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Introduction: Khuri-Treiman equations in a nutshell

o In some scattering problems (LHC negligible, small
s-region,...), T(s,t,u) — t;(s)

@ o Analytical solution (=~ BS equation, K-matrix,. . .)

b d o Or dispersion relations for one-variable function
(neglect LHC)
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Introduction: Khuri-Treiman equations in a nutshell

3 c o In some scattering problems (LHC negligible, small
s-region,...), T(s,t,u) — t;(s)

@ o Analytical solution (=~ BS equation, K-matrix,. . .)

b d o Or dispersion relations for one-variable function
(neglect LHC)

o Certainly not true in most decay process,

o where one usually wants to take into account
unitarity/FSI interactions in the three possible channels.

o Khuri-Treiman equations are a tool to achieve this two-body unitarity in the three channels

oo

T(s,t,u) =Y (204 1)Py(zs)te(s
£=0

~—

(s,t,u) = i(zz + 1)Py(z:)t8(s) + ij(zz +1)P(z) () + S (28 + 1)Py(z0) )
£=0 £=0 £=0

1/18




Generalities about n — 37
o In QCD isospin-breaking phenomena are driven by

(HIB = —(my — md)@%d’)

o lIsospin-breaking induced by EM & strong interacti
in size, but

o 1 — 3 is special, since EM effects are smaller

n— nt7~a0, Nij (KLOE Data)

ons are similar

2 2
mg — my

mg — (my + mq)?/2

0 Tyoar o< Q% with | Q72 =

o Experimental situation: Several high-statistics studies; | T|> well known across the Dalitz

plot = stringent tests for the amplitudes (before

Crys. Ball, PRL87,192001('01)

Crys. BalloMAMI, A2, PRC79,035204('09)
Crys. BalloMAMI, TAPS, A2, EPJA39,169('09)
WASA-at-COSY, PLB677,24('09)

KLOE, PLB694,16('11)

getting Q!)

KLOE, JHEP0805,006('08)
WASA-at-COSY, PRC90,045207(’'14)
BESIII, PRD92,012014('15)
KLOE-2, JHEP1605,019('16)
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Dispersive approaches to n — 3w

o Chiral O (p*) amplitude fails in describing experiments.
Gasser, Leutwyler, Nucl. Phys. B250, 539 (1985)

o Several attemps to include unitarity/FSl/rescattering effects.
Neveu, Scherk, AP57, 39('70); Roiesnel, Truong, NPB187, 293('81); Kambor, Wiesendanger, Wyler, NPB465, 215('96);
Anisovich, Leutwyler, PLB375, 335('96); Borasoy, R. NiBler, EPJA26, 383('05); Schneider, Kubis, Ditsche, JHEP1102,
028('11); Kampf, Knecht, Novotny, Zdréhal, PRD84, 114015('11); Colangelo, Lanz, Leutwyler, Passemar, PRL118,
022001(’17); Guo, Danilkin, Ferndndez-Ramirez, Mathieu, Szczepaniak, PL771, 497('17).
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Dispersive approaches to n — 37
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Dispersive approaches to n — 37

©

Chiral O(p*) amplitude fails in describing experiments.
Gasser, Leutwyler, Nucl. Phys. B250, 539 (1985)

o Several attemps to include unitarity/FSl/rescattering effects.

©

Here we reconsider the KT approach. N. Khuri, S. Treiman, Phys. Rev. 119, 1115 (1960)

©

mm scattering elastic in the decay region. But dispersive approaches require higher energy
T-matrix inputs:
o 7 near 1 GeV rapid energy variation. £,(980), (KK)o

o Double resonance effect nm ISI, ap(980), (KK )1
Abdel-Rehim, Black, Fariborz, Schechter, PRD67, 054001('03)

We propose a generalization to coupled channels [(KI_()O,L nm, (77m)o,1,2] of the KT
equations, extending their validity up to the physical nm — 7m region. Allows for the
study of the influence of ag, fy into the decay region.
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Isospin amplitudes
o Start with well-defined isospin amplitudes:
M (s,t,u) = G 1, 1| TP e 1, 1) = (1, 1231, 0 10) (e 7O 1)

o They can be written in terms of a single amplitude (n7° — 7t77), A(s, t, u) (like in 77
scattering):

—V3MO(s, t, u) —V/BMO(s, t, u) 3 1 1] [A(st,u)
V2Mi(s, t,u) | = V2MUi(s, t,u)| =0 -1 1 A(t, s, u)
V2M3(s, t, u) V2M?(s, t, u) 0 11 A(u, t,s)

o Reconstruction theorem (for Goldstone bosons):

J. Stern, H. Sazdjian, N. Fuchs, Phys. Rev. D47, 3814 (1993)

2 2 2
1 my — my my

2
A(S7 t, u) = —€ [Mo(s) — gMz(S) =+ Mz(t) —+ Mg(u) €L = ?WE

+ (s — u)My(t) + (s — t)Ml(u)]

o Or in general, “the” KT approximation:

Infinite sum of s-channel PW — Truncated sums of s-, t-, and u-channels PWs

o Single variable functions: amenable for dispersion relations.
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Partial wave amplitudes

o Summary of previous slide: M/ (s, t, u) is written in terms of A(s, t, u) (and permutations),
and A(s, t, u) is written in terms of M;(w).

o Now, define partial waves: M!(s, t,u) = 167r\ﬁ2j(2j 4F 1)Mj’-(s)Pj(z)

MB(5) = L2 [Mo(s) + W(S)], M(5) = 1 g [Ma(s) + Fh(o)]
()

Mi(s) = cLgy - [M(s) + M (s)]

LHC [M,(s)] RHC [M(s)]

M, (s) written as angular averages.
Take Mo(s) as an example:

M(s) no discontinuity along the RHC:

. T lioy _
o (s) = 2 Mo) N 29—0(M2) disc M/(s)lf dISC./:/lj(S) =
) = or(s)t ()" M;(s)
R L DY = or()¢'(5)" (Mi(s) + R (s))

(2" Mi)( / dz 2" M (t(s, 2)) on(s) = /1—am2 /s

B \/(1 —4mZ /s)X(s, m3, m%) ar(s)t'(s) = siny(s) ™1
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Muskhelisvili-Omneés representation
discMy(s) = or ()t} (s) [Mi(s) + Mi(s)]

o MO (dispersive) representation of M;(s):
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Muskhelisvili-Omneés representation

discM;(s) = ox ()t (s) [Mi(s)]

o MO (dispersive) representation of M;(s):
Mo(s) = Q0(s)[Po(s)] ,
Mi(s) = Qu(s)[Pi(s)] ,
Ma(s) = Q2(s) [Pa(s)] -

o0 !
Q(s) = exp |:s/ ds’ ,fll(s ) )] (Omneés function/matrix)
T Jamz  S'(s'—s
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Muskhelisvili-Omneés representation
discM;(s) = ax(s)t7 (s) [Mi(s) + Mi(s)]

o MO (dispersive) representation of M;(s):
Mo(s) = Qo(s) [Po(s) + 70(5)52] ,
Mi(s) = Q1(s) [Pi(s) + 71(5)5] ,
Ma(s) = Qa(s)[Pa(s) + h(s)s?] .

/(s/ 5)

B(s) = 1 [ sin 8, (s )My (s")
=5 /4'"% 19 (s")| (") (s" —s)

Q(s) = exp |:;/4 , ds' ———— o1(s") ] (Omneés function/matrix)
m‘l\'

(moyz =2, m = 1)

o m% + ie prescription needed. Integral equations solved iteratively.
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Muskhelisvili-Omneés representation
discM;(s) = ax(s)t7 (s) [Mi(s) + Mi(s)]

o MO (dispersive) representation of M;(s):
Mo(s) = Q0(s) [0 + Bos + 705> + lo(s)s?] ,
Mi(s) = Qu(s)[Bis + h(s)s] ,
Ma(s) = (s)[h(s)s?] -

Q(s) = exp |:; /4m2 ds’ /Z/(s )s)] (Omneés function/matrix)

B(s) = 1 [ sin 8, (s )My (s")
=5 /4'"% 19 (s")| (") (s" —s)

(moyz =2, m = 1)

o m% + ie prescription needed. Integral equations solved iteratively.

o Subtraction constants: Most natural way is to match with ChPT:

[ ./\/l(S7 t, U) = MX(S, t, Ll) = O(pﬁ) Descotes-Genon, Moussallam, EPJ,C74,2946(2014)

o Matching conditions: fix ag, 8o, B1, Y0 in terms of ChPT amplitudes (no free parameters).
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Coupled channels

Coupled channels: take into account intermediate states other than (77);.

Mo Gio
No Hio

Mo =

[(nwn = (7)o (KK)y — (7T7_f)0i|
(nm)1 = (KK)o (KK)1 — (KK)o | ’

To = |:t(7r7r)0~>(7r7r)0 t(ﬂ'ﬂ')OH(KR)O] T =
Ymm)o—(KR)o H(KR)o—(KR)o

Ham)— (7 f(m)ﬁ(xrql}
)1 —(KR)1 H(KR)1—(KR)1

disc Mq(s)

T (5)=%s) [MoA(s +ie) + Mo(s)]  — [1]
[(Mo(s —ie) + Mo(s)]):l(s) Ti(s) — 2]
T (s) A%k ()T (s) — [3]

+ + |l

Schematically:

[3]
(KK)1 3 (KK)o o
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Coupled channels: MO representations

disc Mo(s) = TO"(s)X%(s) [Mq(s +ie) + Mo(s)] — [1]
+  [(Mo(s — i€) + Mo(s)]Z(s) TX(s) — [2]
+

T (s)AZk ()T (s) — 3]
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Coupled channels: MO representations

disc Mo(s) = TO"(s)X%(s) [Mq(s +ie) + Mo(s)] — [1]
+  [(Mo(s — i€) + Mo(s)]Z(s) TX(s) — [2]
+

T (s)AZk ()T (s) — 3]

o MO representation for Mq(s):

Mo(s) G1()(S)
No(s) Hio(s)

o Po(s) is a matrix of polynomials.

= 0(s) [Po(s) + 52 (1a(s) + Ts(s))] “u(s)
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Coupled channels: MO representations

disc Mo(s) = T°"(s)E%(s) [Mo(s + ie) + Mo(s)]  — [1]
+  [(Mo(s — i€) + Mo(s)]Z(s) TX(s) — [2]
+

T (s)AZk ()T (s) — 3]

o MO representation for Mq(s):

Mo(s) G10($)
No(s) Hio(s)

o Po(s) is a matrix of polynomials.

= 0(s) [Po(s) + 52 (1a(s) + Ts(s))] “u(s)

o The i(s) functions are:

a 1 o ds’
1 — = —— AX d
w66 = [ s AXanls)

AX, = Qal(s — i€) |:TO*(S) 50(s) Mo(s) + Mo (s) =1(s) T (s) tﬂfl(s + ie) ,
[ [2]

AXp = Q5 (s — i€) T (s) ATk (s) TH(s) ' Q7 (s + ie)
B3]
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Results
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Behaviour in different regions:

o s~ 1 GeV? Very sharp energy variation,
o ap(980) and £(980) interference,
o KTK~ and K°K® thresholds.
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Results
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Dalitz plot

o DP variables X,Y: X = Qm‘f’oc (u—t), Y= 2"17;% ((my —m)?—s)—1

- w*n-a®, N;j (KLOE Data)

)
o

o Charged mode amplitude written as:
|Mc(X, Y)‘z 2 2 3 2 05 ,/". 1.65
—— =1 Y+bY dX fY XY +--- i Y
[ZCU S AR ASLE S A :
o Neutral decay mode amplitude [Qc — Qp]: = R Hishe
—0.5 p 0.55
|Mn(Xv Y)|2 2
L — 1 4 2az|? +2B81Im(23) +---
|Mn(07 0)|2 -1 0

\ O(p") elastic coupled KLOE BESIII]

a -1.328 -1.156 -1.142(45) -1.095(4) -1.128(15) . L
T b 0429 0200 0172(16) 0.145(6) 0.153(17)| © (Theory) uncertainty estimation:
?an d 0.090 0.095 0.097(13) 0.081(7) 0.085(16) @ nm interaction put to zero or to “large”
< f 0017 0.109 0.122(16) 0.141(10) 0.173(28) @ 10°L, = —3.82 — —2.65
g -0.081 -0.088 -0.089(10) -0.044(16)  —
= PDG o General trend: improve agreement
S o +0.0142 -0.0268 -0.0319(34) -0.0318(15) [O(p*) — elastic — coupled]
2 B -0.0007 -0.0046 -0.0056 =

Qo i Do
BESTI Collab., Phys. Rev. D92,012014 (2015 | 2rticularly relevant: o

KLOE-2 Collab., JHEP 1605, 019 (2016)
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Khuri-Treiman equations for wm scattering JPAC Collab., EPJ,C78,574(2018)

o KT equations for 3-body decays. Crossing: 2-to-2 scattering. Test: 77 scattering.

=
a c b,
\
\‘t q

a c s
1 1
Ju
b d g
d\l—

What happens if you apply KT equations to 77 scattering?
JPAC Collab., EPJ,C78,574(2018)

o KT equations for 77 scattering can be written as Roy-like equations:

() = &{ (s—i—z dtKM, t')Im &) (')
2,17 7 Sth
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Results: Analytical comparison with Roy equations
[JPAC Collab., EPJ,C78,574(2018)]

o Roy equations [PL,36B,353(1971)] and KT equations written as:
£ (s) = k) +Z/ dt’ Ky (s,t') Imt\) (e
e
They differ in the expressions for the polynomial (ké’)(s)) and the kernel (KZ, (s, t")).

o Restrict KT to
® S, P-waves (£7, ¢, 1)),
@ one subtraction in each channel: only two subtraction constants.

©

Difference between KT and Roy equations amplitudes:

(1) (5) = (troy) () = K (5) — k() + 3 / dt' Al (am?, ¢ Imel ) (¢)

2,17+ Sth

©

Age,(s7 t’): Difference of kernels is polynomial (logarithmic terms cancel).

o Five conditions that can be fulfilled with the two subtraction constants.

[ KT equations and Roy equations are equal. ]
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Results: Comparison of amplitudes with GKPY

o Take a succesful parameterization of the amplitude as input for Imtg)(s), and compare the
output Retg)(s) Madrid group, PR,D83,074004(2011)

A: one subtraction (X 6), but only 5 free constants. smax = 1.0 GeV?
B: two subtractions (X 6), but only 7 free constants. smax = 1.9 GeV?

0

ol b

—0.6 1 ! | PR N E MR
0.5 1 1.5 2 0.5 1 1.5 2

s (GeV?) s (Gev2) 5 (GeV?)

13/18



Results: Comparison of amplitudes with GKPY

o Take a succesful parameterization of the amplitude as input for Imtg)(s), and compare the
output Retg)(s) Madrid group, PR,D83,074004(2011)

A: one subtraction (X 6), but only 5 free constants. smax = 1.0 GeV?

B: two subtractions (X 6), but only 7 free constants. smax = 1.9 GeV?

Re £ (s)
Re t{)(s)
Re (V) (s)

I . L 0 . . | . ot I . .
400 600 800 1000 400 600 800 1000 : 400 600 800 1000
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Results: Comparison of amplitudes with GKPY

o Take a succesful parameterization of the amplitude as input for Imtg)(s), and compare the
output Retg)(s) Madrid group, PR,D83,074004(2011)

A: one subtraction (X 6), but only 5 free constants. smax = 1.0 GeV?
B: two subtractions (X 6), but only 7 free constants. smax = 1.9 GeV?

] 0.02 0.08 T
] a [ /
B 0 8 0.06 - £,
4 Bl I (v ¢
1 B 1 = [ e
= 1 & s 7o
1 S -002 41 2o 004 /1 9
] S [ [
1 = 1 & |
i ~0.04 s 0.02 - 2 B
] ] [ /
] 7 [
= —0.06 - - - 0 . !
2 0.5 1 15 2 0.5 1 15 2
s (GeV?) s (Gev?) s (Gev?)
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Results: Comparison of amplitudes with GKPY

o Take a succesful parameterization of the amplitude as input for Imtg)(s), and compare the

output Retg)(s) Madrid group, PR,D83,074004(2011)

A: one subtraction (X 6), but only 5 free constants. smax = 1.0 GeV?
B: two subtractions (X 6), but only 7 free constants. smax = 1.9 GeV?

240 . 4l

180 [ e GKPY

()
77 (s)

120 l

I I L I I I L
400 600 800 1000 400 600 800 1000
V5 (MeV) V5 (MeV)
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Results: Comparison of amplitudes with GKPY (Il)

© Threshold parameters (rght): [ KA KTEGRPYCRD |
g 0.217 0.213 0.221(9)

a,
Ret{)(s) = a{") + b{/ )P(s) 4 bzo) 0.274 0275  0.278(7)
P”( s) m? a? —0.044 —0.047 —0.043(8)
2
o Poles and residues (bottom): bé; o —O0E =00 —000)
10% - & 375 37.9 38.5(1.2)
t1(s) =t () + 2ia(s) , 10° - bV 5.6 5.7 5.1(3)
2 10* - a0 17.8 17.8 18.8(4)
ty(s)  —F— 4 ... 106”34 —3.4  —42(1.0)
s 104 - a9 1.9 1.8 2.8(1.0)
PR,D83,074004('11); PRL,107,072001('11); 10* - bzz) —3.2 —3.2 —2.8(8)
PL,B749,399('15) 10° - a%l) 5.7 5.7 5.1(1.3)
10°-h"Y  —40 —40  —4.6(2.5)
|go | GeV 3.36 3.37 3591%1113
V5 (MeV) (762.2,72.4)  (763.4,73.5)  (763.7°55,73.2759)
g | 5.95 6.01 6.011%%"
V5% (MeV) (1000, 24) (995, 26) (996 + 7,2577)
lgr,| (GeV) 2.4 2.3 2.340.2
/5% (MeV) (1275.1,89.5)  (1268.9,86.4)  (1267.37G5,87 £ 9)

gfi (GeV~Y) 5.6 5.5 5.0 +0.3 14/18



a1(1260) state

a1(1260) WIDTH
VALUE (MeV) EVTS DOCUMENT ID TECN COMMENT

250 to 600 OUR ESTIMATE

380+29 OUR AVERAGE Error includes scale factor of 1.3.

430 £24 +31 DARGENT 2017 RVUE D’ s mmtrat I
367 +9 '3 420k ALEKSEEYV 2010 COMP 19071 = x x' Pb

« ++ \We do not use the following data for averages, fits, limits, etc. « + =

410 +31 +30 1 AUBERT 2007AU BABR 106 et e —p'piniy

520 - 680 6360 2 LINK 2007A FOCS I’ saatr ot

480 £20 ¥ GOMEZ-DUMM 2004 RVUE Tt s atrtro,

580 +41 90k SALVINI 2004 OBLX pp—=27t2nw

460 £85 205 4 DRUTSKOY 2002 BELL B K K

814 £36 +13 37k § ASNER 2000 CLE2 106e e w1t 7 o7 77,

0 V-A: Vector (177) or Axial (171)
o | =1 due to the charge

0 Ci3r = (—1)*! (neutral partner)
= JJF€ =i
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Fit to ALEPH data

dr/ds (a.u./0.025GeV?)

res./err.

res./err.

251

o
i«

0.0}
50
25F
0.0}
251

-5.0
50

25F
0.0}
25
5.0

[ALEPH, Phys.Rept.421 (2005)][JPAC, PR,D98,096021(2018)]

ALEPH(3m)
—— SYMM
—— SYMM-DISP

X?In.d.f. =93.5/99

S
iy

X?n.d.f. =663.20/99

dr

(s—m

Decay width:

2)° (s+2m?)

terference.

DISP/NonDISP: C(s) = p(s) or C(s) =

p(s).

‘s —m?2+ £g2C(s)

SYMM/QTB: p symmetric or neglect in-

‘ 2

Models:

2
s=M3,(GeV?)

3
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First measurement of the a;(1260) pole position [srac, Pr.098,096021(2018)]

0.4
s m(a) = (1200 £ 4112)) Mev
K 03| r(ay) = (576 + 11783 Mev
= the main model # Fit studies
Q
@ 06} a1(1260) pole 1 s < 2 QeV?
£ 2 R =3GevV!
tﬁll 0.7 F 3 m’,, =m, + 10 MeV
- L 7
% .0.8}F without intereference 4 WLP - ﬂ’bp 10 Mev
s 5 mj, = m, — 20 MeV
o 6 I, =T, +5McV
S 0.9}
S 7 I, =T, — 30 MeV
100 11 12 13

Pole mass = Re,/s, (GeV)
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Construct KT equations for the decay a;(1260) — 37
JPAC Collab., in preparation
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Summary

o KT equations are a powerful tool to study 3-body decays.

©

They allow to implement two-body unitarity in all the three channels (s, t, u).

©

For n — 3m:
o Not well described by the perturbative chiral amplitudes.

o We have presented an extension of this approach to coupled channels. The extension is quite
general.

o Effects of KK and n amplitudes [f5(980), ao(980)] play some role in the DP parameters, tend to
improve.

o For w7 scattering:
o We have applied KT equations to 77 scattering as benchmark.
o Restricted to S- and P-waves, KT equations are equal to Roy equations.
o When other waves are included, good comparison is obtained with GKPY equations.

©

In JPAC we have also studied a;(1260) — 37, where it would be interesting to apply KT
equations.
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Analysis of three body decays

.ge,fﬁ;gon I-15) JPAC

Miguel Albaladejo (Jefferson Lab — Theory Center)

April 12, 2019

PAC




Results

| skl | o
.| | L
= 45 1
s 1 I
8 4 1
= 7 1 3 \
= 05 o £35 1 n — w0n0x0 g
0 1 3r 1
~05 : : ‘ oG ‘ ‘ ‘ :
0 0.05 0.1 0.15 0.2 0 005 01 015 02 025 03
5 (GeV?) 5 (Gev?)
o Subthreshold region: chiral, elastic, and o Substantial influence of coupled channels in
coupled amplitudes very close. the whole region,
o Adler zero (s4 > 0.03 GeV?): o and there is no region in which dispersive and

DO e e e
[SA/m2i=] 142 145 149 | 0 T, s3q0 = Mo(s) + Mo(t) + Mo(u) + ...




Quark mass ratio

From the amplitudes M;(s) one can compute
the width up to the unknown factor Q2:
m2 (o)
r:ef/ s [ dt|Mo(s) +--- 2
4m

2 Jt_(s)

_omy — m2 my - mj — m’
= Q@ 2Tk = Mx Mk Q2= d u
332 m m2 — A

[F(n = 37°)/T(n = =" n )]
PDG (fit)  1.426(26)
PDG (average) 1.48(5)
CLEO  1.496(43)(35)
chiral O(p*) 1.425
elastic 1.449
coupled 1.451

Q
‘ Decay elastic coupled
r=®) = 299(11) eV 21.9(2) 21.7(2)

Mow) = 427(15) eV 21.8(2) 21.6(2)

o Effect of inelastic channels ~ 1% (decreasing)
o Theoretical error on Q:

o Phase shifts [s < 1 GeV?]: ~ 1%

o O(p*) ampl. [L3]: ~ 1%

o NNLO ampl.: AQy, = £2.2

(Q —21.6+024+ 2.2)




Quark mass ratio

From the amplitudes M;(s) one can compute
the width up to the unknown factor Q2:
me o rt(s)
r=ef/ ds [ dt|Mo(s)+---|?
4m

2 Jt_(s)

_omy — m2 my - mj — m’
= Q@ 2Tk = Mx Mk Q2= d u
332 m m2 — A

[F(n = 37°)/T(n = =" n )]
PDG (fit)  1.426(26)
PDG (average) 1.48(5)
CLEO  1.496(43)(35)
chiral O(p*) 1.425
elastic 1.449
coupled 1.451

‘ Q

Decay elastic coupled

r=®) = 299(11) eV 21.9(2) 21.7(2)

Mow) = 427(15) eV 21.8(2) 21.6(2)

o Effect of inelastic channels ~ 1% (decreasing)
o Theoretical error on Q:

o Phase shifts [s < 1 GeV?]: ~ 1%

o O(p*) ampl. [L3]: ~ 1%

o NNLO ampl.: AQy, = £2.2

(Q —216+02+ 2.2)

o Fitted (not matched) polynomial parameters:

(oﬁt =21.50 £ 0.67 + 0.70)




Isospin conserving T-matrices

2

4 2
°0 “n phase-shift —— ° ohen(1980) —— 180 ams ——
400 Etkin(1982) —— 160
7 350 2 140
e =
$ 300 @ 120
8 15 g
S 250 2 100
§ 200 g 8
g 1 =
£ 150 o 60
2 100 e . 40
50 20
0 0
02 04 06 08 1 12 14 16 18 2 02 04 06 08 1 12 14 16 18 04 06 08 1 12 14 16 18
Vs (GeV) Vs (GeV) Vs GeV
300 3
Hoogland —e— T — o =
5 Losty —=— i — KK phase iral O(p') ——
. 250
— o *° g
3 £ 20
g AP ' 8
> 2 150
& 20 8
= 3] 4
as 25 £ 100
30 { * e
-35 0
04 06 08 10 12 14 16 18 20 06 08 1 12 14 16 04 06 08 1 12 14 16 18
Vs GeV V5 (GeV) /5 (GeV)

B. Ananthanarayan, G. Colangelo, J. Gasser, H. Leutwyler, Phys. Rept. 353, 207 (2001);

R. Garcia-Martin, B. Moussallam, Eur. Phys. J. C70, 155 (2010);
B. Moussallam, Eur. Phys. J. C71, 1814 (2011);
M. Albaladejo, B. Moussallam, Eur. Phys. J. C75, 488 (2015);



Amplitudes M; and M,

An analogous analysis can be done with M;(s) and M (s) amplitudes:

Mj (s) [P-wave] M (s) [S-wave]

My
Ny

_ | m)— = (77)y+

Ma(s) = = {(nﬂ)r - (KR)IJ

Ti(s) = {(m)l = (o (e (KR,

AM;(s) = T{*(s)E°(s)
x [Ml(s + i) + Ml(s)]

_ [ M| @1 = (w2
Ma(s) = {GIJ - {(Kk)l — ()2
2 _
ty (S) - t(7r7r)2—>(7r7'r)2

disc My(s) = Ti(s)X!(s)
X (Ma(s — i€) + NMa(s))
+ 0 (s)(15(5))* (Ma(s + i€) + Ma(s))

o Consistent approximation: No(s), Gio(s), Aio(s), Gia(s): we neglect these LHC functions
(would require all the related cross channels amplitudes. .. ).

o Further approximation: For | = J = 1, we consider elastic 7.




Fitting

1 — mta~ a0, Ry;, Case (Al) n— mta- a0 Ryj, Case (A2)




Tour to the complex plane G

Analytical continuation

= [ i (B e

Analytical continuation of p(s): integral over the
Dalitz plot for the complex energy

o) =3 [ aes

2
fo(o1)dxo(023)—1p(03)dxo (63 +61d)

Analytic contuation of p-meson decay amplitude f,

1 Breit-Wigner amplitude with the dynamic width

P-wave Blatt-Weisskopf factors

ol , N 04

1 path /‘ The continuation of £,(0)/y/o — 4m? l\ / [ he continuation of £; (0o — 4mZ |\

g5 (5,00 02 /\

g3 (s,01)

.

Imo(Gev?)
+ 1

o

Q

Imo(Gev?)

W5 -m?)2

03 (GeV?)

0z o4 08 o8 1o 12 05 000 25 050 075 025
o1 (GeV?) Red(Gev?) Reo(GeV?)
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Tour to the complex plane

Im[s](GeV?)

Complex s —planein the QTB-DISP — model

[/
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15 2
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- oy path
S
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93 (s.01) ws-mi

03(GeV?)
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Analytical continuation

1

o= -1 (B ).

Analytical continuation of p(s): integral over the
Dalitz plot for the complex energy

pw:;/mg

fo(01)dxo(623)— o (03)dro(03+614

Analytic contuation of p-meson decay amplitude f,

Breit-Wigner amplitude with the dynamic width
P-wave Blatt-Weisskopf factors
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Tour to the complex plane R,
Analytical continuation

o= -1 (B ).

Complex s —planein the QTB-DISP — model 2
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Tour to the complex plane R,
Analytical continuation

o= -1 (B ).

Complex s —planein the QTB-DISP — model

First sheet
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Secqnd skeet \ Dalitz plot for the complex energy
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" Y e - ” Breit-Wigner amplitude with the dynamic width
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The spurious pole in the Breit-Wigner model

Energy dependent width, stable particles

1 _ - p(s) m _ V(s = (m1 + m)?)(s — (my — my)?)
e =Ty var P 25

Example: m; = 140 MeV, my = 770 MeV, m = 1.26 GeV, Iy = 0.5 GeV

)= )

s—plane in the BW(stable p) — model

- 5) e First sheet
’ “Second shest\

Ims (GeV?)

0.5 15 2.0

1.0
Res(GeV?)
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