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This Talk:

• Generalization of the Opacity Expansion to exact kinematics
• Exact results for second order, easily extended to higher orders
• Suitable for detailed phenomenology of medium properties
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Ø At leading twist, jet substructure (gluon in a quark jet) is 
produced by splitting in the vacuum (leading log CSS evolution)
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Ø Energy denominators (i.e., virtuality shifts)

• The quark/gluon splitting is naturally described in the language of  
“time”-ordered perturbation theory

• Depends only on the intrinsic 
transverse momentum: ~? = ~

k? � x~p?

Ø Light-front wave functions (i.e., Altarelli-Parisi kernels)
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potential are process independent (the same in HIC)
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Ø Use Gaussian averaging of the external fields 
(leading in !" for local color neutrality)
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• The longitudinal averaging over the scattering 
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Ø For fairly small opacities, the series 
can be truncated at finite opacity

hni < few

Ø For very large opacities, the series must be 
re-summed.

hni � 1
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FIG. 14. Plots of the jet broadening spectrum as a function of pT
µ
, with µ the gluon (Debye) mass. Plots are shown for three

di↵erent opacities, � = 0.5 (top row), � = 1 (middle row), and � = 1.5 (bottom row). The absolute spectra are shown in
the left-hand column, and the ratios of the various finite-order calculations to the resummed one are shown in the right-hand
column. Plots are shown for finite orders in opacity O (�n) for n = 1 · · · 5, as well as the fully resummed spectrum.
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FIG 6. The radiated energy loss of a quark jet with energy Ejet = 5, 50, 500 GeV (at SPS, RHIC, LHC) is
plotted as a function of the opacity L/λg . (λg = 1 fm, µ = 0.5 GeV). Solid curves show the first order in
opacity results. The dashed curves show results up to second order in opacity, and two third order results
are shown by solid triangles for SPS energies.

The induced energy loss shown in Fig. 6 is for quark jets with energies Ejet = 5, 50, 500 GeV typical for
SPS, RHIC and LHC. Higher orders in opacity (L/λg)n, n ≥ 2 have little effect except at very low SPS
energies. The kinematic bounds at SPS suppress very much the energy loss in comparison to RHIC and
LHC energies. An analysis of the slopes as a function of the opacity, L/λg, shows that ∆E(ind) ∝ L2±0.1

at all energies even with finite kinematic boundaries included. As a measure of the deviation of the simple
first order analytic estimate, we generalize Eq. (131) as follows:

∆E(ind) =
CRαs

N(E)

L2µ2

λg
log

E

µ
, (132)

If the kinematic bounds are ignored as in Eq. (130), then N(E) = 4. Including finite kinematic con-
straints cause N(E) to deviate considerably from this asymptotic value. We find numerically that
N(E) = 7.3, 10.1, 24.4 for E = 500, 50, 5 GeV. Together with the logarithmic dependence of energy, these
kinematic effects suppress greatly the energy loss at lower (SPS) energies as seen in Fig. 6. This is in contrast
to the asymptotic, energy independent result quoted in Ref. [ 11] where the finite kinematic bounds were
neglected. Our numerical results, however, agree with Ref. [ 11] near LHC energies as reported in [ 28].
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1. Zero Opacity Limit

The jet distribution in the absence of final state interactions is given by [ 27]

d3NJ = ρ(0)(p⃗)
d3p⃗

2|p⃗|(2π)3
= dR|J(|p⃗|, p⃗)|2

d3p⃗

2|p⃗|(2π)3
, (118)

In the Leading Pole Approximation (LPA) approximation [ 33], the radiation distribution accompanying the
such hard processes for a spin 1

2 jet is given by

x
dN (0)

dx dk2
≈

CRαs

π

(

1 − x +
x2

2

)

1

k2
, (119)

where in the eikonal approximation the light-cone momentum fraction x = k+/E+ ≈ ω/E and k is assumed
to be small compared to ω. For other spin jets, another suitable splitting function replaces the x dependence
above.
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FIG. 14. Plots of the jet broadening spectrum as a function of pT
µ
, with µ the gluon (Debye) mass. Plots are shown for three

di↵erent opacities, � = 0.5 (top row), � = 1 (middle row), and � = 1.5 (bottom row). The absolute spectra are shown in
the left-hand column, and the ratios of the various finite-order calculations to the resummed one are shown in the right-hand
column. Plots are shown for finite orders in opacity O (�n) for n = 1 · · · 5, as well as the fully resummed spectrum.
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• Ovanesyan, Vitev [2012]
• Finite /, still using the broad source approximation
• Limited to first order in opacity

• E.g., Baier, Dokshitzer, Mueller, Schiff [1998]; 
Blaizot, Dominguez, Iancu, Mehtar-Tani [2013]

• Resummation using path integrals: generalized Wilson line
• Calculations generally require Gaussian path integrals to 

compute: the “harmonic approximation” to scattering
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Nucl.Phys. B594 (2001)
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Ø The 17 diagrams appearing at first 
order serve as a recursion kernel

• Low orders in opacity tend to dominate more inclusive 
observables (total energy loss, etc.)

Ø But more differential observables (hadron in jet, jet shapes) are 
sensitive to details of the medium interaction beyond first order

Ø Require an exact treatment of the reaction operator, without the 
small-x or broad source approximations.
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Ø Suggests a particular strategy for solving analytically



The Form of the Reaction Operator

M. Sievert 13 / 19Opacity Expansion for Quark Jet Substructure

• Final-state 
distribution:

xp

+ dN

d

2
kdx d

2
pdp

+

����
O
�
hniN

� =
CF

2(2⇡)3(1� x)
f

(N)
F/F (k, p, L

+|k, p, L+)

#
V2 ≡

=

x+x+

V1 ≡

x+ x+

=

x+ x+x+ x+

x+ x+

=V3 ≡

x+ x+

V4 ≡

x+ x+

V5 ≡

x+ x+

V2 ≡

=

x+x+

V1 ≡

x+ x+

=

x+ x+x+ x+

x+ x+

=V3 ≡

x+ x+

V4 ≡

x+ x+

V5 ≡

x+ x+

V2 ≡

=

x+x+

V1 ≡

x+ x+

=

x+ x+x+ x+

x+ x+

=V3 ≡

x+ x+

V4 ≡

x+ x+

V5 ≡

x+ x+

V2 ≡

=

x+x+

V1 ≡

x+ x+

=

x+ x+x+ x+

x+ x+

=V3 ≡

x+ x+

V4 ≡

x+ x+

V5 ≡

x+ x+

V2 ≡

=

x+x+

V1 ≡

x+ x+

=

x+ x+x+ x+

x+ x+

=V3 ≡

x+ x+

V4 ≡

x+ x+

V5 ≡

x+ x+

V2 ≡

=

x+x+

V1 ≡

x+ x+

=

x+ x+x+ x+

x+ x+

=V3 ≡

x+ x+

V4 ≡

x+ x+

V5 ≡

x+ x+

V2 ≡

=

x+x+

V1 ≡

x+ x+

=

x+ x+x+ x+

x+ x+

=V3 ≡

x+ x+

V4 ≡

x+ x+

V5 ≡

x+ x+

V2 ≡

=

x+x+

V1 ≡

x+ x+

=

x+ x+x+ x+

x+ x+

=V3 ≡

x+ x+

V4 ≡

x+ x+

V5 ≡

x+ x+

# #
V2 ≡

=

x+x+

V1 ≡

x+ x+

=

x+ x+x+ x+

x+ x+

=V3 ≡

x+ x+

V4 ≡

x+ x+

V5 ≡

x+ x+

V2 ≡

=

x+x+

V1 ≡

x+ x+

=

x+ x+x+ x+

x+ x+

=V3 ≡

x+ x+

V4 ≡

x+ x+

V5 ≡

x+ x+

V2 ≡

=

x+x+

V1 ≡

x+ x+

=

x+ x+x+ x+

x+ x+

=V3 ≡

x+ x+

V4 ≡

x+ x+

V5 ≡

x+ x+

V2 ≡

=

x+x+

V1 ≡

x+ x+

=

x+ x+x+ x+

x+ x+

=V3 ≡

x+ x+

V4 ≡

x+ x+

V5 ≡

x+ x+

V2 ≡

=

x+x+

V1 ≡

x+ x+

=

x+ x+x+ x+

x+ x+

=V3 ≡

x+ x+

V4 ≡

x+ x+

V5 ≡

x+ x+

V2 ≡

=

x+x+

V1 ≡

x+ x+

=

x+ x+x+ x+

x+ x+

=V3 ≡

x+ x+

V4 ≡

x+ x+

V5 ≡

x+ x+

V2 ≡

=

x+x+

V1 ≡

x+ x+

=

x+ x+x+ x+

x+ x+

=V3 ≡

x+ x+

V4 ≡

x+ x+

V5 ≡

x+ x+

V2 ≡

=

x+x+

V1 ≡

x+ x+

=

x+ x+x+ x+

x+ x+

=V3 ≡

x+ x+

V4 ≡

x+ x+

V5 ≡

x+ x+

###
K1  ⌦K2 K3 ⌦  ⇤  ⌦K4 ⌦  ⇤

K5 K6 ⌦  ⇤

K7  ⌦K8

K9

0

0

0

0

0

0 0

N N � 1

RR† + V 1† + V †1

• Causal structure: triangular matrix

Ø Suggests a particular strategy for solving analytically



Validation: N=1 at Finite x

Ø Tests final/final sector and correctly reproduces OV [2012]

M. Sievert 14 / 19Opacity Expansion for Quark Jet Substructure

6

III. REPRODUCING FIRST ORDER IN OPACITY (N = 1)
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Ø Tests all sectors in the small-x limit and 
correctly reproduces GLV [2001]
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• There are 4 different shifts in the 
initial distribution from single- vs. 
double-Born scattering
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• More cosines with different arguments, and more differences of 
terms within various cosines
Ø Consequence of aggregating impulse phase shifts
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Bold assertion:

Caveats:

• Assumes eikonal scattering for both partons:
x(1� x) � k2

T
s

• Neglects other sub-eikonal effects : k

2
T

x(1�x)s A
1/3

• Does not include additional logarithmic evolution: ↵s lnA
1/3 ⌧ 1

• Does not resum the opacity series: hni < few

• Not closed form (yet…)
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Outlook
• Final validation – It should be possible (but not trivial) to match 

onto the full GLV recursion relations at small x

• Implement the exact N=2 result for phenomenology with 
improved in-medium splitting functions

• Trivial to generalize to other splitting kernels / processes

• Higher-order terms are cumbersome but straightforward

• Matching onto re-summed results?

• Solve the triangular matrix structure sequentially?  
Coordinate space is natural, but the phases are complicated…
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Opacity Estimates in Heavy-Ion Collisions
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dN ch

d⌘
⇡ 700 RHIC: Au+Au, 200 GeV

dNglue

dy
⇡ 1100

Adding ~50% neutral particles, +5 – 10% from Jacobian, 
assuming approximate parton/hadron duality

⇢ =
1

⌧

dNglue

dy
⇥ 1

A?
Dominant Bjorken expansion

Gas of free gluons in thermal equilibrium⇢ =
16

⇡2
T 3⇣(3)

µ = gT Typical coupling constant 1.8 - 2

�gg =
9↵2

s⇡

2µ2
LO pQCD cross-section with massive gluon exchange

hni =
LZ

z0

dz ⇢(z)�gg(z) Initial times ~ 0.5 – 1 fm

Ø Leads to hni = 3.1 hni = 2.4(most central production) and (average)



Exact Results at N=2
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Full exact results at N=2:  Need to be integrated over z+1 , z
+
2 , q1, q2
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VI. OUTLOOK AND CONCLUSIONS

• Applications to numerics with finite-x using NLO spectrum

• Possibility to solve various problems (negativity?) of LO spectrum

• Triangular structure of the reaction operator suggests iterative solution strategy

• Potential to make connections / comparisons with other methods by using detailed modelling of medium scat-
tering beyond the constraints of the resummed path-integral formalism
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