All-Opacity Gluon Spectrum

for Jet Physics at the EIC

Matthew D. Sievert A

» Los Alamos

lvan Vitev NATIONAL LABORATORY

Paper in preparation

QCD Evolution 2018 Sun. May 20, 2018

M. Sievert Opacity Expansion for Quark Jet Substructure



Motivation

]-75 L) l L) l L) l T l 1 l T I Ll I Ll I Ll I Ll I L} I T
i *  ALICEch. h. central Pb+Pb |
L5 —— NLO+ med. effects. R= 0.6 ] 0.01 , | , | 1 | . | ,
[ ——— g 4= 1.8 —— NLO + med. effects. R = 0.2 . TE ' [ ! | ! | ! [ ! 3
1.25 - O = 2 e ATLASR_.prelim, R=0.4 - B dm E
-’;,:_ l L ... §.,-22 m ATLASR_prelm,A-02 - E - — ]
o B N = 1= =
?Ev B N S = dr 3
<5075 >~ f ;
o i i ]
0.5 0.1 3 =
0.25 - Tevatron pp 1.96 TeV
N PR P PR AP PR PR P PR PR A 0.01 : ' - ' L | - ' :
% 50 100 150 200 250 300 0 0.2 0.4 0.6 0.8 1
E. [GeV] r/ R (R=0.7)
He, Vitev, Zhang, Phys. Lett. B713 (2012) Vitev, Wicks, Zhang, JHEP 0811 (2008) 093

M. Sievert Opacity Expansion for Quark Jet Substructure



Motivation

] .75 L) I L) I L) I T l 1 l T l L I L) I I I Ll I ) I T
15 i ¢  ALICEch. h,central Pb+Pb |
ol o —— NLO + med. effects. R=06 | ' ! | | !
[ ——— g 4= 1.8 —— NLO + med. effects. R = 0.2 . 0.01 S ' i ! i ! i ! i ! 3
125 g"‘ad _2 e ATLASR_ prelim, R=04 - s
E | - imee= Q=22 m  ATLASR_.prelim, R=0.2 - E
— - -
SEC, L o0 Central Pb+Pb - —
Sgorsf A >
o e e o
0.5 /;;",_# "ﬂr 4|'1' .......
0.25 V . - Tevatron pp 1.96 TeV .
[P P P P P P P P 0.01 ! ' - ' L | : ' :
% 50 100 150 200 250 300 0 0.2 0.4 0.6 0.8 1
E. [GeV] r/ R (R=0.7)
He, Vitev, Zhang, Phys. Lett. B713 (2012) Vitev, Wicks, Zhang, JHEP 0811 (2008) 093

M. Sievert Opacity Expansion for Quark Jet Substructure



Motivation

* ALICE ch. h., central Pb+Pb

1.5 —— NLO + med. effects. R=06 | ' ! | |
[ ——— g 4= 1.8 ——  NLO + med. effects. R= 0.2 0.01 = ' i ! i ! i ! i
1.25F gy =2 e ATLASR__prelim, R=04 —
’-‘;“,-_ | - —e— O =22 ™ ATLAS R_, prelim, R=0.2 E
- - -
SEC, L o0 Central Pb+Pb - —
S 5075 >
m -
osk == !
0.25 - Tevatron pp 1.96 TeV
I P I I B P P P P P 0.01 ! ' - ' L | - '
% 50 100 150 200 250 300 0 0.2 0.4 0.6 0.8 1
E, [GeV] r/ R (R=0.7)
He, Vitev, Zhang, Phys. Lett. B713 (2012) Vitev, Wicks, Zhang, JHEP 0811 (2008) 093

M. Sievert Opacity Expansion for Quark Jet Substructure



Motivation

Jets at the EIC and HIC Complementarity and Universality

Inclusive Jets vs. Substructure: Greater Sensitivity to Medium

This Talk:

* Generalization of the Opacity Expansion to exact kinematics
e Exact results for second order, easily extended to higher orders
e Suitable for detailed phenomenology of medium properties

e, Vitev,
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Leading Order Jets at the EIC

(+2)
Breit Frame

a, \M pu:(p—l—’%’ﬁl)
:EE.: co :EE.: é 500 % ) AT = ( Light-Cone Gauge
() ——

* At LO, SIDIS produces quark jets via the handbag diagram
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Leading Order Jets at the EIC

(+2)
Breit Frame

i, \M pM:(p+7%7ﬁJ—)
:EE.: co :EE.: é 500 % ) AT = ( Light-Cone Gauge
(—2) €

* At LO, SIDIS produces quark jets via the handbag diagram

» At leading twist, jet substructure (gluon in a quark jet) is
produced by splitting in the vacuum (leading log CSS evolution)

doV +A—=(et)+X d2r | drT o] 7+
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Origins of Jet Modification

 The modification of the wp”
jet substructure is always pt (1—z)p*
sub-leading twist and '
requires gluon emission ceo da” DO
inside the medium. zt -

M. Sievert Opacity Expansion for Quark Jet Substructure
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jet substructure is always pt 1l — it
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requires gluon emission cee 9q° . e
inside the medium. ot ot

Interactions with the medium stimulate a different pattern of
radiation through the generation of various phases:
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Origins of Jet Modification

The modification of the p T
jet substructure is always pt 1l — it
sub-leading twist and g

requires gluon emission cee 9q° . e
inside the medium. ot ot

Interactions with the medium stimulate a different pattern of
radiation through the generation of various phases:

» Phases from bounded
gluon emission times:

dtpp e A tor [—gu(y-€)u] =

= . . - 4 . R
:w(iﬁ,kj__ij_) {6 IAE Ty —e iIAE wl}
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Origins of Jet Modification

The modification of the p T
jet substructure is always pt 1l — it
sub-leading twist and g

requires gluon emission cee 9q° . e
inside the medium. ot ot

Interactions with the medium stimulate a different pattern of
radiation through the generation of various phases:

» Phases from bounded » Phases from changing the
gluon emission times: virtuality of the system:

dtpp e "2 1 [—gu(y - € )u] = .
o~ HAE ™ (pf)=AE™ (ps)|a™

= . . - 4 . R
=¢(5L’,lﬁ_—$pj_) {6 IAE Ty —e iIAE wl}
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Time-Ordered Perturbation Theory

* The quark/gluon splitting is naturally described in the language of
“time”-ordered perturbation theory
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Time-Ordered Perturbation Theory

* The quark/gluon splitting is naturally described in the language of
“time”-ordered perturbation theory

» Light-front wave functions (i.e., Altarelli-Parisi kernels)

(xp—i_ ) EJ_)

glulp —k)(v-€)ulp)

(p+,1ﬁ=) @6666666@ V(k,p) = 2p_|_( —k—(p—k))
N

. —(z, k) —
(1 —=2)p*, P — k1) w( - pJ—)
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Time-Ordered Perturbation Theory

* The quark/gluon splitting is naturally described in the language of
“time”-ordered perturbation theory

» Light-front wave functions (i.e., Altarelli-Parisi kernels)

(xp—i_ ) EJ_)

glulp —k)(v-€)ulp)

(p+,17¢:) @6666666@ V(k,p) = 2p_|_( —k—(p—k))
N

B} — p(x, k) —
(1= 2" o~ F) (@, ki —aplL)

» Energy denominators (i.e., virtuality shifts)
1 _ —(k—ap)7

i = ey ey poy o e Sl s g
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Time-Ordered Perturbation Theory

* The quark/gluon splitting is naturally described in the language of
“time”-ordered perturbation theory

» Light-front wave functions (i.e., Altarelli-Parisi kernels)

(flfp+,l;¢)
v 71 @\i@ Yk, p) = 2p+([ = —k_)( (p zulgjz])

= oz, kL —2p))

((1 - x)p_l_ ) ﬁJ_ - EJ.)

» Energy denominators (i.e., virtuality shifts)

. . 2
AR~ = 1 _ (k —zp)7
2pt(p~ =k~ —(p—k)7) 2z(1—xz)p*
* Depends only on the intrinsic 5 o S
Kl =Rl —IPL

transverse momentum:
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Jet Modification in an External Field

* The effects of medium modification due to an eikonal external
potential are process independent (the same in HIC)
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Jet Modification in an External Field

* The effects of medium modification due to an eikonal external

potential are process independent (the same in HIC)
JHEP 1106

» Can be formulated at the Lagrangian level (e.g. SCET) (2011 0s0

G 3G 4G 2
£ — [’QCD + ngt T £e:ct T £eazt d2q (271')2 2Nc [U(QT)]

gL (@) = 3 [ e e gt (), ()] vl
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Jet Modification in an External Field

* The effects of medium modification due to an eikonal external

potential are process independent (the same in HIC)
JHEP 1106

» Can be formulated at the Lagrangian level (e.g. SCET) (2011 0s0

d2q (27)2 2N, [v(q7)]

£ [’QCD + £6xt T £e:ct T £e:1:t

ZECEDS / e—in (=) gk (49), [0 5(q )] v(g2)

» Use Gaussian averaging of the external fields
(leading in a for local color neutrality)

x vt ca 1 g g (@, —g.) (2m)° do®
<gAe:1:t( )(gAewt( )) > — ghtgvts b(S(xJF —y™1) [)\Jr o / on)? etdL(T1L—91) (Uel) er

d
me mfp
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The Opacity Expansion

 The longitudinal averaging over the scattering 7 et I+
centers generates factors of the opacity: / AR

mfp
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The Opacity Expansion

 The longitudinal averaging over the scattering 7 d=t Lt
centers generates factors of the opacity: AP AT

0 mfp mfp

= (n)

* Each correlated rescattering generates higher powers of the opacity

JoGeD+X g (jet)+X
d?pdy d2pdy

+0((m) +0((m?) +--

vac
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The Opacity Expansion

 The longitudinal averaging over the scattering 7 d=t Lt
centers generates factors of the opacity: AP AT

0 mfp mfp

= (n)

* Each correlated rescattering generates higher powers of the opacity

Jole)+X  goGet+X

d?pdy d2pdy

+0((m) +0((m?) +--

vac

» For fairly small opacities, the series
can be truncated at finite opacity

» For very large opacities, the series must be
re-summed.
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Sensitivity of the Opacity Expansion

Sensitivity depends on the observable!

M. Sievert Opacity Expansion for Quark Jet Substructure



Sensitivity of the Opacity Expansion

Sensitivity depends on the observable!

* Jet broadening:
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Sensitivity of the Opacity Expansion

Sensitivity depends on the observable!

* Jet broadening:

dN
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A Few Previous Results

* E.g., Gyulassy, Levai, Vitev [2001] Nul.Phys. B594 (2001)
» “Reaction operator” and explicit solution to any order in opacity

e Soft gluon approximation x < 1 and broad source
dNo _  dNg

d’pdy d?(p—q)dy

approximation
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* E.g., Gyulassy, Levai, Vitev [2001] Nul.Phys. B594 (2001)
» “Reaction operator” and explicit solution to any order in opacity

e Soft gluon approximation x < 1 and broad source
dNo _  dNg

d’pdy d?(p—q)dy

approximation

* Ovanesyan, Vitev [2012] JHEP 1106 (2011) 080
* Finite x, still using the broad source approximation
* Limited to first order in opacity
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A Few Previous Results

* E.g., Gyulassy, Levai, Vitev [2001] Nul.Phys. B594 (2001)
» “Reaction operator” and explicit solution to any order in opacity

e Soft gluon approximation x < 1 and broad source
dNo _  dNg

d’pdy d?(p—q)dy

approximation

* Ovanesyan, Vitev [2012] JHEP 1106 (2011) 080
* Finite x, still using the broad source approximation
* Limited to first order in opacity

e E.g., Baier, Dokshitzer, Mueller, Schiff [1998]; Nucl.Phys. B531 (1996)
Blaizot, Dominguez, lancu, Mehtar-Tani [2013] JHEP 1301 (2013) 143

* Resummation using path integrals: generalized Wilson line
e C(Calculations generally require Gaussian path integrals to
compute: the “harmonic approximation” to scattering
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The Reaction Operator Beyond Small x

* Low orders in opacity tend to dominate more inclusive
observables (total energy loss, etc.)
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The Reaction Operator Beyond Small x

* Low orders in opacity tend to dominate more inclusive
observables (total energy loss, etc.)

» But more differential observables (hadron in jet, jet shapes) are
sensitive to details of the medium interaction beyond first order
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The Reaction Operator Beyond Small x

* Low orders in opacity tend to dominate more inclusive
observables (total energy loss, etc.)

» But more differential observables (hadron in jet, jet shapes) are
sensitive to details of the medium interaction beyond first order

» Require an exact treatment of the reaction operator, without the
small-x or broad source approximations.
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The Reaction Operator Beyond Small x

* Low orders in opacity tend to dominate more inclusive
observables (total energy loss, etc.)

» But more differential observables (hadron in jet, jet shapes) are
sensitive to details of the medium interaction beyond first order

» Require an exact treatment of the reaction operator, without the
small-x or broad source approximations.

Dy = E@% Dy = ?@%— D; = ‘?%
gﬁ Ti? @5@? ?ﬁ? S
Dy = Ds = Dy = VB
2 5 8 qg VQ =

» The 17 diagrams appearing at first
order serve as a recursion kernel

=
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Generalizing the Reaction Operator

* Recursion relations at the level of the amplitude squared:

» Step backward through the last scattering

Trivial multiplicative

koo, K minfzt yt color factors!
@ T e e
p— ki Lk o / A, oa diq
i
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Generalizing the Reaction Operator

* Recursion relations at the level of the amplitude squared:

» Step backward through the last scattering

g :_ ! b min[z ™,y "]
p—ki L=k L M ga
+ T

Y

8

Trivial multiplicative
color factors!

Final state / final state ICl (kﬂ k,’p; ZL‘+, y+; q; Z+) ( 1%
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Generalizing the Reaction Operator

* Recursion relations at the level of the amplitude squared:

» Step backward through the last scattering

Trivial multiplicative
color factors!

/
k :_ ! k min[z T,y 1]
p—k: :p—k—/ — ., )\;Ti_pr Oel d2q
e

Initial state / final state —l—ICQ(k, k,, D; 33+, y+; q, Z+)

Final state / final state ICl (k, k,ap; ZL‘+, y+; q, Z+) f
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Generalizing the Reaction Operator

* Recursion relations at the level of the amplitude squared:

» Step backward through the last scattering

! min[a:"',y""]
{% B / dzt /d2qdael
0

koo K
p—kibp—F
kg

Final state / final state

Initial state / final state

Final state / Initial state

Trivial multiplicative
color factors!

)\—I—

mfp Oel d2q

Ki(k, K pyat,ytiq,27) @

"
+K2(k7 k,ap; $+7y+;Q7Z+) - _ %

+Ks(k, K praT,yTiq2t) @
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Generalizing the Reaction Operator

* Recursion relations at the level of the amplitude squared:

» Step backward through the last scattering

Trivial multiplicative

koo, K R color factors!
@ T e e
p—kitp— K ) A oa d
a:l+ yl+ ]

Final state / final state ICl (k, k,ap; ZL‘+, y+; q, Z+) f

Initial state / final state —I—ICQ (/{;, k',, D; Qj+, y+; q, z"’) . %
_‘

Final state / Initial state +K3(k7 kla p; 37+7 y+; q, Z+) ‘@

Initial state / Initial state —|-’C4(]€, ]C/, D; QZ‘+, y+; q, Z+) ‘i
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An Example in the Final/Final Sector

min[m+,y+]d N Py doe!

(N) HIL 0 ot ° q %o

fF/F(kapax |k7p7y )_ / )\_|_ /Uel d2q{
0

+(15 more)}
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An Example in the Final/Final Sector

min[zT,yT]

+ 2 el
fF/F(kapax |k Dy Y )_ / )\_|_ /Uel d2q{
0

_ i Nc [ei[AE_ (k:—ch—(1—:(:)q)—AE_(k:—xp)]zJr

Cr
4 « e—z’[AE—(k’—xp—u—a:)q)—AE—(k'—xp>1z+]
- o+ X (N—1)

F/F (k —4q,P — 4, Z+|7€/ —q,p — q,z+)

+(15 more)}
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An Example in the Final/Final Sector

min[a:+,y+]d N Py doe!

(N) 11 o o) — < q 4o

fF/F(k7p7x |k Dy Y )_ / )\_|_ /O_el d2q{
0

_ i Nc [ei[AE_ (k:—ch—(1—:t:)q)—AE_(k:—xp)]zJr

Cr
- > 6—i[AE_(k:’—acp—(l—a:)q)—AE—(k:'—a:p)]z"‘]
+ (N—1)

- <fpp (k—ap—a¢,z" |k —qp—q,2")

_ +¢(k . :Ep) [e—iAE_(k—xp)x+ . e—z’AE_(k:—xp)z""]

- X [eiAE_(k’—wp)y+ o eiAE_(k'—wp)z+:| w*(k/ . xp)
. (N-1)

i . < frp o (p—a.2")

+(15 more)}
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The Form of the Reaction Operator

RRI + V1T +VT1

—o |7 Ki $ok Kiey® yekiey™ || | &
S T 0 K 0 Ke@d™ || ]"e—
4@'-* 0 0 K- YR Kg ‘@*
%-ﬂ 0 0 0 Ko F-‘.

L _ 1, L 4L - N -1

e Causal structure: triangular matrix

» Suggests a particular strategy for solving analytically
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The Form of the Reaction Operator

RRI + V1T +VT1

—& |78 Ki $ok Kiey® yekiey™ || | &
S T 0 K 0 Ke@d™ || ]"e—
ﬂ-_* 0 0 K- YR Kg ﬂ*
%-4 0 0 0 Ko F-“

L _ I, L 4L - N -1

e Causal structure: triangular matrix
» Suggests a particular strategy for solving analytically

* Final-state N dN Cr (V)

. . . rp F F(k7p7 L+‘k7p7 L+)
distribution: @hdr pdp* |o () 2271 —a) T
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Validation: N=1 at Finite x

AN
TP e dp+ d2p

/dzl/ )2 do®!
1 1—3: oo d%q

x{(p*cp(pd_%) [‘z/)(k—xp‘ —|—2<1—cos[AE (k —xp + xq) zl])w —a:g—l—mg)f

év‘:(l—cos[AE_(E_x}_? (1—xq)z1}>‘w —x]_o—(l—m)g)|2

F

" NclcF (1 T [AE_ (& —zp + xg)zﬂ )¢(E —xp)Y*(k — xp + zq)

éVF (1 — coS [AE (k—ap—(1- x)g)zﬂ >¢(E —ap)Y*(k—xp— (1 —x)q)

Ne

- (1 —cos [AE™ (k — ap+ 2q)2, | — cos [AE™ (k —ap — (1 — 2)q)2 |

+ cos [(AE‘(E —axp+aq) —AE (k—ap— (1 — x)g))zf] )¢(E —xp+zq)p*(k—xp— (1 - x)g)]

dN,
o () [— ok

+ g—; (cos [(AE‘(E —ap) — AE™(k—xp — @)Zﬂ — cos [AE_(E - m_’)zﬂ >¢(E —xp)Y*(k —xp — Q)] }

N, _
Cr (1—COS[AE (k — zp) z1}> W —xp’

» Tests final/final sector and correctly reproduces OV [2012]
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Validation: N=2 with Small x, Broad Source

Lt 27

ot dN _ Cr /dz; /dzl+ /d2q1 do®! /d2q2 do®
d2kdzx d?pdp* | _, 202731 —2) ) AT ) AT ) ou g ) ca g
0 0
2Nc2 ( * — +
x g [0(R) =k — )] 6" (k — 1) [1 — cos (AE™ (k — q1)2))]
F

\

+ (k) — (k- @2)] " (k — g2) [cos (AE™ (k — q2)(25 — 2{)) — cos (AE™ (k — g2)23)

— [k —q) —v(k—q1 — @)V (k—q1 — q2) [L — cos (AE™ (k — q1 — g2)27 )]

— (k) =Yk —q)| V" (k—q1 — q2) [COS (AE_(’C - Q2)(75; - Zfr))

— cos (AE_(k —q1— q2)27 +AE"(k—q2) (2 — Zf))} }

» Tests all sectors in the small-x limit and X (p* Mo )
correctly reproduces GLV [2001]
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Exact Results at N = 2: General Features

* There are 4 different shifts in the <p+ AN, ) ( L AN )
initial distribution from single- vs. @pdp* & (p — q1) dp*
double-Born scattering <p+ o dp+) (p+ T dp+)
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Exact Results at N = 2: General Features

There are 4 different shifts in the <p+ AN, ) ( L AN )
. el . . . . 2 )
initial distribution from single- vs. @*pdp* & (p — q1) dp*
. . dNg dNy
double-Born scattering <p o dp+) (p+d2(p_ql _q2>dp+>

There are 16 different possible arguments of each wave function

Y(k — zp)

Y(k —xp+ xq1) Yk —xp—(1—-2)q) Y(k —xp—q1)

Y(k —xp + vq2) Yk —ap— (1 —1)q) Y(k —xp — q2)

Y(k —xp+ xq1 + xq2) Yk —xp+ (1 — )1 + 2q2) Y(k —xp — q1 + xq2)

Yk —ap+aq —(1—x)g) YEk—zp—(1-2)1 — (1 —2)g2) ¥(k—2p—q1 — (1 —2)g2)

¢(k—$p+$6h —Q2) ¢(k—$p— (1—$)CJ1 —QQ) ¢(k—$p—Q1 —CI2)
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Exact Results at N = 2: Representative Terms

More cosines with different arguments, and more differences of
terms within various cosines

» Consequence of aggregating impulse phase shifts

dNO * c2 — N02 — —
(p+ pir ) Yk —ap—q ) (k—2p—q,) 203 cos(020AE™ (k — xp)) — 203 cos(021AE™ (k —ap — q,) + 022AE™ (k — zp))

2

2002 cos(—0z1AE ™ (k —xp — q,) — 022AE™ (k — xp — q,) + 022AE™ (k — xp))
F

2

N, _ _ _ _
+ 2002 cos(021AE ™ (k —ap —q,) —0z21AE™ (k—xp —q,) — 622 AE™ (k —ap — q,) + 022AE™ (k — xp))

F

dN,
(p+d2(p—q(1)) dp+> Yk —ap+2g,)¥" (k- zp+ g, _QZ)[

Ne¢ - _ _ _
o cos(—021AE (k —ap+xq, — q2) + 021AE (k —ap + mq,) — 022AE™ (k —xp — q,) + 622 AE™ (k — xp))

- cos(—021AE™ (k — xp + 2q, — q2) — 622AE™ (k — xp — q,) + 022AE™ (k — xp))
B pTq p—4q p

N, _ _ _
- o cos(6z1AE™ (k —axp+2q,) — 622AE™ (k —xp — q,) + 622AE™ (k — xp))
- pTxq p—4 p

+ % cos(—0zoAE™ (k —xp — q,) + 020AE™ (k — :z:p))]
B p—4 p
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Conclusions

(Bold assertion: )

The reaction operator with exact kinematics and its explicit
realization at any finite order in opacity represent a complete
solution at L.O to radiative jet energy loss by eikonal external fields.
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Conclusions

(Bold assertion: )

The reaction operator with exact kinematics and its explicit
realization at any finite order in opacity represent a complete
solution at L.O to radiative jet energy loss by eikonal external fields.

Caveats:

* Not closed form (yet...)

* Does not resum the opacity series: (n) < few
2
e Assumes eikonal scattering for both partons: r(l—x)> %T
- . kT 1/3

* Neglects other sub-eikonal effects : T(1-2)s A

Does not include additional logarithmic evolution: a,ln A3 <« 1
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* Final validation — It should be possible (but not trivial) to match
onto the full GLV recursion relations at small x

M. Sievert Opacity Expansion for Quark Jet Substructure



* Final validation — It should be possible (but not trivial) to match
onto the full GLV recursion relations at small x

* Implement the exact N=2 result for phenomenology with
improved in-medium splitting functions

* Trivial to generalize to other splitting kernels / processes
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* Final validation — It should be possible (but not trivial) to match
onto the full GLV recursion relations at small x

* Implement the exact N=2 result for phenomenology with
improved in-medium splitting functions

» Trivial to generalize to other splitting kernels / processes
* Higher-order terms are cumbersome but straightforward

* Matching onto re-summed results?
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* Final validation — It should be possible (but not trivial) to match
onto the full GLV recursion relations at small x

* Implement the exact N=2 result for phenomenology with
improved in-medium splitting functions

» Trivial to generalize to other splitting kernels / processes
* Higher-order terms are cumbersome but straightforward
* Matching onto re-summed results?

e Solve the triangular matrix structure sequentially?
Coordinate space is natural, but the phases are complicated...
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Opacity Estimates in Heavy-lon Collisions

~ 700 RHIC: Au+Au, 200 GeV
dn
dN9tue ~ 1100 Adding ~50% neutral particles, +5 — 10% from Jacobian,
dy ~ assuming approximate parton/hadron duality
glue
0= l dN X ! Dominant Bjorken expansion
T dy AJ_
16, 4
p=—=T ¢(3) Gas of free gluons in thermal equilibrium
s
p=gl Typical coupling constant 1.8 - 2
90T : : :
g99 — > 82 LO pQCD cross-section with massive gluon exchange
L4
L
(n) = /dz p(z)c%9(z) Initial times ~ 0.5 -1 fm

<0

> Leadsto (n) = 3.1 (most central production) and (n) = 2.4 (average)
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Exact Results at N=2

Full exact results at N=2: Need to be integrated over zf, z;r, q1,qo

M. Sievert Opacity Expansion for Quark Jet Substructure



. Sievert

Exact Results at N=2

(Cr+N.)?  No(Cp+ Ne) N2

- = cos(6z1AE~ (k — xp)) + cos(622AE ™ (k — xp))

() { e

Cz C% 202
W cos((0z1 + 020)AE™ (k — xp))]
. Ne(Cr + N. - NZ -
+i(k —ap)v*(k —ap—q,) % cos(021AE™ (k — xp)) — 232 cos(02eAE™ (k — zp))
F F
- W cos(0z1AE™ (k — ap) — 6z AE™ (k —zp —q,))
F

2

N
+ W cos(6z1AE™ (k —ap —q,) + 622 AE™ (k — xp))]

N2 N:(2CF + N)

— o5 Cos(0AE™ (kE — xp)) + 5 cos(021AE™ (k — ap) + 02 AE™ (k — zp))
2C% = 2C% = =

+Y(k —zp)y*(k —zp — q,)

- RO LN (52 + 622) (AB~ (ks — ap) ~ AB~(k — 2p— 0,)))
F

B Nc(CFich) cos((0z1 + 022)(AE™ (k — ap — q,) — AE™ (k — ap)))
202 - -

N2
2002 cos(—0zAE™ (k — xp — gz) +021AE™ (k — 2p) + 020 AE™ (k — xp))
F

2

cos(—0z1AE™ (k —ap — q,) — 622AE™ (k —xp — q,) + 022AE™ (k — zp))

202
, N2 N?
k—xp—q)*(k—ap—gq,) 502 cos(622AE™ (k — xp)) — ﬁ cos(0z1AE™ (k —zp — q,) + 6z AE™ (k — zp))
F

2
202
2

202

(=0 AE~(k—ap— gz) — 0 AE™ (k—ap— g2) + 02AE™ (k — xp))

cos(6z1AE™ (k —ap — q,) — 6z AE™ (k —xp —q,) — 022AE™ (k—ap —q,) + 022AE™ (k — xp))}

2

N2
302 cos(—022AE™ (k —ap — q,) + 021AE™ (k — xp) + 622AE™ (k — zp))

Tk —ap) Y (k—ap—q, —q,) | —

2

N
202 cos(—0z1AE ™ (k —xp —q, —q,) = 02AE" (k—ap—q,) + 0z21AE™ (k — zp) + 022AE™ (k — xp))w }
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Exact Results at N=2

(fﬁ) {x [k~ ap)[* [ CFJF - sz; (6Z2AE<kxp)>}

P—aq

_Ne cos(022AE™ (k — ap)) +

+ ¢k —zp) Y™ (k —ap — g,) Cr

Ne cos(022AE™ (k — ap) — 022 AE~ (k—ap —q.))
Cr = = 22

Cr+ N, _
+¢(k —xp) Y (k —xzp + xq,) ( F2+ ) cos(0z1AE™ (k — zp + zq.))
p P4, CZN, o A)
_ (CF + Nc)
CZN,

1 _ _
507 cos(021AE™ (k — ap + 2q,) + 022AE™ (k — ap))

=5 cos(0AE™ (k — xp))

20

1
+(k —ap — q,) ¥ (k —ap +2q)) 57 cos(0z1AE™ (k — ap + 2q,) + 022AE™ (k — wp))

202 cos(0z1AE ™ (k —zp+xq,) — 022AE™ (k — xp — q,) + 022 AE™ (k — wp))

_ ﬁ cos(0zoAE™ (k — xp))

1
+ 5 cos(—022AE™ (k — xp — q,)) + 022 AE™ (k — xp))
2C% = 2 =

QCF+NC)+2(CF+N)

+ w(k—xp+:cq1))2[— ( Cr Co cos(6nAE” <k—xp+qu))}

N(Cr + N.)

+¢(k —xp) Y (k —xp — (1.t)q1)|: cz < cos(ézlAE’(EfxBfgl(lfx)))

2
2122 cos(021AE™ (k — ap — ¢, (1 — @) + 022AE™ (k — 2p))

+ 7012?

: cos(d22AE™ (k — a:p))]

207
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Exact Results at N=2

2
+ ok —ap—q,) Vv (k—axp— (1 -2)q,) [ - 2]\[702 cos(0z1AE™ (k —xp — q,(1 — 7)) + 022AE™ (k — xp))
P

+ W cos(021AE™ (k —ap — q,(1 — @) = 620AE™ (k — 2p — ¢,) + 622 AE™ (k — xp))

2

N
+ W cos(0zoAE™ (k — xp))

N2
— ﬁ cos(—02AE™ (k —xp — QQ) +02AE7 (k- :L‘p)):|
F

N.(Cp+ N.)

+U(k—ap+xq )¢ (k—ap— (1 —-2)q)) 2
F

cos(6z1AE (k—ap — ¢, (1 —2)) — 6z1AE™ (k — zp+ 2q)))

_ Nc(CF + Nc)
Ck
- NC(CFich) cos(—0z1AE™ (k — xp + xzq.))
% = A
N.(Cr + N.)
Cf

cos(6z1AE™ (k —xzp — ¢,(1 — 2)))

2N.(Cr + N, 2N (Cr + N. - —
( F2 ) + ( 3 ) cos(01AE~ (k—zp+2q, —q1))
Cy Cy N -

2
+ |0k —ap— (1= 2)q,)| {—
1
+ 1k — ap) ¥ (k — ap + vq, — q,) |: ~ 302 cos(—0z1AE™ (k — ap + ¢, — q2) — 022AE™ (k — xp — q,) + 022AE™ (k — zp))
F

202 cos(—022AE™ (k —2p — q,) + 6z AL (k — zp)):|

+ ¢k —2p+2q )" (k —2p+2q —q,)

N, _ _ B -~
C—cos(—&zlAE (E—xp—i—qu — @) +021AF (E—xp—f—qu) —020AE™ (k—ap — q2) + 820 AE™ (k — xp))
n P+ rq P T rq P—4 D

- % cos(—021AE™ (k —ap+2q, — q2) — 022AE™ (k —ap — q,) + 022AE™ (k — xp))
” pTq P—4a P

N, _ _ B
- cos(021AE™ (k — ap + 2q,) — 022AE™ (k — ap — q,) + 622 AE™ (k — zp))
n pTrq p—4q P

= “(k—zp—gq,) +522AE(k—wp))}
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Exact Results at N=2

+ ¢k —zp— (1 —2)q)) " (k — zp+ zg, _qz)[

2
_ QJZ"CZ cos(—0z1AE™ (k —ap + zq, — g2) + 021 AE™ (k—ap — gl(l —z)) = 0nAE™ (k—ap— 92) +02AE™ (k— 2p))
i
N2
+ 20?2 cos(—021AE™ (k —ap+ 2q, — q,) — 622AE™ (k —ap — q,) + 622AE™ (k — xp))
i

N? _ _ _
+ ﬁ cos(021AE™ (k —ap — ¢,(1 = @) — 622AE™ (k — ap — q,) + 022AE™ (k — xp))
2

- NCQ cos(—022AE" (k—xp —q,) + 022AE™ (k — xp))
2C% = =2 =

+ ok —ap) ¢ (k—ap— (1 —2)q, —q2){

N2
2002 cos(—6z1AE™ (k —zp — q,(1 —2) — q,) — 622AE™ (k —xp — q,) + 622AE™ (k — xp))
F

N2 _ _
~ 502 cos(—022AE™ (k —ap — q,) + 6z AE™ (k — xp)):|

+ Yk —ap+aq) Y (k—ap—(1-)q —q,) [

2

_ ﬁ cos(—6z1AE" (k—zp—q,(1 —2) —gq,) + 621AE (k—xp+2q,) — 6220AE™ (k —ap — q,) + §22AE™ (k — xp))
F

N2
+ 206% cos(—0z1AE™ (k. — xp — gl(l —z)— Qz) —020AE™ (k —xp — ‘_]2) + 02 AL (k — xp))

N2 B B
+ _ZCC% cos(0z1AE™ (k — ap + wq,) — 022AE™ (k — 2p — q,) + 022 AE™ (k — xp))

N2
— —2052 cos(—0z0AE™ (k —xp — q,) + 022AE™ (k — x;t_)))]
F
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Exact Results at N=2

+ Yk —ap—(1-2)q)¢*(k—ap—(1-2)q, —q,) [

N2
C—; cos(=021AE" (k—ap—q,(1 —2) —q,) +021AE™ (k —ap—¢,(1 —2)) —
F
) — q2) — 0 AL (k—xp— (_12) +020AE™ (k — xp))

N2
_ C—g cos(—0zAE" (k—ap—q (1 —x

020AE™ (k — xp — QQ) + 02 AE™ (k — xp))

N2
— =5 c08(021AE™ (k —ap — ¢, (1 —2)) — 020AE™ (k — xp — q,) + 022AE™ (k — zp))

Cr

N2

Cg cos(—022AE™ (k—ap — q,) + 022AE (k — xg_a))] } (29)

F
dN,
e (k- zp
(p dz(p—qz)dzﬁ) { | i
. 1
+(k —ap) Y™ (k—ap+aq,)| — 202 cos(022AE™ (k — zp + 2q,)) — Ol

2CF + N, _ .
(2Cr + No) cos(0z1AE™ (k — ap + xq2) + 020AE™ (k — ap + qu))}

2C2 N,
2 N, N, N,
+ ‘z/)(k —xp+ :z:gQ)’ -2- C + — or cos(01AE™ (k — ap + zq2))) — C_F cos(0z2AE™ (k — xp+ x¢2)))

N,
+ (C’_ + 2> cos(01AE™ (k —axp + xq2)) + 022 AE™ (k —xp + xqz)))]
P
+ ¢k —ap) " (k —xp — q, + xq,) 202 cos(622AE™ (k — xp + 2q2))

1
202 cos(0z21AE™ (k —ap — q1 + xq2) + 020AE™ (k — px + qﬂ:))]
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M. Sievert

Exact Results at N=2

N, _ N, -
+ (k- ap+ 2q,) ¥ (k — 2p — q, + 2q,) [ ~ cos(80z1AE™ (k — zp + zq2))) + Cr cos(0z0AE™ (k — zp + xg2)))

N _ _
+ o cos(021AE™ (k — ap + xq2)) — 01 AE™ (k — xp — 1 + 2q2))
I

Ne _
- cos(0z1AE™ (k—ap — 1 + xq2) + 022 AE™ (k — ap + wq2)):|
F

2
c

bk~ ap) 9k — ap — (1= 2)a,) | 55 + 05 cos(5zAB (k — pr — ga(1 — )
F

Cr
N.(2Cr + N, _ -
- % cos(01AE™ (k—ap— (1 — 2)q2) + 0 AE~ (k —axp— (1 — z)qz)):|
F
N. N? _
+ Yk —ap+ g, )V (k—ap— (1 —12)q,) | 5= + 75 c0s(02AE™ (k — 2p + 2¢2))
2 21 Cp  2C%
N (Cr + N, _ _
Ne(Cr + Ne) 52 ) cos((0z1 + 022)AE ™ (k —axp — (1 — x)qa) — (021 + 022)AE™ (k — zp + 2q2))
F
N2
— 2062 cos((0z1 + 022)AE™ (k —axp — (1 — x)q2) — 022 AE™ (k — ap + x¢2))
F
N.(2Cr + N, -
- % cos((0z1 + dz2) AE™ (k —axp — (1 — x)q2))
F
N2
- ﬁ cos(—(0z1 + 022)AE™ (k —zp + xq2) + 022 AE™ (k —ap — (1 — z)q2))
F
N? N.(2C N,
+ ﬁ cos(0zAE™ (k—zp— (1 — x)q2)) — % cos((0z1 + 020)AE™ (k — ap + zq2))
F F
2
+ ok —ap — g, +2q,) V" (k —xp— (1 —1)g,) ﬁ cos((0z1 + 022)AE™ (k —axp — (1 — x)q2) — 022 AE™ (k — ap + x¢2))
F

2
Ne cos(02AE™ (k—xzp— (1 — 2)q2) — 022 AE™ (k — xp + 2¢q2))

202
N? _ NZ - -
- 507 cos(020AE™ (k —zp + zq2)) + 202 cos(0z1AE™ (k —ap — 1 + xq2) + 022 AE™ (k — ap + 2¢2)
F F
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Exact Results at N=2

2
_ Ne(2Cr + Ne) + Ne cos(0z1AE™ (k—ap — (1 — 2)gq2))

otk —ap— (1 - 2)gy)| [

Ch Ch
N? _ N.(2Cr + N, _
— C—; cos(0z20AE (k —xzp — (1 — 2)g2)) + % cos((6z1 + 020)AE  (k—ap— (1 — m)qg))]
i F

2
+ 0k — ap) (b —2p— g, — (1 - 2)g,) { %F cos(62a A" (k — ap — (1 )g2))
2

N,
+ 2002 cos(0:1AE" (k—zp—q1 — (1 —2)g2) + 620 AE™ (k—azp— (1 — x)q2))
F

N2
+ ok —ap+2q,) V" (k—ap—q, — (1 —x)g,) [ﬁ cos(—(0z1 + 022)AE™ (k — xp + xq2) + 022AE™ (k — ap — (1 — 2)q2))
F

2

- N—CQ cos(0zoAE™ (k —xp — (1 — 2)q2))
2C7%

N2

- ﬁ cos(0z1AE (k—axp—q1 — (1 —x)g2) — (021 + 022) AE™ (k — 2p+ 2q2) + 022 AE~ (k —zp — (1 — 2)q2))
F
2

N,
+ —20"2 cos(0z1AE™ (k —ap — qr — (1 — 2)q2) + 622AE™ (k — ap — (1 — x)q2))
F

(k= ap— (1—2)a) ¥ (k—ap—g, — (1 2)g,) | - g—gcos@zlw—(k Cap— (1- 1))

2

+ Ne cos(0z2AE™ (k —xzp — (1 — z)g2))

Ct
N2
+ C—g cos(0z1AE  (k—xzp— (1 —x)q2) —6z1AE (k—zp—q1 — (1 — 2)q2))
F
N2
— C—; cos(0z21AE (k—ap—q1 — (1 —2)q2) + 022 AE™ (k — zp — (1 — 2)g2)) (30)
F
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Exact Results at N=2

dNg
(p+d2(p—q1—q2)dp+>{ <ot el

1 1
+ ¢k — xp) ¥*(k — ap + xq,) lC'F—N T CrN. cos(6zAE™ (k —zp + JI(D))]

2
+ ’1/)(& —xp+ ng)’ lQ —2co8(022AE™ (k — xzp + xq2))

(= ap) 0 (= op — (1= )g,) | = 2 + 2 cos(B A (kh—ap— (1 - z>q2>>]
. Ne. N .
+ Yk —xp+2q,) ¢ (k—ap— (1 -2)g,)| — o + o cos(622AE™ (k — zp + 2q2))

_ e cos(0z2AE™ (k —xp — (1 — 2)g2) — 022 AE™ (k — 2p + 2q2))

Cr
N,
+ =% cos(0zAE (k — ap — (1—x)q2)]
Cr
22N, 2N, -
etk —ap— (1= @)g,)| | G2~ Fo cos(9zAE (k — op — (1~ 2)g2))
F P

+ (k- xp) P (k — ap + xg, +24,) cos(0z1AE™ (k — xp+ xq1 + 2q2) + 022AE™ (k — ap + xq2))

1
202 N2

1 _
- 20%—]\]3 cos(0z2AE™ (k —xp+ $Q2))]
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Exact Results at N=2

+ ¢k —zp+2q,) " (k — 2p + 2q, + z4,)

TN, ﬁ cos(021AE™ (k — xp + zq1 + 2q2))

1
+ oA cos(0z1AE™ (k — ap + xq1 + xq2) + 022AE™ (k — xp + xq2))
FiVe

1 _
S A cos(822AE™ (k — zp + 2¢2))

1
+ 9k —ap — (1 - 2)g,) ¥" (k — zp + xq, + 2q,) {202 cos(620AE™ (k — xp + xq2))
p

1
302 cos(—0z1AE™ (k —zp+ xq1 + xq2) + 022AE™ (k —ap — (1 — x)q2) — 020AE™ (k — zp + x¢2))
F

1
~ 502 cos(—021AE™ (k — xp + xq1 + £q2) — 022 AE™ (k — xp + xq2))
F

1
202

cos(022AE™ (k —ap — (1 — x)q2) — 022 AE™ (k —zp+ xqg)):|

2
+ [¢Y(k — zp + zg, + a:gz)‘ [2 —2c08(0z1AE™ (k — xp + xq1 + 2q2))

1 cos(022AE™ (k — xp + 2q2))

= ap) v (k= op — (1= 2)g, +20,) | 55

1
-~ 507 cos(0z1AE™ (k —ap — (1 —2)q1 + 2q2) + 020AE™ (k — xp + xqg))]
F
* Nc Nc _
+ ¢k —zp+2g,)¢v*(k—ap— (1 —2)g, +2g,)| — Cr + Cr cos(0z1AE™ (k —zp — (1 — z)q1 + 2q2))

N - -
- C—cos(ézlAE (k—ap— (1 —2)q1 +2q2) + 022AE™ (k — 2p + 2q2))
F

+ Ne cos(022AE™ (k — xp + 37(12))]
Cp

2
+ Yk —ap—(1— z)g2) P (k—ap—(1- x)gl + xg2) |: — 72]262 cos(622AE™ (k — xp + x¢2))
F

2

N,
— ﬁ cos(—0z1AE™ (k—ap— (1 —z)q1 + 2q2) + 022 AE™ (k —ap — (1 — x)q2) — 022 AE™ (k — 2p + z¢2))
F

N2
+ ﬁ cos(0z21AE™ (k —ap — (1 — x)q1 + xq2) + 020AE™ (k — xp + 2q2))
F

2

+ 2]2“2 cos(020AE™ (k —ap — (1 — x)q2) — 022AE™ (k — zp + x¢2))
F
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Exact Results at N=2

N. N, _
+ 0k —ap+aq +2q,) ¢ (k—ap— (1 —2)g, +7q,)| - Cr + Cr cos(0z1AE™ (k—ap— (1 — x)q1 + 2q2))

Ne
+ o cos(0z1AE™ (k —zp+ zq1 + 2¢2))
F
Ne - -
o cos(0z1AE™ (k—ap — (1 — 2)q1 + xq2) — 0z1AE~ (k — ap + xq1 + qu)):l
F

212N, 2N, _
+ ‘1/1(& —ap— (1- z)g +xq )’ —c cos(0z1AE™ (k —ap — (1 — z)q1 + x¢2))
1 2 Cr Cp

(022AE™ (k —zp — (1 — 2)q2))

1
+ 0k — ap) ¥ (k — ap + g, — (1 - 2)g,) [20
F

1
- 507 cos(0z1AE (k—ap+zqn — (1 —2)q2) + 020AE (k —ap— (1 — m)qg)):|
F

+ 4k —ap+ xgz) P (k—ap+ rq, — (1- ;c)gz) l:QéZ cos(02AE (k—ap— (1 —2)q2))
F

1
Yei cos(0z1AE™ (k —ap+xq1 — (1 — 2)g2) + 022AE™ (k —ap — (1 — x)g2) — 022 AE™ (k — zp + x¢2))
P

1
~ 50 cos(01AE™ (k —xzp+a2q1 — (1 — 2)q2) + 022AE ™ (k —ap — (1 — z)g2))
F

- 2é2 cos(022AE™ (k —xp — (1 — 2)q2) — 022AE™ (k — xp + xq2))
F

1 1
5 cos(0z1AE™ (k —xp + zq1 — (1 — x)q2))

+olk—ap— (1 -2)g) V" (k—ap+zq ~(1-2)¢,) | 7z — &
F F

1
+ o cos(01AE (k—xp— (1 —x)q2 + 2q1) + 020AE™ (k —ap — (1 — z)g2))
F

- % cos(0z22AE™ (k —ap — (1 — x)q2))
Cr
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Exact Results at N=2

+ ¢k —zp+ g, +2g,) V" (k—ap+zq — (1 - r)qQ)[

N, _
B cos(—0z1AE™ (k —xp + xq1 + 2q2) + 021 AE™ (k —ap+ zq1 — (1 — x)g2) + 022 AE™ (k —xzp — (1 — 2)q2)
I3

— 02 AE™ (k—xp+ xq2))

N, _
+ o cos(0z1AE (k—ap+2xq1 — (1 — 2)q2)) + 022AE ™ (k —ap — (1 — 2)q2) — 022 AE™ (k — 2p + 2q2))
I3

Ne _
+ o cos(—021AE™ (k —ap+ xq1 + 2q2) + 020AE ™ (k —xp — (1 — x)q2) — 022AE™ (k — xp + 2q2))
I

- % cos(0z22AE™ (k —xp — (1 — 2)q2) — 022 AE~ (k —ap + mqg))}
F

+¢(k—ap—(1-2)q, +2q,) V" (k—ap+2zq —(1-12)g,)

N2
2002 cos(—0z1AE " (k—ap— (1 —2)¢1 + 2q2) + :1AE (kK —ap+aq — (1 — 2)q2) + 022AE " (k—ap — (1 — 2)q2)
F
— 02 AE™ (k —ap+ 2q2))
N2
— —5cos(0AE " (k—xp— (1 —2)g2 + 2q1) + 022AE ™ (k —ap — (1 — x)q2) — 022AE™ (k — zp + 2q2))

2C%,
N2
- 2002 cos(—0z1AE™ (k—ap+ g2 — (1 — x)q1) + 022AE™ (k —ap — (1 — x)g2) — 022AE™ (k — xp + x¢2))
P
N2
ﬁ cos(022AE (k—ap— (1 — 2)q2) — 622AE™ (k — xp + x¢2)) (31)
P

2N, - 2N,
Cr r

+ |k —zp+zg — (1~ x)QQ)‘Z cos(6z1AE™ (k —ap+2q1 — (1 — 2)g2))

+ ¢k —ap) " (k—zp— (1 —2)q, — (1 —12)q,) l

N2
5 cos(0z1AE™ (k —xp— (1 —2)q1 — (1 = 2)q2) + 0 AE™ (k —xp — (1 — x)q2))
F

2C

2
- N—CQ cos(0zAE™ (k—ap— (1 —x)q2))
2C7%
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Exact Results at N=2

+ (k- ap +2g,) " (k —ap— (1 —2)q, — (1 - 7)g,) l

N;
- W cos(0z1AE  (k—ap—(1—2)ga — (1 —2)q1) + 022AE™ (k —xp — (1 — 2)q2) — 022AE™ (k — zp + 2q2))
P
N2
W cos(01AE  (k—zp— (1 —2)q1 — (1 —x)q2) + 022 AE " (k —ap — (1 — x)q2))
F
2
ﬁ cos(022AE™ (k—ap— (1 — x)q2) — 022 AE™ (k — 2p + x¢2))
F

2
QJZ’Q cos(0z9AE ™ (k —ap— (1 — x)qg))]

bk —ap — (1 )g,) 0" (k —ap — (1 - 2)q, — (1—%)[ g + g cos(6:1AE~ (k —ap — (1 —2)g1 — (1 — 2)g2))

]C\Z cos(0z1AE™ (k—ap— (1 —xz)q1 — (1 —x)q2) + 622AE™ (k —ap — (1 — x)q2))

2
+ l; cos(0zeAE™ (k—ap— (1 — 37)‘12))]
Cr

+ ¢k —ap+2q, +2¢,) V" (k—a2p— (1 —2)g, — (1 —2)g,) [

2
ﬁ cos(0nAE" (k—ap— (1 —2)qn — (1 —2)q2) — 621 AE™ (k —xp + g2 + 2q1) + 022AE™ (k —xp — (1 — 2)qa) — 022l
P
2
— ﬁ cos(0z1AE  (k—ap— (1 —2)g1 — (1 —2)q2) + 022AE™ (k —xp — (1 — 2)q2) — §22AE™ (k — xzp + 2q2))
F

N2
- 702 cos(—0z1AE™ (k —ap + xzq1 + xq2) + 022AE™ (k —ap — (1 — 2)q2) — 022AE™ (k — ap + x¢2))

2

ﬁ cos(020AE™ (k —xp — (1 — 2)g2) — 620AE™ (k — xzp + xqg))]
F
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M. Sievert

Exact Results at N=2

+ ¢k —2p—(1-2)q, +2¢,)¢"(k—ap— (1 -2)g, — (1 -2)q,) l

2

N,
_ C’g cos(—0z1AE (k—ap— (1 —2)q1 +2q2) + 0z1AE (k—ap— (1 —2)q1 — (1 — x)q2)
F

+02AE" (k—xp— (1 —x)q2) — 022AE™ (k — xp + 2q2))
N2
+ C—g cos(0z1AE (k—ap— (1 —xz)q1 — (1 — 2)q2) + 022 AE™ (k —axp — (1 — 2)q2) — 022 AE™ (k — xp + 2q2))
F

2

N,
+ —Scos(—0z1AE (k—xp— (1 —z)q1 + 2q2) + 022AE ™ (k —ap — (1 — 2)q2) — 022 AE™ (k — zp + x¢2))

Ch
N2
_ C—g cos(0z2AE™ (k—ap— (1 — 2)q2) — 022AE™ (k — xp + x¢2))
F
N2 NZ
ok~ zp -+ ag, — (1= )a) " (k — op — (1= 2)g, — (1= 2)a,) | — o5 + 5 cos(Bm1 A (k = 2p + 21 — (1~ 2)a2))
F F

N2
— C—g cos(01AE (k—ap— (1 —2)q1 — (1 —x)q2) — 01 AE (k—a2p— (1 — 2)q2 + zq1))
F

N2
+ C—g cos(6z21AE (k—ap— (1 —x)g2 — (1 — SC)qﬂ)]
F

2 2
[tk ap— (1~ 2)g, — (1~ )g,)| [% ~ o cosB B (k= ap — (1= a)gy — (1 - x)qz»] } (33
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