobar
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One-Particle Exchange

10

Re | | | |
Im
o1 =3.24
o3 =4.41 \
D x x !
0.0 L
-0.5 1 1 ! O-i S O.§th)
_4|: _2 OI | |
-5 0 5 10 15
Re | | | |
Im ——
o1 = 5.76
B 03 = 4.41
-5 | [ [
-0.5 : : :
_4|: _2 OI | |
-5 0 5 10 15
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One-Particle Exchange

10 . . . .

In some cases with real particle exchange, OPE has circular cut Re
Im ——
. . " : : : oy =7.29
Triangle singularities occur in physical region T i
03 — 4.

20

14.5 14.5
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The Triangle Amplitude

Look at triangle amplitude in kernel

S-wave — assume narrow width approx. for isobar

phase space

\ -~

) -
/(\/gm?)) 0 P3(5,08) Eq (08, 5,01)

TB(S) p— dO-S

(eh) M? — ol — e

\ “~

Integration over physical region

Isobar amplitude

Compare analytic structure with Feynman triangle

/,M2 gS MQ, /’
TF(S)Z/P ds' 2 (s s’)—f—(ie 7.01)
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The Triangle Amplitude

x10—4
1.0 T T T I I |
1 1 I TF
1 (| | TB
1 | 0'1:3.02
0.5 ' ! M2:502—

Extra kinks due to
Endpoint and Pinch singularities
of B-matrix Triangle

Tale) — /W-W) 123 (5:08) &5 (05, 01)

(eh) M? — oy — i€

¥~ Real parts differ

everywhere Imaginary parts identical

above production threshold

x10—4 \

s [GeV?]
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The Triangle Amplitude

Can compare to other formalisms, e.g, Mai et al. M. Mai, B. Hu, M. Déring, A. Pilloni,
and A. Szczepaniak,
Eur. Phys. J. A53, 177 (2017)

T (S) . /(\/g_mB) do!! P3 (37 O-é/) 5?*?1 (Oé/7 S, 01)
M 3 M? — ol — i€

— 00

Includes off-shell physics /

Imaginary parts identical
Aitchison & Pasquier resolve the differences to Feynman — Different R-matrices! above production threshold

I. J. R. Aitchison and R. Pasquier,
Phys. Rev. 152, 1274 (1966)

I TF I
Ty —

TB

o1 =9 _

Im T

40 50 60
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Triangle Singularity

Triangle amplitude develops singularity in physical region

—— OPE becomes physical

Rescattering effect — can mimic resonance signature

%
N4
&
RS \@o,\*‘
@‘\9{\ P OPE branch points
,Q(\ &&\’b
12 T T 1 T I I I
10 | | Im TB X 103 -------- _ 2__
! Re ‘Eégl
8 L : Im 555’1 ........ _ 1L
o1 = 4.41
6 |
|
4
14+
2
21
0
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Triangle Singularity

5o X107° OPE branch points
'S
 EAMAAAAAAAAAAA
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The Triangle Amplitude

Saw triangle amplitude has extra singularities below threshold
Integrating over isobar shape cures some of them

Remaining singularities due to phase space

2

1 00 (\/E—mg) AW 7
TB(S) _ _/ ds Im f3(8)/ dO’g P3 (870-3)531 (0-37870-1)

7 | _(th) (th) o — 05 — 1€

/ 1 [ Tm f3(5) \
1€

Isobar shape f3 (O’é’) _ _/ A5
o}

(th) - I
¢ 0 — O3

Singularities due to ¢ integration
are moved to second sheet

What about dispersing kernel in s 7

Persistent singularities due to phase space

00 2y / N 12 /
)= [~y BB ) 1
t

b s’ — s — i€ p3(3)o<g
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