
   
Phenomenology of TMDs

  
Alexei Prokudin    

  

QCD Evolution 2018



 2

Nucleon landscape 
 

Factorization theorems help us to relate functions 
that describe the hadron structure and the 
experimental observables

Factorization is a controllable approximation and the 
goal of theorists and phenomenologists is to test 
and improve the region of applicability of 
factorization and/or construct new factorization 
theorems

Hadron structure is the ultimate goal of 
measurements and phenomenology

The main goal of phenomenology now is 
to have a well defined methodology that 
allows to study hadron structure              

The polarized proton in momentum
space as “seen” by the virtual photon 
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Only one scale is 
measured in PP 

TMD factorization is 
not applicable?
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Twist-3 factorization
DGLAP equations

Global fit is needed.
Work in progress

• Twist-3 functions are related to TMD via OPE 
•  TMD and twist-3 factorizations are related in high QT region 
• Global analysis of TMDs and twist-3 is possible: 
All four processes can be used. 
• Data are from HERMES, COMPASS, JLab, 
BaBar, Belle, RHIC, LHC, Fermilab

TMD factorization
Collins, Soper (1983) 

Collins, Soper, Sterman (1985) 
Collins (2011) 

Collins, Soper (1983) 
Collins (2011)

Meng, Olness, Soper (1992) 
Ji, Ma, Yuan (2005) 

Collins (2011)
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 TMD distributions 

8 functions in total (at leading 
twist)

Each represents dif ferent 
aspects of partonic structure

Each depends on Bjorken-x, 
transverse momentum, the 
scale 

Each function is to be studied

Kotzinian (1995), Mulders, Tangerman (1995), Boer, Mulders (1998)

Quark TMDs
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 TMD distributions 
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Quark TMDs

This talk
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 TMD Fragmentation Functions 

8 functions  
describing fragmentation of 
a quark into spin ½ hadron

 

Mulders, Tangerman (1995), Meissner, Metz, Pitonyak (2010)

This talk
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 TMD distributions  TMD distributions 
 Definitions

Transversity:

Collins function: unpolarized hadron from a transversely polarized quark

Ralston, Soper 1979

Collins 1992

Spin independent Spin dependent

�q/h(x, P, S) =
1

2

✓
f1(x) 6 P + SLg1(x)�5 6 P +

1

2
h1(x)�5[ 6 ST , 6 P ]

◆

<latexit sha1_base64="aVDNmKHOzq9DEENc7VgwFUQflW8="></latexit><latexit sha1_base64="aVDNmKHOzq9DEENc7VgwFUQflW8="></latexit><latexit sha1_base64="aVDNmKHOzq9DEENc7VgwFUQflW8="></latexit><latexit sha1_base64="aVDNmKHOzq9DEENc7VgwFUQflW8="></latexit>

=0
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 TMD distributions  TMD distributions 
 Definitions

Transversity:  the source of information on tensor charge

Collins function:                  describes strength of correlation 
Collins 1992

Transversity and Collins function can give rise to 
Single Spin Asymmetries in scattering processes. 
For instance in Semi Inclusive Deep Inelastic 
process 

Both functions extensively studied experimentally, phenomenologically,
theoretically

Kotzinian (1995), 
Mulders, Tangerman (1995)

�q =

Z 1

0
d x(hq

1(x)� h

q̄
1(x))
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Collins function                                                 
 

Schafer-Teryaev sum rule
➔ Conservation of transverse momentum

➔  Sum rule

➔ If only pions are considered

Schafer Teryaev 1999
Meissner, Metz, Pitonyak 2010

Universality of TMD fragmentation functions

➔  Very non trivial results
➔ Agrees with phenomenology, allows global fits

Metz 2002, Metz, Collins 2004, Yuan 2008
Gamberg, Mukherjee, Mulders 2011
Boer, Kang, Vogelsang, Yuan 2010
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▪ SIDIS and e+e-: combined global analysis

transversity Collins 
function

Collins 
function

Transversity and Collins FF

Collins 
function

Boer,  Jacob, Mulders (1997)
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Transversity from global fits
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FIG. 27. (a) Comparison of extracted transversity (solid lines and shaded region) Q2 = 2.4 GeV2 with Torino-Cagliari-JLab
2013 extraction [17] (dashed lines and shaded region).
(b) Comparison of extracted transversity (solid lines and shaded region) at Q2 = 2.4 GeV2 with Pavia 2015 extraction [18]
(shaded region).
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FIG. 28. Comparison of extracted Collins fragmentation functions (solid lines) at Q2 = 2.4 GeV2 with Torino-Cagliari-JLab
2013 extraction [17] (dashed lines and shaded region).

much better determined by the existing data, as one can see from Fig. 28 that the functions at Q2 = 2.4 GeV2 are
compatible within error bands. The unfavored fragmentation functions are different, however those functions are not
very well determined by existing experimental data.
We also compare the tensor change from our and other extractions in Fig. 29. The contribution to tensor charge

of Ref. [18] is found by extraction using the so-called dihadron fragmentation function that couples to collinear
transversity distribution. The corresponding functions have DGLAP type evolution known at LO and were used in
Ref. [18]. The results plotted in Fig. 29 corresponds to our estimates of the contribution to u-quark and d-quark in
the region of x [0.065, 0.35] at Q2 = 10 GeV2 at 68% C.L. (label 1) and the contribution to u-quark and d-quark in
the same region of x and the same Q2 using the so-called flexible scenario, αs(M2

Z) = 0.125, of Ref. [18]. One can
see that our extraction has an excellent precision for both u-quark and d-quark. The fact that the central values and
errors of extracted tensor charges are in a good agreement in both methods, ours and Ref. [18], is very positive and
allows for future investigations of transversity including all available data in a global fit.
Our results compare well with extractions from Ref. [17]. Even though correct TMD evolution was not used in

Ref. [17] the effects of DGLAP evolution of collinear distributions were taken into account and the resulting fit is of
good quality, χ2/d.o.f. = 0.8 for the so-called standard parametrization of Collins fragmentation functions. In fact
the probability that the model of Ref. [17] correctly describes the data is P (0.8 ∗ 249, 249) = 99%. The tensor charge
was estimated at 95% C.L. using two different parametrizations for Collins fragmentation functions, the so-called
standard parametrization that utilized similar to our parametrization and the polynomial parametrization. In Fig. 30
we compare our results with calculations from Ref. [17] at 95% C.L. at Q2 = 0.8 GeV2 and calculations at 68 % at
Q2 = 1 GeV2 of Ref. [18]. Even though we compare tensor charge at different values of Q2 its evolution is quite slow,
so the good agreement of all three methods is a good sign. We conclude that tensor charge perhaps is very stable with

Kang et al. (“TMDfit”),  
P.R. D93 (16) 014009

Anselmino et al. (Torino),  
P.R. D87 (13) 094019

global fit

Torino

“TMDfit”

up

down

Single hadron, TMD Di-hadron, collinear

 
Radici et al. (“global fit”) 
PRL 120 (18) n.19



tensor  charge   δq(Q2) = ∫dx h1q-q (x,Q2)−

1- global fit

4- TMD fit

2,3- Torino

up

down
Kang et al., 
P.R. D93 (16) 014009

Anselmino et al., 
P.R. D87 (13) 094019

5- JAM fit Lin et al., PRL 120 
(18) n.15

6- ETMC17

7- PNDME16

Alexandrou et al., P.R. D95 (17) 114514;
                       E  P.R. D96 (17) 099906 

Collins  
effect

lattice
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Slide courtesy of M. Radici



5) PNDME ’16 

6) ETMC ’17 

7) LHPC ’12 

8) RQCD ‘14 

9) RBC-UKQCD

Bhattacharya et al., P.R. D94 (16) 054508

Green et al., P.R. D86 (12)
Bali et al., P.R. D91 (15)
Aoki et al., P.R. D82 (10)

Alexandrou et al., P.R. D95 (17) 114514;
                       E  P.R. D96 (17) 099906 

lattice

isovector  tensor  charge  gT = δu - δd

Kang et al.,  P.R. D93 (16) 014009
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Radici et al. PRL 120 (18) n.19

Lin et al., PRL 120 (18) n.15
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“transverse-spin  puzzle” ?

there is no simultaneous compatibility 
about   δu,  δd,  gT=δu-δd

between   lattice   and 
phenomenological extractions

of transversity

Slide courtesy of M. Radici



 17

“transverse-spin  puzzle” ?

there is no simultaneous compatibility 
about   δu,  δd,  gT=δu-δd

between   lattice   and 
phenomenological extractions

of transversity

Slide courtesy of M. Radici

?



!18

JAM fitting methodology

Jefferson Lab Angular Momentum Collaboration has developed a robust fitting
methodology based on Bayesian statistical methods and machine learning algorithms

Such methodology may prove crucial and essential for our future endeavors in studies 
of the structure of the nucleon and beyond.  
➔ Expectation value and variance estimates:

➔  Bayes’ theorem defines probability density P as

E[O] =

Z
dnaP(~a|data)O(~a)
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V [O] =

Z
dna P(~a|data)[O(~a)� E[O]]2
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P(~a|data) = 1

Z
L(~a|data) ⇡(~a)
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Evidence

Z =

Z
dna L(~a|data) ⇡(~a)
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Likelihood function 

L(~a|data) = exp
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the mean and uncertainties of the original exper-
imental data values. Each pseudodata point ~Di is
computed as

~Di ¼ Di þ Riαi; ð29Þ

where for each experiment Di and αi are as in
Eq. (25), and Ri is a randomly generated number
from a normal distribution of unit width. A
different pseudodata set is generated for each fit
in any given iteration in the IMC procedure.

(iii) Partition of pseudodata sets for cross-validation
To account for possible overfitting, the cross-

validation method is incorporated. Each experimen-
tal pseudodata set is randomly divided 50%=50%
into “training” and “validation” sets. However, data
from any experiment with fewer than 10 points are
not partitioned and are entirely included in the
training set.

(iv) χ2 minimization and posterior selection
The χ2 minimization procedure is performed

with the training pseudodata set using the Levem-
berg-Marquardt lmdiff algorithm [45]. For every
shift in the parameters during the minimization

procedure, the χ2 values for both training and
validation are computed and stored along with their
respective parameter values, until the best fit for
the training set is found. For each pseudodata set, the
parameter vector that minimizes the χ2 of the
validation is then selected as a posterior.

(v) Convergence criterion
The iterative approach of the IMC is similar to the

strategy adopted in the MCVEGAS integration [46].
There, one constructs iteratively a grid over the
parameter space such that most of the sampling is
confined to regions where the integrand contributes
the most, a procedure known as “importance sam-
pling.” Once the grid is prepared, a large amount of
samples is generated until statistical convergence of
the integral is achieved.
In Ref. [11] the convergence of the MC ensemble

fakg was estimated using the χ2 distribution. While
such an estimate can give some insight about the
convergence of the posteriors, it is somewhat indi-
rect as it does not involve the parameters explicitly.
In the present analysis, we instead estimate the
convergence of the eigenvalues of the covariance
matrix computed from the posterior distributions. To
do this we construct a measure given by

V ¼
Y

i

ffiffiffiffiffiffi
Wi

p
; ð30Þ

where Wi are the eigenvalues of the covariance
matrix. The quantity V can be interpreted in terms of
the hypervolume in the parameter space that enc-
loses the posteriors, and is analogous to the ensem-
ble of the most populated grid cells in a given
iteration of the VEGAS algorithm [46]. The IMC
procedure is then iterated starting from step 1, until
the volume remains unchanged.

(vi) Generation of the Monte Carlo FF ensemble
When the posteriors volume has reached conver-

gence, a large number of fits is performed until
the mean and expectation values of the FFs con-
verge. The goodness of fit is then evaluated by
calculating the overall single χ2 values per experi-
ment according to

χ2ðeÞ ¼
X

i

"
DðeÞ

i − E½TðeÞ
i &=E½NðeÞ

i &
αðeÞi

#2

; ð31Þ

where E½TðeÞ
i & and E½NðeÞ

i & are the expectation values
of the theory calculation and fitted point-to-point
normalization factors over the Monte Carlo poste-
riors, respectively [see Eq. (27)]. This allows a direct
comparison with the original unmodified data.

Finally, note that while the FF parametrization adopted here
is not intrinsically more flexible than in other global

FIG. 1. Workflow of the iterative Monte Carlo fitting strategy.
In the upper diagram (red lines) an iteration begins at the prior
sampler and a given number of fits are performed, generating an
ensemble of posteriors. After the initial iteration, with a flat
sampler, the generated posteriors are used to construct a multi-
variate Gaussian sampler for the next iteration. The lower
diagram (with blue lines) summarizes the workflow that trans-
forms a given prior into a final posterior.
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Iterative Monte Carlo is then used to perform the fit

Large parameter space is sampled

Data is partitioned in validation and training sets

Training set is fitted via chi-square  minimization

Posteriors are used to feed the next iterations
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Nested sampling is essential to map multidimensional
integral to 1-D integral
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Figure 1: Cartoon illustrating (a) the posterior of a two dimensional problem; and (b) the trans-
formed L(X) function where the prior volumes, Xi, are associated with each likelihood, Li.

be recovered by integration over its survival function (a result evident from integration by parts)
we have (unconditionally):

Z =

Z 1

0

X(�)d�. (5)

When L(X), the inverse of X(�), exists (i.e., when L(⇥) is a continuous function with connected
support; Chopin and Robert 2010) the evidence integral may thus be further rearranged as:

Z =

Z
1

0

L(X)dX. (6)

Indeed, if L(X) were known exactly (and Riemann integrable1), by evaluating the likelihoods,
Li = L(Xi), for a deterministic sequence of X values,

0 < XN < · · · < X
2

< X
1

< X
0

= 1, (7)

as shown schematically in Fig. 1, the evidence could in principle be approximated numerically
using only standard quadrature methods as follows:

Z ⇡ ˆZ =

NX

i=1

Liwi, (8)

where the weights, wi, for the simple trapezium rule are given by wi =
1

2

(Xi�1

�Xi+1

). With L(X)

typically unknown, however, we must turn to MC methods for the probabilistic association of prior
volumes, Xi, with likelihood contours, Li = L(Xi), in our computational evidence estimation.

3.1 Evidence estimation

Under the default nested sampling algorithm the summation in Eq. (8) is performed as follows.
First N

live

‘live’ points are drawn from the prior, ⇡(⇥), and the initial prior volume, X
0

, is set to
1We give a brief measure-theoretic formulation of NS in Appendix C.

4

Z =

Z
dna L(~a|data) ⇡(~a) =

Z 1

0
dXL(X)
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unpolarized favored and unfavored FF widths. These values
are compatible with ones found in the analysis by
Anselmino et al. [54] of HERMES and COMPASS charged
hadron multiplicities. On the other hand, the similar values
found for the sea and valence PDF widths disagree with the
chiral soliton model [55], for which the sea to valence ratio
is ∼5. Note also that while there appear some incompa-
tibilities between the x dependence of the HERMES and
COMPASS Ph⊥-integrated π! multiplicities, our analysis
uses only Ph⊥-dependent HERMES data that are given in
bins of x, z, Q2, and Ph⊥.
The transverse momentum widths for the valence and

sea transversity PDFs are hk2⊥i
q
h1
¼ 0.5ð2Þ GeV2 and

1.0ð5Þ GeV2, respectively, and hp2
⊥i

π=q
H⊥

1

¼ 0.12ð4Þ GeV2

and 0.06ð3Þ GeV2 for the favored and unfavored Collins
FF widths, respectively. The relatively larger uncertainties
on the h1 and H⊥

1 widths, compared with the unpolarized
widths, reflect the higher precision of the HERMES
multiplicity data, and the order of magnitude smaller
number of data points for the Collins asymmetries.
Integrating the transversity PDFs over x, the resulting

normalized yields from our MC analysis for the δu and δd
moments are shown in Fig. 3, together with the isovector
combination gT . The most striking feature is the signifi-
cantly narrower distributions evident when the SIDIS data
are supplemented by the lattice gT input. The u and d tensor
charges in Fig. 3(a), for example, change from δu ¼
0.3ð3Þ → 0.3ð2Þ and δd ¼ −0.6ð5Þ → −0.7ð2Þ at the scale
Q2 ¼ 2 GeV2, while the reduction in the uncertainty is
even more dramatic for the isovector charge in Fig. 3(b),
gT ¼ 0.9ð8Þ → 1.0ð1Þ. The earlier single-fit analysis of
SIDIS data by Kang et al. [21] quotes δu ¼ 0.39ð11Þ and
δd ¼ −0.22ð14Þ, with gT ¼ 0.61ð25Þ at Q2 ¼ 10 GeV2, in
apparent tension with the lattice results. This can be
understood from Fig. 3(b), which demonstrates that the
peak of the SIDIS-only distribution at gT ∼ 0.5 is consistent
with the lower values found in earlier maximum likelihood
analyses [10,21], but does not give a good representation
of the mean value because of the long tail of the gT
distribution.

Future extensions of this work will explore incorporating
TMD evolution via the CSS framework [22,56], and the
improved treatment of the large-Ph⊥ contributions through
the addition of the Y term [50]. The inclusion of K! SIDIS
and eþe− annihilation data will allow further separation of
sea quark flavor contributions to h1 and better constraints
on the favored and unfavored Collins FFs. Upcoming high-
precision data from Jefferson Lab should also provide
significantly improved kinematical coverage at intermedi-
ate x and z values.

We are grateful to J. Qiu for helpful comments. This
work was supported by the U. S. Department of Energy
Contract No. DE-AC05-06OR23177, under which
Jefferson Science Associates, LLC operates Jefferson
Lab, and by the National Science Foundation Contracts
No. PHY-1623454, PHY-1653405, and PHY-1659177.
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FIG. 3. (a) A contour plot of δu and δd samples from the MC
analysis, for the SIDIS only (blue) and SIDISþ lattice (red)
analysis. The expectation values and 1σ uncertainties for both fits
are indicated by the respective error bars. (b) Normalized yields
for the isovector tensor charge gT , for the SIDIS-only (yellow
histograms) and SIDISþ lattice (red histograms) MC analyses.
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Peaks correspond to “single fit results”

The tails of distributions are very wide, usual methods would not give reliable errors
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Simultaneous fit of SIDIS, e+e- and lattice δu,  δd,  gT=δu-δd

First combined fit of   
SIDIS data: HERMES, COMPASS, JLab 
e+e- data: Belle and BaBar 
and lattice results for δu,  δd,  gT 
Alexandrou et al., P.R. D95 (17) 114514 

Lattice: 
δu = 0.782 ± 0.021   
δd= −0.219 ± 0.017 
gT= 1.004 ± 0.021 

After the fit: 
δu = 0.79 ± 0.01   
δd= −0.22 ± 0.01 
gT= 1.01 ± 0.01 

Prel
imin

ary

Melnitchouk, AP, Sato, 2018

Courtesy of M. Constantinou
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First combined fit of   
SIDIS data: HERMES, COMPASS, JLab 
e+e- data: Belle and BaBar 
and lattice results for δu,  δd,  gT 
Alexandrou et al., P.R. D95 (17) 114514 

After the fit: 
δu = 0.79 ± 0.01   
δd= −0.22 ± 0.01 
gT= 1.01 ± 0.01 

Simultaneous fit of SIDIS, e+e- and lattice δu,  δd,  gT=δu-δd

unpolarized favored and unfavored FF widths. These values
are compatible with ones found in the analysis by
Anselmino et al. [54] of HERMES and COMPASS charged
hadron multiplicities. On the other hand, the similar values
found for the sea and valence PDF widths disagree with the
chiral soliton model [55], for which the sea to valence ratio
is ∼5. Note also that while there appear some incompa-
tibilities between the x dependence of the HERMES and
COMPASS Ph⊥-integrated π! multiplicities, our analysis
uses only Ph⊥-dependent HERMES data that are given in
bins of x, z, Q2, and Ph⊥.
The transverse momentum widths for the valence and

sea transversity PDFs are hk2⊥i
q
h1
¼ 0.5ð2Þ GeV2 and

1.0ð5Þ GeV2, respectively, and hp2
⊥i

π=q
H⊥

1

¼ 0.12ð4Þ GeV2

and 0.06ð3Þ GeV2 for the favored and unfavored Collins
FF widths, respectively. The relatively larger uncertainties
on the h1 and H⊥

1 widths, compared with the unpolarized
widths, reflect the higher precision of the HERMES
multiplicity data, and the order of magnitude smaller
number of data points for the Collins asymmetries.
Integrating the transversity PDFs over x, the resulting

normalized yields from our MC analysis for the δu and δd
moments are shown in Fig. 3, together with the isovector
combination gT . The most striking feature is the signifi-
cantly narrower distributions evident when the SIDIS data
are supplemented by the lattice gT input. The u and d tensor
charges in Fig. 3(a), for example, change from δu ¼
0.3ð3Þ → 0.3ð2Þ and δd ¼ −0.6ð5Þ → −0.7ð2Þ at the scale
Q2 ¼ 2 GeV2, while the reduction in the uncertainty is
even more dramatic for the isovector charge in Fig. 3(b),
gT ¼ 0.9ð8Þ → 1.0ð1Þ. The earlier single-fit analysis of
SIDIS data by Kang et al. [21] quotes δu ¼ 0.39ð11Þ and
δd ¼ −0.22ð14Þ, with gT ¼ 0.61ð25Þ at Q2 ¼ 10 GeV2, in
apparent tension with the lattice results. This can be
understood from Fig. 3(b), which demonstrates that the
peak of the SIDIS-only distribution at gT ∼ 0.5 is consistent
with the lower values found in earlier maximum likelihood
analyses [10,21], but does not give a good representation
of the mean value because of the long tail of the gT
distribution.

Future extensions of this work will explore incorporating
TMD evolution via the CSS framework [22,56], and the
improved treatment of the large-Ph⊥ contributions through
the addition of the Y term [50]. The inclusion of K! SIDIS
and eþe− annihilation data will allow further separation of
sea quark flavor contributions to h1 and better constraints
on the favored and unfavored Collins FFs. Upcoming high-
precision data from Jefferson Lab should also provide
significantly improved kinematical coverage at intermedi-
ate x and z values.

We are grateful to J. Qiu for helpful comments. This
work was supported by the U. S. Department of Energy
Contract No. DE-AC05-06OR23177, under which
Jefferson Science Associates, LLC operates Jefferson
Lab, and by the National Science Foundation Contracts
No. PHY-1623454, PHY-1653405, and PHY-1659177.
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FIG. 3. (a) A contour plot of δu and δd samples from the MC
analysis, for the SIDIS only (blue) and SIDISþ lattice (red)
analysis. The expectation values and 1σ uncertainties for both fits
are indicated by the respective error bars. (b) Normalized yields
for the isovector tensor charge gT , for the SIDIS-only (yellow
histograms) and SIDISþ lattice (red histograms) MC analyses.
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Complementarity of SIDIS, e+e- and Drell-Yan, and hadron-hadron  
 

Various processes allow study and test of evolution, universality and extractions of distribution and fragmentation 
functions. We need information from all of them   

Semi Inclusive DIS –
convolution of distribution functions and 
fragmentation functions

Drell-Yan – convolution of distribution 
functions

e+ e- annihilation – convolution of 
fragmentation functions

Hadron-hadron – convolutions of PDF and 
fragmentation functions

Last but not least: Lattice QCD can also provide valuable input for our analysis!
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• Robust methodology may prove crucial and essential for future endeavors in 
studies of the structure of the nucleon and beyond.  

• A dedicated effort for sharpening our tools is needed and is provided in part 
by TMD Collaboration, Jefferson Lab and other labs, and by NSF and DOE 
grants.

• We plan to develop a comprehensive framework that will be available for the 
nuclear physics community and could be used by other groups in the USA and 
abroad.

• The framework will include machine learning techniques, sharing via open 
source platforms such as GitHub, and flexible Python implementation via 
Jupyter notebooks.

• Many people involved:
N. Sato, W. Melnitchouk, J. Ethier, A. Signori, T. Liu, J. Terry, Z. Kang, A. Metz, L. Gamberg, AP, 
D. Pitonyak, M. Albright, J. Qiu, A. Vladimirov, I. Scimemi, K. Tezgin, D. Riser, …

• Join us if you are interested!

• New methods allow to resolve “transverse spin puzzle” and show consistency 
of the experimental data on Collins asymmetries in SIDIS and e+e- with lattice 
computations of tensor charge.


