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abstract 

QCD evolution 2018 (Santa Fe, 20 May 2018):  
 
Collinear QCD as a starting point 
P.J. Mulders 
 
Going beyond the collinearity of QCD may require more than just resummation. As an 
example, I will discuss Wilson loop GTMDs and the possible color entanglement and 
its unwinding in DY. I will also discuss an attempt to understand the transition from 
1D to 3D in a different context, where not only hadrons are entangled states of 
partons, but also quarks as well as leptons are maximally entangled states. Even if it 
does not upset the present phenomenology, it might provide a new way to look at 
many aspects of electroweak and strong interactions as well as quark-hadron duality.   
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QCD – From Wilson loops to entangled states 

  Parton-hadron duality in hard QCD scattering: PDFs x FFs 
  nucleon is pure state à ensemble of partons (good light-front states) 

    [see also Kharzeev & Levin (1702.03489)] 
  Parton physics in essence collinear d.o.f.  
  hard (short distance) process: partons à partons   
  emerging partons are pure state(s) à ensemble of hadron states 

 
  For QCD Wilson loops and their expectation values (GTMDs, TMDs) may play a 

crucial role in the transition 1D à 3D (1805.05219) 
 
  Color entanglement in DY (1709.04935) 

  More speculative: maybe not only hadrons but also quarks and leptons live in a 
multipartite Hilbert space! (1801.03664) 
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WILSON LINES AND GLUON (G)TMDs 
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Simplification of gluon GTMDs (x à 0)  
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show that the odderon Wigner distribution at small x is related to the v1 flow coe�cient in
di-hardon production in pp and pA.

The Wigner distributions are process dependent and if they are the origin of azimuthal
correlations in particle production in high-energy collisions, then di↵erent azimuthal asym-
metries would appear in di↵erent processes. We show this explicitly by considering the pro-
duction of two jest in di↵ractive DIS or ultra-peripheral pA collisions mentioned above. This
process, unlike the di-hadron production in pA, does not probe the odderon Wigner distri-
bution and therefore does not result in odd azimuthal correlations between the two produced
jets.

The second fundamental Wigner distribution is the Weizsäcker-Williams (WW) gluon
distribution. We study its contribution to high-energy collisions by considering double Higgs
production in a mean-filed approximation for the target. In the CGC framework the cross
section for a single Higgs production in the dilute-dense picture of pA collisions is given in
terms of a quadrupole operator defining the WW distribution (a gluon-gluon correlator with
two past-pointing gauge links) [14–17]. We postulate that the WW Wigner distribution can
lead to azimuthal asymmetries in double Higgs production in high-energy proton-nucleus
collisions.

The paper is organized as follows...
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We adopt a ‘symmetric’ frame where the average hadron momentum is given by P ⌘ (p0 +
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Similarly to the TMD case, it was recently shown that a proper definition of the GTMD
correlator includes additional dependence on soft-gluon radiation [?], however as this will
not play any role in this paper it is not discussed here explicitly. The two process-dependent
gauge links U and U

0 are required for color gauge invariance. Later we will consider a specific

gauge link structure that is built from the future- and past-pointing Wilson lines U [+]
[a,b] and
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Throughout the paper we make use of light-cone coordinates: we represent a four-vector a as (a+, a�,a),
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distribution. We study its contribution to high-energy collisions by considering double Higgs
production in a mean-filed approximation for the target. In the CGC framework the cross
section for a single Higgs production in the dilute-dense picture of pA collisions is given in
terms of a quadrupole operator defining the WW distribution (a gluon-gluon correlator with
two past-pointing gauge links) [14–17]. We postulate that the WW Wigner distribution can
lead to azimuthal asymmetries in double Higgs production in high-energy proton-nucleus
collisions.
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Similarly to the TMD case, it was recently shown that a proper definition of the GTMD
correlator includes additional dependence on soft-gluon radiation [?], however as this will
not play any role in this paper it is not discussed here explicitly. The two process-dependent
gauge links U and U

0 are required for color gauge invariance. Later we will consider a specific
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[�1, bT � zT
2 ]

<latexit sha1_base64="UwhwGpCJ96PoWC79s2A2LqapYjc=">AAACBnicbVDLSsNAFJ34rPVVdSnCYBFc2JIUQZcFNy4r9AVpCJPppB06mYSZGyGGrtz4K25cKOLWb3Dn3zh9LLT1wIXDOfdy7z1BIrgG2/62VlbX1jc2C1vF7Z3dvf3SwWFbx6mirEVjEatuQDQTXLIWcBCsmyhGokCwTjC6mfide6Y0j2UTsoR5ERlIHnJKwEh+6cSt9LgMIbsI/Cau9CBUhOYPfnOc18aeXyrbVXsKvEycOSmjORp+6avXj2kaMQlUEK1dx07Ay4kCTgUbF3upZgmhIzJgrqGSREx7+fSNMT4zSh+HsTIlAU/V3xM5ibTOosB0RgSGetGbiP95bgrhtZdzmaTAJJ0tClOBIcaTTHCfK0ZBZIYQqri5FdMhMUGASa5oQnAWX14m7VrVsavO3WW5XpvHUUDH6BSdIwddoTq6RQ3UQhQ9omf0it6sJ+vFerc+Zq0r1nzmCP2B9fkDe1aYcQ==</latexit><latexit sha1_base64="UwhwGpCJ96PoWC79s2A2LqapYjc=">AAACBnicbVDLSsNAFJ34rPVVdSnCYBFc2JIUQZcFNy4r9AVpCJPppB06mYSZGyGGrtz4K25cKOLWb3Dn3zh9LLT1wIXDOfdy7z1BIrgG2/62VlbX1jc2C1vF7Z3dvf3SwWFbx6mirEVjEatuQDQTXLIWcBCsmyhGokCwTjC6mfide6Y0j2UTsoR5ERlIHnJKwEh+6cSt9LgMIbsI/Cau9CBUhOYPfnOc18aeXyrbVXsKvEycOSmjORp+6avXj2kaMQlUEK1dx07Ay4kCTgUbF3upZgmhIzJgrqGSREx7+fSNMT4zSh+HsTIlAU/V3xM5ibTOosB0RgSGetGbiP95bgrhtZdzmaTAJJ0tClOBIcaTTHCfK0ZBZIYQqri5FdMhMUGASa5oQnAWX14m7VrVsavO3WW5XpvHUUDH6BSdIwddoTq6RQ3UQhQ9omf0it6sJ+vFerc+Zq0r1nzmCP2B9fkDe1aYcQ==</latexit><latexit sha1_base64="UwhwGpCJ96PoWC79s2A2LqapYjc=">AAACBnicbVDLSsNAFJ34rPVVdSnCYBFc2JIUQZcFNy4r9AVpCJPppB06mYSZGyGGrtz4K25cKOLWb3Dn3zh9LLT1wIXDOfdy7z1BIrgG2/62VlbX1jc2C1vF7Z3dvf3SwWFbx6mirEVjEatuQDQTXLIWcBCsmyhGokCwTjC6mfide6Y0j2UTsoR5ERlIHnJKwEh+6cSt9LgMIbsI/Cau9CBUhOYPfnOc18aeXyrbVXsKvEycOSmjORp+6avXj2kaMQlUEK1dx07Ay4kCTgUbF3upZgmhIzJgrqGSREx7+fSNMT4zSh+HsTIlAU/V3xM5ibTOosB0RgSGetGbiP95bgrhtZdzmaTAJJ0tClOBIcaTTHCfK0ZBZIYQqri5FdMhMUGASa5oQnAWX14m7VrVsavO3WW5XpvHUUDH6BSdIwddoTq6RQ3UQhQ9omf0it6sJ+vFerc+Zq0r1nzmCP2B9fkDe1aYcQ==</latexit><latexit sha1_base64="UwhwGpCJ96PoWC79s2A2LqapYjc=">AAACBnicbVDLSsNAFJ34rPVVdSnCYBFc2JIUQZcFNy4r9AVpCJPppB06mYSZGyGGrtz4K25cKOLWb3Dn3zh9LLT1wIXDOfdy7z1BIrgG2/62VlbX1jc2C1vF7Z3dvf3SwWFbx6mirEVjEatuQDQTXLIWcBCsmyhGokCwTjC6mfide6Y0j2UTsoR5ERlIHnJKwEh+6cSt9LgMIbsI/Cau9CBUhOYPfnOc18aeXyrbVXsKvEycOSmjORp+6avXj2kaMQlUEK1dx07Ay4kCTgUbF3upZgmhIzJgrqGSREx7+fSNMT4zSh+HsTIlAU/V3xM5ibTOosB0RgSGetGbiP95bgrhtZdzmaTAJJ0tClOBIcaTTHCfK0ZBZIYQqri5FdMhMUGASa5oQnAWX14m7VrVsavO3WW5XpvHUUDH6BSdIwddoTq6RQ3UQhQ9omf0it6sJ+vFerc+Zq0r1nzmCP2B9fkDe1aYcQ==</latexit>

[�1, bT + zT
2 ]

<latexit sha1_base64="Z8XPujXoz3w1iaJNzCW6NkF05fA=">AAACBnicbVDLSsNAFJ34rPVVdSnCYBEEtSRF0GXBjcsKfUETwmQ6aYdOJmHmRqghKzf+ihsXirj1G9z5N04fC209cOFwzr3ce0+QCK7Btr+tpeWV1bX1wkZxc2t7Z7e0t9/Scaooa9JYxKoTEM0El6wJHATrJIqRKBCsHQxvxn77ninNY9mAUcK8iPQlDzklYCS/dNS9cLkMYXQe+A185kKoCM0e/EaeVXPPL5Xtij0BXiTOjJTRDHW/9OX2YppGTAIVROuuYyfgZUQBp4LlRTfVLCF0SPqsa6gkEdNeNnkjxydG6eEwVqYk4In6eyIjkdajKDCdEYGBnvfG4n9eN4Xw2su4TFJgkk4XhanAEONxJrjHFaMgRoYQqri5FdMBMUGASa5oQnDmX14krWrFsSvO3WW5Vp3FUUCH6BidIgddoRq6RXXURBQ9omf0it6sJ+vFerc+pq1L1mzmAP2B9fkDeDCYbw==</latexit><latexit sha1_base64="Z8XPujXoz3w1iaJNzCW6NkF05fA=">AAACBnicbVDLSsNAFJ34rPVVdSnCYBEEtSRF0GXBjcsKfUETwmQ6aYdOJmHmRqghKzf+ihsXirj1G9z5N04fC209cOFwzr3ce0+QCK7Btr+tpeWV1bX1wkZxc2t7Z7e0t9/Scaooa9JYxKoTEM0El6wJHATrJIqRKBCsHQxvxn77ninNY9mAUcK8iPQlDzklYCS/dNS9cLkMYXQe+A185kKoCM0e/EaeVXPPL5Xtij0BXiTOjJTRDHW/9OX2YppGTAIVROuuYyfgZUQBp4LlRTfVLCF0SPqsa6gkEdNeNnkjxydG6eEwVqYk4In6eyIjkdajKDCdEYGBnvfG4n9eN4Xw2su4TFJgkk4XhanAEONxJrjHFaMgRoYQqri5FdMBMUGASa5oQnDmX14krWrFsSvO3WW5Vp3FUUCH6BidIgddoRq6RXXURBQ9omf0it6sJ+vFerc+pq1L1mzmAP2B9fkDeDCYbw==</latexit><latexit sha1_base64="Z8XPujXoz3w1iaJNzCW6NkF05fA=">AAACBnicbVDLSsNAFJ34rPVVdSnCYBEEtSRF0GXBjcsKfUETwmQ6aYdOJmHmRqghKzf+ihsXirj1G9z5N04fC209cOFwzr3ce0+QCK7Btr+tpeWV1bX1wkZxc2t7Z7e0t9/Scaooa9JYxKoTEM0El6wJHATrJIqRKBCsHQxvxn77ninNY9mAUcK8iPQlDzklYCS/dNS9cLkMYXQe+A185kKoCM0e/EaeVXPPL5Xtij0BXiTOjJTRDHW/9OX2YppGTAIVROuuYyfgZUQBp4LlRTfVLCF0SPqsa6gkEdNeNnkjxydG6eEwVqYk4In6eyIjkdajKDCdEYGBnvfG4n9eN4Xw2su4TFJgkk4XhanAEONxJrjHFaMgRoYQqri5FdMBMUGASa5oQnDmX14krWrFsSvO3WW5Vp3FUUCH6BidIgddoRq6RXXURBQ9omf0it6sJ+vFerc+pq1L1mzmAP2B9fkDeDCYbw==</latexit><latexit sha1_base64="Z8XPujXoz3w1iaJNzCW6NkF05fA=">AAACBnicbVDLSsNAFJ34rPVVdSnCYBEEtSRF0GXBjcsKfUETwmQ6aYdOJmHmRqghKzf+ihsXirj1G9z5N04fC209cOFwzr3ce0+QCK7Btr+tpeWV1bX1wkZxc2t7Z7e0t9/Scaooa9JYxKoTEM0El6wJHATrJIqRKBCsHQxvxn77ninNY9mAUcK8iPQlDzklYCS/dNS9cLkMYXQe+A185kKoCM0e/EaeVXPPL5Xtij0BXiTOjJTRDHW/9OX2YppGTAIVROuuYyfgZUQBp4LlRTfVLCF0SPqsa6gkEdNeNnkjxydG6eEwVqYk4In6eyIjkdajKDCdEYGBnvfG4n9eN4Xw2su4TFJgkk4XhanAEONxJrjHFaMgRoYQqri5FdMBMUGASa5oQnDmX14krWrFsSvO3WW5Vp3FUUCH6BidIgddoRq6RXXURBQ9omf0it6sJ+vFerc+pq1L1mzmAP2B9fkDeDCYbw==</latexit>

[y�, bT + zT
2 ]

<latexit sha1_base64="s/lp7p2BMFmH9sgZO/9KtuVwjqY=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEQS1JEXRZcOOyQl+QxjCZTtqhk0mYmQgxBDf+ihsXirj1K9z5N07bLLT1wIXDOfdy7z1+zKhUlvVtlJaWV1bXyuuVjc2t7R1zd68jo0Rg0sYRi0TPR5IwyklbUcVILxYEhT4jXX98PfG790RIGvGWSmPihmjIaUAxUlryzAMnvTs/870WPO2rQCCcPXitPKvnrmdWrZo1BVwkdkGqoEDTM7/6gwgnIeEKMySlY1uxcjMkFMWM5JV+IkmM8BgNiaMpRyGRbjZ9IYfHWhnAIBK6uIJT9fdEhkIp09DXnSFSIznvTcT/PCdRwZWbUR4ninA8WxQkDKoITvKAAyoIVizVBGFB9a0Qj5AOQunUKjoEe/7lRdKp12yrZt9eVBv1Io4yOARH4ATY4BI0wA1ogjbA4BE8g1fwZjwZL8a78TFrLRnFzD74A+PzBytwlpg=</latexit><latexit sha1_base64="s/lp7p2BMFmH9sgZO/9KtuVwjqY=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEQS1JEXRZcOOyQl+QxjCZTtqhk0mYmQgxBDf+ihsXirj1K9z5N07bLLT1wIXDOfdy7z1+zKhUlvVtlJaWV1bXyuuVjc2t7R1zd68jo0Rg0sYRi0TPR5IwyklbUcVILxYEhT4jXX98PfG790RIGvGWSmPihmjIaUAxUlryzAMnvTs/870WPO2rQCCcPXitPKvnrmdWrZo1BVwkdkGqoEDTM7/6gwgnIeEKMySlY1uxcjMkFMWM5JV+IkmM8BgNiaMpRyGRbjZ9IYfHWhnAIBK6uIJT9fdEhkIp09DXnSFSIznvTcT/PCdRwZWbUR4ninA8WxQkDKoITvKAAyoIVizVBGFB9a0Qj5AOQunUKjoEe/7lRdKp12yrZt9eVBv1Io4yOARH4ATY4BI0wA1ogjbA4BE8g1fwZjwZL8a78TFrLRnFzD74A+PzBytwlpg=</latexit><latexit sha1_base64="s/lp7p2BMFmH9sgZO/9KtuVwjqY=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEQS1JEXRZcOOyQl+QxjCZTtqhk0mYmQgxBDf+ihsXirj1K9z5N07bLLT1wIXDOfdy7z1+zKhUlvVtlJaWV1bXyuuVjc2t7R1zd68jo0Rg0sYRi0TPR5IwyklbUcVILxYEhT4jXX98PfG790RIGvGWSmPihmjIaUAxUlryzAMnvTs/870WPO2rQCCcPXitPKvnrmdWrZo1BVwkdkGqoEDTM7/6gwgnIeEKMySlY1uxcjMkFMWM5JV+IkmM8BgNiaMpRyGRbjZ9IYfHWhnAIBK6uIJT9fdEhkIp09DXnSFSIznvTcT/PCdRwZWbUR4ninA8WxQkDKoITvKAAyoIVizVBGFB9a0Qj5AOQunUKjoEe/7lRdKp12yrZt9eVBv1Io4yOARH4ATY4BI0wA1ogjbA4BE8g1fwZjwZL8a78TFrLRnFzD74A+PzBytwlpg=</latexit><latexit sha1_base64="s/lp7p2BMFmH9sgZO/9KtuVwjqY=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEQS1JEXRZcOOyQl+QxjCZTtqhk0mYmQgxBDf+ihsXirj1K9z5N07bLLT1wIXDOfdy7z1+zKhUlvVtlJaWV1bXyuuVjc2t7R1zd68jo0Rg0sYRi0TPR5IwyklbUcVILxYEhT4jXX98PfG790RIGvGWSmPihmjIaUAxUlryzAMnvTs/870WPO2rQCCcPXitPKvnrmdWrZo1BVwkdkGqoEDTM7/6gwgnIeEKMySlY1uxcjMkFMWM5JV+IkmM8BgNiaMpRyGRbjZ9IYfHWhnAIBK6uIJT9fdEhkIp09DXnSFSIznvTcT/PCdRwZWbUR4ninA8WxQkDKoITvKAAyoIVizVBGFB9a0Qj5AOQunUKjoEe/7lRdKp12yrZt9eVBv1Io4yOARH4ATY4BI0wA1ogjbA4BE8g1fwZjwZL8a78TFrLRnFzD74A+PzBytwlpg=</latexit>
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<latexit sha1_base64="hTx/nTMt+G0OcnPCRHy1tlwIzCw="></latexit><latexit sha1_base64="hTx/nTMt+G0OcnPCRHy1tlwIzCw="></latexit><latexit sha1_base64="hTx/nTMt+G0OcnPCRHy1tlwIzCw="></latexit><latexit sha1_base64="hTx/nTMt+G0OcnPCRHy1tlwIzCw="></latexit>
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<latexit sha1_base64="UV4JL7/ek9GD/3ogWdJnKl50jjM="></latexit><latexit sha1_base64="UV4JL7/ek9GD/3ogWdJnKl50jjM="></latexit><latexit sha1_base64="UV4JL7/ek9GD/3ogWdJnKl50jjM="></latexit><latexit sha1_base64="UV4JL7/ek9GD/3ogWdJnKl50jjM="></latexit>

… … 

G[⇤](kT ,�T )
<latexit sha1_base64="cLzI0kIhKM56P5+DZAHvQtC6kNA=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClKSIuiyqKDLCn1BEsNkOmmHTjJhZiKWUNz4K25cKOLWr3Dn3zhts9DqgQuHc+7l3nuChFGpLOvLKCwsLi2vFFdLa+sbm1vm9k5b8lRg0sKccdENkCSMxqSlqGKkmwiCooCRTjC8mPidOyIk5XFTjRLiRagf05BipLTkm3tXt5njnvN7b1wZ+s1j95IwhfzmEfTNslW1poB/iZ2TMsjR8M1Pt8dxGpFYYYakdGwrUV6GhKKYkXHJTSVJEB6iPnE0jVFEpJdNXxjDQ630YMiFrljBqfpzIkORlKMo0J0RUgM5703E/zwnVeGZl9E4SRWJ8WxRmDKoOJzkAXtUEKzYSBOEBdW3QjxAAmGlUyvpEOz5l/+Sdq1qW1X75qRcr+VxFME+OAAVYINTUAfXoAFaAIMH8ARewKvxaDwbb8b7rLVg5DO74BeMj2+AGZYj</latexit><latexit sha1_base64="cLzI0kIhKM56P5+DZAHvQtC6kNA=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClKSIuiyqKDLCn1BEsNkOmmHTjJhZiKWUNz4K25cKOLWr3Dn3zhts9DqgQuHc+7l3nuChFGpLOvLKCwsLi2vFFdLa+sbm1vm9k5b8lRg0sKccdENkCSMxqSlqGKkmwiCooCRTjC8mPidOyIk5XFTjRLiRagf05BipLTkm3tXt5njnvN7b1wZ+s1j95IwhfzmEfTNslW1poB/iZ2TMsjR8M1Pt8dxGpFYYYakdGwrUV6GhKKYkXHJTSVJEB6iPnE0jVFEpJdNXxjDQ630YMiFrljBqfpzIkORlKMo0J0RUgM5703E/zwnVeGZl9E4SRWJ8WxRmDKoOJzkAXtUEKzYSBOEBdW3QjxAAmGlUyvpEOz5l/+Sdq1qW1X75qRcr+VxFME+OAAVYINTUAfXoAFaAIMH8ARewKvxaDwbb8b7rLVg5DO74BeMj2+AGZYj</latexit><latexit sha1_base64="cLzI0kIhKM56P5+DZAHvQtC6kNA=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClKSIuiyqKDLCn1BEsNkOmmHTjJhZiKWUNz4K25cKOLWr3Dn3zhts9DqgQuHc+7l3nuChFGpLOvLKCwsLi2vFFdLa+sbm1vm9k5b8lRg0sKccdENkCSMxqSlqGKkmwiCooCRTjC8mPidOyIk5XFTjRLiRagf05BipLTkm3tXt5njnvN7b1wZ+s1j95IwhfzmEfTNslW1poB/iZ2TMsjR8M1Pt8dxGpFYYYakdGwrUV6GhKKYkXHJTSVJEB6iPnE0jVFEpJdNXxjDQ630YMiFrljBqfpzIkORlKMo0J0RUgM5703E/zwnVeGZl9E4SRWJ8WxRmDKoOJzkAXtUEKzYSBOEBdW3QjxAAmGlUyvpEOz5l/+Sdq1qW1X75qRcr+VxFME+OAAVYINTUAfXoAFaAIMH8ARewKvxaDwbb8b7rLVg5DO74BeMj2+AGZYj</latexit><latexit sha1_base64="cLzI0kIhKM56P5+DZAHvQtC6kNA=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClKSIuiyqKDLCn1BEsNkOmmHTjJhZiKWUNz4K25cKOLWr3Dn3zhts9DqgQuHc+7l3nuChFGpLOvLKCwsLi2vFFdLa+sbm1vm9k5b8lRg0sKccdENkCSMxqSlqGKkmwiCooCRTjC8mPidOyIk5XFTjRLiRagf05BipLTkm3tXt5njnvN7b1wZ+s1j95IwhfzmEfTNslW1poB/iZ2TMsjR8M1Pt8dxGpFYYYakdGwrUV6GhKKYkXHJTSVJEB6iPnE0jVFEpJdNXxjDQ630YMiFrljBqfpzIkORlKMo0J0RUgM5703E/zwnVeGZl9E4SRWJ8WxRmDKoOJzkAXtUEKzYSBOEBdW3QjxAAmGlUyvpEOz5l/+Sdq1qW1X75qRcr+VxFME+OAAVYINTUAfXoAFaAIMH8ARewKvxaDwbb8b7rLVg5DO74BeMj2+AGZYj</latexit>

kT ·�T
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small-x behavior of (dipole) gluon TMDs 

  gluon TMD correlator: 

 
     parametrized (for unpolarized hadrons) 

 
  Comparison with Wilson loop correlator 

 

  Small x behavior of (dipole) gluon TMDs 

7 

�[U,U 0]µ⌫(x, pT ;n) =

Z
d ⇠·P d2⇠T

(2⇡)3
eip·⇠ hP ,S|Fnµ(0)U[0,⇠] F

n⌫(⇠)U 0
[⇠,0] |P ,Si

��
⇠·n=0

Γαβ ( p)

✏↵(k)✏�⇤(k) =)

�↵�[U ](x, kT ) =
x

2

⇢
�g↵�T f [U ]

1 (x, k2T ) +
k↵�T

M2
h? [U ]
1 (x, k2T )

�

<latexit sha1_base64="sKG0Z6BfFFMCPAHg12Am2PDTsNY="></latexit><latexit sha1_base64="sKG0Z6BfFFMCPAHg12Am2PDTsNY="></latexit><latexit sha1_base64="sKG0Z6BfFFMCPAHg12Am2PDTsNY="></latexit><latexit sha1_base64="sKG0Z6BfFFMCPAHg12Am2PDTsNY="></latexit><latexit sha1_base64="sKG0Z6BfFFMCPAHg12Am2PDTsNY="></latexit>

x f [+,�]
1 (x, k2T )

x!0
=) k2T

2M2
e[+,�](k2T )

<latexit sha1_base64="csF8WP2isD0Oap1/iK1tEkqAmb4="></latexit><latexit sha1_base64="csF8WP2isD0Oap1/iK1tEkqAmb4="></latexit><latexit sha1_base64="csF8WP2isD0Oap1/iK1tEkqAmb4="></latexit><latexit sha1_base64="csF8WP2isD0Oap1/iK1tEkqAmb4="></latexit>

xh?[+,�]
1 (x, k2T )

x!0
=) e[+,�](k2T )

<latexit sha1_base64="CAV2YvPvEXlIvPsuRlyU2ygpKxM="></latexit><latexit sha1_base64="CAV2YvPvEXlIvPsuRlyU2ygpKxM="></latexit><latexit sha1_base64="CAV2YvPvEXlIvPsuRlyU2ygpKxM="></latexit><latexit sha1_base64="CAV2YvPvEXlIvPsuRlyU2ygpKxM="></latexit>

Γ0( pT )
�[+,�]
0 (kT ) =

1

2M2
e[+,�](k2T )

<latexit sha1_base64="aGWnAZFUVDxJRLmx3ykPBEw+5gM="></latexit><latexit sha1_base64="aGWnAZFUVDxJRLmx3ykPBEw+5gM="></latexit><latexit sha1_base64="aGWnAZFUVDxJRLmx3ykPBEw+5gM="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="D0GpN+Z17drJhNq1UONhjJOYmHc=">AAACF3icbZDNS8MwGMbf+jnn1/TqJTiEDXW0u6gHQfCgF2HCNoW1K2mWaljSliQVRunf4sV/xYsHRT3535huE/x6IfDwPE9I3l+QcKa0bX9YM7Nz8wuLpaXy8srq2nplY6Wr4lQS2iExj+V1gBXlLKIdzTSn14mkWAScXgXD0yK/uqNSsThq61FCPYFvIhYygrWx/MqRe4aFwP2st7u37+W+XRv67To6Rm4oMcmcPGte9Ju5u0e/KkWh36yX/UrVbtjjQX+FMxVVmE7Lr7y5g5ikgkaacKxUz7ET7WVYakY4zctuqmiCyRDf0J6RERZUedl4xRztGGeAwliaE2k0dr/fyLBQaiQC0xRY36rfWWH+l/VSHR56GYuSVNOITB4KU450jApeaMAkJZqPjMBEMvNXRG6xYaMN1QKC83vlv6LbbDh2w7m0oQRbsA01cOAATuAcWtABAvfwCM/wYj1YT9brBNeMNeW2CT/Gev8EMpafVA==</latexit><latexit sha1_base64="D0GpN+Z17drJhNq1UONhjJOYmHc=">AAACF3icbZDNS8MwGMbf+jnn1/TqJTiEDXW0u6gHQfCgF2HCNoW1K2mWaljSliQVRunf4sV/xYsHRT3535huE/x6IfDwPE9I3l+QcKa0bX9YM7Nz8wuLpaXy8srq2nplY6Wr4lQS2iExj+V1gBXlLKIdzTSn14mkWAScXgXD0yK/uqNSsThq61FCPYFvIhYygrWx/MqRe4aFwP2st7u37+W+XRv67To6Rm4oMcmcPGte9Ju5u0e/KkWh36yX/UrVbtjjQX+FMxVVmE7Lr7y5g5ikgkaacKxUz7ET7WVYakY4zctuqmiCyRDf0J6RERZUedl4xRztGGeAwliaE2k0dr/fyLBQaiQC0xRY36rfWWH+l/VSHR56GYuSVNOITB4KU450jApeaMAkJZqPjMBEMvNXRG6xYaMN1QKC83vlv6LbbDh2w7m0oQRbsA01cOAATuAcWtABAvfwCM/wYj1YT9brBNeMNeW2CT/Gev8EMpafVA==</latexit><latexit sha1_base64="EGBCUJ+fh24v8lzu5j7d+Z8REHc="></latexit><latexit sha1_base64="aGWnAZFUVDxJRLmx3ykPBEw+5gM="></latexit><latexit sha1_base64="aGWnAZFUVDxJRLmx3ykPBEw+5gM="></latexit><latexit sha1_base64="aGWnAZFUVDxJRLmx3ykPBEw+5gM="></latexit><latexit sha1_base64="aGWnAZFUVDxJRLmx3ykPBEw+5gM="></latexit><latexit sha1_base64="aGWnAZFUVDxJRLmx3ykPBEw+5gM="></latexit><latexit sha1_base64="aGWnAZFUVDxJRLmx3ykPBEw+5gM="></latexit>

D Boer, S Cotogno, T van Daal, PJM, A. Signori, Y Zhou, JHEP 1610 (2016) 013, ArXiv 1607.01654 

�(x)�[U,U 0]
0 (kT ;n) =

Z
d ⇠·P d2⇠T

(2⇡)3
eik·⇠ hP ,S|U[0,⇠] U

0
[⇠,0] |P ,Si

��
⇠·n=0



Structure of gluon TMD PDFs in spin 1 target 
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Gluon TMDs in polarized nucleon 

  Polarized target (vector polarization) 

  Cf. Wilson loop TMDs in polarized nucleon (no TMD for L polarization)  
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Small x physics in terms of TMDs 

  Dipole gluon TMDs: at small x only two structures for unpolarized and 
transversely polarized nucleons: pomeron & odderon structure 

 
  Reflects role of Wilson loop in 1D à 3D transition where gluons emergence 
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C-odd gluon correlations in peripheral pA collisions 

Odderon type of correlations are     
C-odd! 

  In a nucleus the z-dependence is 
restricted to nucleon size, while the 
b-dependence follows the nucleon 
density profile 

  The odd kT.ΔT dependence can show 
up as a non-vanishing v1 elliptic flow 
parameter in pA peripheral collisions 

     (Boer, van Daal, PJM, Petreska, 
     ArXiv 1805.05219) 
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Figure 3: The directed flow v1(k) for a lead nucleus with A = 208, RA = 1.12A1/3 fm, and
� = 0.54 fm. Furthermore, we take ↵s = 0.3, ⇤ = 0.24GeV, and kref = 0.8GeV.

with exactly the same DPDs for qq, q̄q̄, and qq̄ pairs, the sum over all partons scattering
o↵ the nucleus would not give any odd harmonics. However, it is known that for values of
x  10�1, the DPDs di↵er for di↵erent pairs of partons with an x-dependent width in the
Gaussian model [102,103]. In general, the proton DPD takes the following form:

Fp(x1, x2, b1 � b2) = fab(x1, x2)
1

4⇡hab(x1, x2)
e
� (b1�b2)

2

4hab(x1,x2) , (44)

where the labels a, b refer to quarks or antiquarks. The precise form of hab, including numerical
values for the relevant parameters, can be found in [103]. Due to the fact that the proton DPDs
di↵er for di↵erent combinations of quarks and antiquarks, our mechanism would also produce
nonzero odd azimuthal correlations away from the forward-rapidity region. For the case of gluon
production, the odd harmonics in our model are zero by construction. This is because the adjoint
dipole operator SA = Tr[V (x)V †(y)]/(N2

c �1), describing the scattering of gluons o↵ the CGC,
is purely real.

4.2 Di↵ractive dijet production in ultra-peripheral pA collisions

The gluon dipole GTMD distribution (and therefore the dipole Wigner distribution) appears also
in the cross section for di↵ractive dijet production in DIS and in ultra-peripheral pA collisions,
which has been shown in [87, 104]. However, the mechanism we have discussed so far does not
generate odd azimuthal angular correlations between the produced jets. The cross section for
this process involves the absolute value squared of the dipole operator and the odderon only
gives corrections to the angle-independent and cos 2(�R���) coe�cients. For completeness we
derive the form of these corrections.

Analogous to the parametrization in eq. (29) in terms of Wigner distributions, the dipole
GTMD correlator, defined in eq. (14), can be parametrized as

G(x,k,�) = G0(x,k
2,�2) + 2 i cos(�k � ��)G1(x,k

2,�2)

+ 2 cos 2(�k � ��)G2(x,k
2,�2) + . . . (45)

The produced jets have transverse momenta k1 and k2 such that k1+k2 = ��, and the relative
transverse momentum of the dijet is given by R ⌘ (k2 � k1)/2. The contributions from the
functions G0 and G2 to the dijet production cross section have been calculated in [104]:

d�pA

dy1dy2 d2k1d2k2
/ A2 + 2 cos 2(�R � ��)AB, (46)

13

Directed flow v1(k) for p Pb scattering 
using CGC 



COLOR ENTANGLEMENT (IN DY) 

12 



  
  Complications if the transverse momentum of two 

initial state hadrons is involved, resulting for DY at 
measured QT in 

 
  This leads to color factors just as for twist-3 

squared in collinear DY 
 

 
 

 Color factors for (entangled) multiple T-odd TMDs 

13 

NIKHEF 2013-028

Color entanglement for azimuthal asymmetries in the Drell-Yan process

M.G.A. Buffing1, ∗ and P.J. Mulders1, †

1Nikhef and Department of Physics and Astronomy, VU University Amsterdam,
De Boelelaan 1081, NL-1081 HV Amsterdam, the Netherlands

(Dated: September 18, 2013)

In the resummation of collinear gluons emitted together with active partons from the hadrons
in the Drell-Yan process (DY) effects of color entanglement become important when the transverse
directions are taken into account. It is then no longer possible to write the cross section as the con-
volution of two soft correlators and a hard part. We show that the color entanglement introduces
additional color factors that must be taken into account in the extraction of transverse momen-
tum dependent parton distribution functions (TMD PDFs) from azimuthal asymmetries. Examples
where such effects matter are the extraction of the double Sivers and double Boer-Mulders asym-
metries. Furthermore, we will argue why this color entanglement is a basic ingredient already in the
tree-level description of azimuthal asymmetries.

PACS numbers: 12.38.-t; 13.85.Ni; 13.85.Qk

INTRODUCTION

In Ref. [1] it was shown that the inclusion of contribu-
tions of collinear gluons in high-energy hadroproduction
processes leads to the entanglement of color, complicat-
ing factorization of the cross sections into a hard part and
soft correlators. Collinear gluons refer to gluons emitted
from each of the target hadrons, described by parton dis-
tribution functions, with polarization along the hadron
momentum. In Ref. [2] it was argued that this com-
plication of factorization is even important at tree-level,
where gauge links lead to color entanglement in the pro-
cess, making it impossible to write a process with two
initial state hadrons as the product of two correlators.
These complications do not imply that observables can
no longer be calculated, merely that results are different
from the naive picture and have a richer phenomenol-
ogy. In this paper, we will focus on the Drell-Yan pro-
cess only [3] and show in more detail what is different and
how this affects measurements of asymmetries. In this,
we will go beyond the double weighted case in Ref. [2]
and use the results of Ref. [4] to discuss in general all
asymmetries accessible through Drell-Yan involving un-
polarized or polarized TMD PDFs at leading order in an
expansion in 1/Q, often sloppily referred to as ‘at leading
twist’. We will also show why this effect of color entan-
glement is an essential ingredient, already at tree-level.

WILSON LINES AT TREE-LEVEL

The leading order Drell-Yan cross section before taking
into account gauge links, which are also leading order
contributions, is illustrated in Fig. 1 and given by

dσDY ∼ Trc
[
Φ(x1, p1T )Γ

∗Φ(x2, p2T )Γ
]

=
1

Nc
Φ(x1, p1T )Γ

∗Φ(x2, p2T )Γ, (1)

where Φ and Φ are the quark and antiquark correla-
tors respectively, Fourier transforms of forward matrix
elements of quark fields, and where Γ and Γ∗ repre-
sent the hard scattering interaction in which a virtual
photon or weak vector boson with momentum q is pro-
duced. The standard color factor emerges because the
color trace is usually included in the definition of the
correlator Φ, i.e. Trc[1]/(Trc[1] Trc[1]) = 1/Nc. This is
also the basic expression of the TMD factorized parton
model description after expanding into TMD PDFs. The
result involves soft parts integrated over parton virtual-
ities and is actually a convolution over the parton mo-
menta pi = xi P + piT . High-energy kinematics links the
momentum fractions (or p+ components) to scaling vari-
ables x1 = P2·q/P1·P2 and x2 = P1·q/P1·P2 and the sum
of transverse momenta to the observable transverse mo-
mentum p1T + p2T = qT ≡ q − x1 P1 − x2 P2, which is
the transverse momentum of the virtual photon or the
lepton pair with respect to the momenta P1 and P2, see
Ref. [5].

In the qT -integrated situation, collinear gluons are sim-
ply absorbed in the correlators Φ as color gauge links.

FIG. 1: The DY process in the diagrammatic represen-
tation, where the yellow blobs are described by the TMD
PDFs. The Γ and Γ∗ represent the hard scattering, pro-
ducing a virtual photon.

2

FIG. 2: The gauge connections contributing for Drell-
Yan, indicated by gray blobs at the location in the diagram
where they appear after resummation, the coordinates in
brackets labelling the endpoints of the Wilson lines in co-
ordinate space. The separations ξi are conjugate to par-
ton momenta pi involving light-cone ξ− and ξT directions.
The U− gauge connections run to light-cone ξ− = −∞.

The correlators only depend on momentum fractions that
are conjugate to light-like nonlocalities in the expressions
in terms of partonic fields. Gauge links are just sim-
ple straight Wilson lines. At measured qT , determining
the cross section for Drell-Yan includes gauge links with
transverse separations involving collinear and transverse
gluons. In the process the color remains entangled as il-
lustrated in Fig. 2. Bypassing the details of getting gauge
links in the first place, we note that at measured qT the
ingredients that contribute to the gauge links appear in
different parts of the diagram and cannot be trivially ab-
sorbed in the definition of the TMD correlators, nor can
they be incorporated by a simple redefinition of the corre-
lator. Therefore, the name gauge connection rather than
gauge link is used at this point. The result is

dσDY = Trc
[
U †
−[p2]Φ(x1, p1T )U−[p2]Γ

∗

×U †
−[p1]Φ(x2, p2T )U−[p1]Γ

]
(2)

≠
1

Nc
Φ[−](x1, p1T )Γ

∗Φ
[−†]

(x2, p2T )Γ,

suppressing all parts of the (partial) cross section that are
not of direct importance for our purpose, e.g. the phase
space factors. As arguments of the Wilson lines we have
used a notation with the momenta p1 and p2 in square
brackets, merely to indicate from which correlator the
gauge connections receive contributions in the form of
gluon emissions. Also, in Eq. 2 the dagger indicates the
direction of the gauge connection in coordinate space, as
is explained in e.g. Ref. [2]. In the ‘attempt’ in the second
expression Φ[−](x1, p1T ) = Trc

[
Φ(x1, p1T )U

†
−[p1]U−[p1]

]

is a color gauge-invariant TMD with a nontrivial (staple
like) link running via light-cone minus infinity.
In the above, both the TMD distribution functions Φ

and the Drell-Yan cross section can be expanded in trans-

verse moments, yielding

Φ(x, pT ) =
∑

m

Φ(m)(x, p2
T
) pm

T
(ϕ), (3)

dσDY(x1, x2, qT ) =
∑

m

dσ(m)
DY (x1, x2, q

2
T
) qm

T
(ϕ),(4)

where the angle ϕ represents the angular dependence of
the transverse vectors pT or qT , respectively and pm

T
(ϕ) is

the symmetric traceless rank m tensor constructed from
the transverse momenta, i.e.

pα1...αm

T
= pα1

T
. . . pαm

T
−traces ⇐⇒

|pT |m

2m−1
e±imϕ. (5)

AZIMUTHAL EXPANSION OF THE PARTON

CORRELATORS

By inverting these expressions, one can relate the def-
inite rank TMDs Φ(m)(x, p2

T
) to the azimuthally inte-

grated full TMD PDFs Φ(x, pT ) weighted with pm
T
(ϕ),

as explained in detail in Refs. [2, 4]. The definite rank
functions appearing in the expansion for Φ are actually
quark or gluon correlators with in the matrix elements
additional derivatives or gluonic fields, depending on the
inserted operator being iDα

T
or Aα

T
denoted as Φα

D, Φα
A,

Φαβ
DD, etc. In the treatment of TMD PDFs one needs ac-

tually only particular combinations of these correlators.
Performing the transverse momentum weightings is sen-
sitive to the nonlocality of the operators, in particular
also the gauge links and their path. For example, for a
TMD correlator with a gauge link U one finds

Φα [U ]
∂ (x) =

∫
d2pT pα

T
Φ[U ](x, pT )

= Φ̃α
∂ (x) + C [U ]

G Φα
G(x), (6)

where Φ̃α
∂ (x) = Φα

D(x)−Φα
A(x) is the difference between a

quark correlator including a covariant derivative and the
quark-gluon-quark correlator, while Φα

G(x) is a gluonic
pole matrix element, corresponding to the emission of a
collinear gluon of zero momentum [6]. These functions
are collinear and independent of the gauge link. That

dependence is only in the gluonic pole coefficient C [U ]
G ,

see Ref. [7]. For the simple staple gauge links U± the

gluonic pole coefficients are C [±]
G = ±1. Similarly, we

have higher moments,

Φαβ [U ]
∂∂ (x) = Φ̃αβ

∂∂ (x) + C [U ]
G Φ̃αβ

{∂G}(x)

+ C [U ]
GG,cΦ

αβ
GG,c(x), (7)

etc. An extra index c is needed if there are multiple
possibilities to construct a color singlet as is the case for
a field combination ψGGψ, namely Trc[GGψψ] (c = 1)
and Trc[GG] Trc[ψψ]/Nc (c = 2). For the staple like links

only one configuration is relevant, having C [±]
GG,1 = 1 and

σ DY (x1,x2 ,qT )  = 1
Nc
f1(x1, p1T )⊗ f1(x2 , p2T )

                     − 1
Nc

1
Nc

2 −1
h1
⊥(x1, p1T )⊗ h1

⊥(x2 , p2T )cos(2ϕ )
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For DY, factorization holds up to leading power in � ⌘ |q|/Q, where Q represents the

hard scale of the process and q is the transverse momentum of the photon. [tk: do we NOTE

need a max(⇤, qT )?]

The TMD factorization theorem for DY takes the following form for unpolarized

hadrons [1, 2]:

d�

d⌦ dx1dx2 d
2q

=
↵
2

Nc q
2

X

q

e
2
q

Z
d
2k1

Z
d
2k2 �

(2)(k1 + k2 � q)
h
Af1,q(x1,k

2
1) f̄1,q̄(x2,k

2
2)

+B cos(2�)h?1,q(x1,k
2
1) h̄

?
1,q̄(x2,k

2
2)
i
+O(�), (2.1)

where the sum runs over the di↵erent quark flavors labeled by q.1 The electrical charge eq is

given in units of the elementary charge, and ↵ denotes the fine-structure constant. Further-

more, we use bold face to refer to two-dimensional transverse vectors. The functions f1 and

h
?
1 denote the unpolarized and Boer-Mulders quark TMDs respectively [3]. A bar on these

functions refers to antiquarks. The hard scattering factors �̂U and �̂BM appear in the dou-

ble unpolarized and double Boer-Mulders terms respectively. The Boer-Mulders function

comes with an azimuthal-angular dependence, induced by the transverse polarization of

the quark inside the unpolarized proton. The double unpolarized contribution to eq. (2.1),

i.e. the first term, comes with the “standard” color factor of 1/Nc. The factor c in the

second term is an additional color factor that is associated with the double Boer-Mulders

contribution. The case c 6= 1 would imply color entanglement for azimuthal asymmetries.

In ref. [4] it was found that c = �1/(N2
c �1), based on the graph in figure 2. The main goal

of this paper is to determine the value of c, by an explicit calculation following closely the

derivation of the DY factorization theorem. The main goal of this paper is to determine

the color factor of the double Boer-Mulders contribution by an explicit model calculation,

following closely the derivation of the DY factorization theorem.

p2 p2

p1 p1

k2

k1
k1 � `1

q q

k2 � `2

`1

`2

h?1

h̄?1

Figure 2: An example of a lowest-order graph that gives a nonzero contribution to the

double Boer-Mulders term in the DY factorization theorem.

The angular dependent term gives a nonzero single spin asymmetry

A = insert definition of typical asymmetry / h
?
1 h̄

?
1 (2.2)

1For convenience, flavor labels will be suppressed throughout most of this paper.
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Our paper is organised as follows. In the next section we will discuss the definition of

the BM function and its contribution to the azimuthal-angular dependent term in the DY

cross section for unpolarised hadrons. Before we move on to the factorisation calculation

in the model, we will first discuss in section 3 the key elements of the factorisation proof.

Subsequently, in section 4 we present an explicit model calculation that shows how the

‘colour-entangled’ structures are precisely disentangled, yielding the well-known factorisa-

tion formula. Sections 4.1–4.4 describe the dBM contribution only, whereas in section 4.5

we comment also on the double Sivers and double unpolarised contributions. The main

results are summarised in section 5, and some technical details are given in the appendices.

2 Extracting TMDs from observables

In this paper we focus on DY scattering, producing a virtual photon (or Z boson) with

momentum q, which in turn decays into a charged lepton-antilepton pair with momenta

l and l′. The leading-order diagram for this process is schematically illustrated in fig-

ure 1. The quark and antiquark with momenta k1 and k2 are extracted from the colliding

hadrons (such as protons) with momenta p1 and p2, which is encoded by the quark and

antiquark correlators Φ and Φ respectively. These correlators can be parametrised in terms

of quark and antiquark TMDs. For unpolarised protons, the quark TMD correlator can be

parametrised in terms of two so-called leading-twist TMDs, namely the unpolarised func-

tion f1 and the BM function h⊥1 (we will denote the antiquark analogues with a bar) [13, 29].

The quark TMDs depend on the longitudinal momentum fraction x1 ≡ k+1 /p
+
1 as well as

the transverse momentum k2
1.
1

p2 p2

p1 p1

k2

k1k1

q q

k2

Φ

Φ

l

l′

Figure 1: The DY process at leading order: a quark and antiquark are extracted from

the colliding hadrons, producing a virtual photon that subsequently decays into a lepton

pair. The green ‘blobs’ represent the quark and antiquark correlators, and the dotted line

in the middle represents the final-state cut.

Factorisation of DY scattering into TMDs and a perturbatively calculable hard factor

was established by Collins, Soper, and Sterman (CSS) during the eighties in [26–28]. The

1Throughout the paper we make use of light-cone coordinates: we represent a four-vector a as (a+, a−,a),

where a± ≡ (a0 ± a3)/
√
2 and a ≡ (a1, a2). We also define the four-vector aT with components (0, 0,a), so

that a2
T = −a

2.

– 3 –



Unwinding color entanglement in DY 

  A model calculation: gluons needed for T-odd BM TMD functions 
  Inclusion of Glauber gluons  

  First two diagrams give entanglement with additonal color factor beyond 1/N 

 
  Effect is cancelled by third (right) diagram! 

 
  Essential (in model unavoidable) is perturbative treatment and color in final state! 
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Figure 9: The relevant double-gluon exchange graphs that contribute to the dBM part of the DY
cross section. This set is supplemented by graphs that can be obtained by p$ p̄ or Hermitian
conjugation.

The sum over all diagrams in the G1G2 region can be written as follows:

d�dBM
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= 2


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�
, (39)

where d xi is short for d x1d x2. The factor of 2 in front arises from taking into account the
graphs that can be obtained from (b) and (c) (and their Hermitian conjugates) by p $ p̄.
Diagram (d) is given in figure 10. Although this graph already comes with the expected 1/Nc
colour factor and will not play any role in disentangling the colour structures of diagrams
(a)–(c), it is needed to obtain the full contribution from the G1G2 region.

We now proceed with the leading-power calculation of the dBM contributions from di-
agrams (a)–(c) to the differential cross section in eq. (1). As mentioned, we consider only
the G1G2 region. In the following, all diagrams will be expressed in terms of the functions �
(defined in eq. (34) and simplified in eq. (37)) and � (the antiquark analogue of �). In this
subsection, flavour labels (and the sum over different flavours) will be implicit.

Diagram (a). Using the decomposition in eq. (22) to select transversely polarised quarks and
antiquarks, we find that the dBM contribution from diagram (a) to the differential cross section
is given by
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(a) =) � 1

N2
c � 1

1

Nc

(a) + (b) + (c) =) 1

Nc
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QUARKS AND LEPTONS AS  
ENTANGLED MULTIPARTITE STATES 
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  Then for something completely different:  

     (NOT) HAPPY WITH STANDARD MODEL 

  In spite of the success of Standard Model! 

  Three families, colors, space dimensions! 
  Left-right (a)symmetry? B-L? 
  Naturalness? Missing supersymmetry? 
  Confinement and Collinearity in QCD? 

PJM 1601.00300 
PJM 1801.03664 



QCD – entangled states and QIT 

  Parton-hadron duality in hard QCD scattering: PDFs x FFs 
  nucleon is pure state à ensemble of partons (good light-front states)  

    [see also Kharzeev & Levin (1702.03489)]  
  hard (short distance) process: partons à partons   
  emerging partons are pure state(s) à ensemble of hadron states 

  Entangled (pure) states |Φ> in                with a density matrix ρ = |Φ><Φ| lead 
to ensembles (non-pure state) in the reduced spaces. 
  EPR bipartite pure state leads to a 50% - 50% ensemble in both subspaces. 
  Relevant dimensionality: PDF ~ Nc while FF ~ 1/Nc   

  Maybe both hadrons and partons live in a multipartite Hilbert space !  

  Possibly combined with a principle of maximal entanglement (MaxEnt), such as 
hinted at in Cervera-Lierta, Latorre, Rojo & Rottoli (1703.02989): maximally 
entangled chiral left/right two-particle states are consistent with QED (gA=0) & 
electroweak (gV=0), at least if sin ΘW = ½ 
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Bipartite entangled states 

  Bell states are maximally entangled states:                  or 
  They belong to the same class (SLOCC, for us local unitary, local = subspace) 

 
  Symmetry eigenstates are in general entangled 
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|RLi± |LRi
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⇢ = |BellihBell| =) ⇢A = 1
2 (|RihR|+ |LihL|)
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Bell 

singlet triplet 



Tripartite entangled states 

  Two classes of maximally entangled states:                   
     (Dur, Vidal, Cirac 2000) 
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GHZ 
ABC 

A-B-C 

|GHZi = 1p
2
(|RRRi+ |LLLi)

|Wi = 1p
3
(|LRRi+ |RLRi+ |RRLi)

|Wi =) ⇢AB = 2
3 |BellihBell|+

1
3 |RRihRR|

<latexit sha1_base64="gK7KWQvR4z3N3myKCIxVA0e7ZcE="></latexit><latexit sha1_base64="gK7KWQvR4z3N3myKCIxVA0e7ZcE="></latexit><latexit sha1_base64="gK7KWQvR4z3N3myKCIxVA0e7ZcE="></latexit><latexit sha1_base64="gK7KWQvR4z3N3myKCIxVA0e7ZcE="></latexit>

|GHZi =) ⇢AB =
1
2 (|RRihRR|+ |LLihLL|)
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ABC 

B-AC 
Ib=U, YU 

C-AB 
Ig=V, YV 

A-BC 
Ir=I, YI 



Tripartite entangled states 

  Two classes of maximally entangled states:                   
     (Dur, Vidal, Cirac 2000) 
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GHZ 
3D, c=1 

A-B-C 

|GHZi = 1p
2
(|RRRi+ |LLLi)

|Wi = 1p
3
(|LRRi+ |RLRi+ |RRLi)

|Wi =) ⇢AB = 2
3 |BellihBell|+

1
3 |RRihRR|
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|GHZi =) ⇢AB =
1
2 (|RRihRR|+ |LLihLL|)
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1D, color 

B-AC 
Ib=U, YU 

C-AB 
Ig=V, YV 

A-BC 
Ir=I, YI 



Quarks and leptons as entangled states 

  Symmetry eigenstates are in general entangled 

  Hope is that basic product states are simple and even may exhibit SUSY 
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3D, c=1 

W 
1D, color 

leptons 

γ,Z,W,H 

hadrons 

quarks 

(gluons) 

-1/2 1/2 

1 

Y 

I3 

-1/2 1/2 
I3 

1 

Y 

φL
+

φL
− φL

0

φR
+φR

0

φR
−

-1/2 1/2 
I3 

1 

Y 

ξL
+

ξL
− ξL

0

-1/2 1/2 

1 

Y 

I3 

ξR
+ξR

0

ξR
−

A-B-C 

PJM 1601.00300, PJM 1801.03664 



MULTIPARTITE FERMIONS IN THE STANDARD MODEL 
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Standard model particle content 
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Y 

+1 

-1 

I3 

uR

eR
−

eL
+

dL

νR eR
+

dL

uR

eL
−

dR

uL

dR

uL

ν L

-1/2 +1/2 W +
γZ 0W −

H 0

Important: multipartite classification 
can give a natural explanation for the 
electroweak symmetry structure in 
the standard model 



Fermionic excitations: leptons and quarks 

  Tripartite states (R: 1 2 3 & L: 1 2 3)  
  Aligned (RRR, LLL) GHZ states 

  SO(3) à asymptotic/space 
    I, U, and V allowed 
  Three A(4) singlets 

  Mingled (RRL, RLL) W-states 
  non-asymptotic 

    I, U, or V allowed 
  Three A(4) triplets 
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Fermionic excitations: electroweak identification 
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uRuR

dR
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dR

⌫R

⌫LeL

eR
Y g

Y b

Ib3

Ig3 Qg

Qb

Qr

Ir3 = I3

Y r = Y
 
  LEPTONS 

     Aligned (RRR, LLL) 
  SO(3) à asymptotic/space 

    I, U, and V allowed 
  Three A(4) singlets (families) 
  Family mixing is  

    tri-bimaximal 
  QUARKS 

     Mingled (RRL, RLL) 
  non-asymptotic 

    I, U, or V allowed 
  Three A(4) triplets (families) 
  Just one heavy quark! 

  Resembles the rishon model 
(Harari & Seiberg 1982) 

 
 

 
 
 

                                                                           
 



A paradigm shift? 

  Start with less dimensions (1+1 à 1+3) advantageous 
  Convergence: d[φ] = (d-2)/2 à 0, d[ξ] = (d-1)/2 à½, naturalness, …      
[see Stojkovic – 1406.2696] 

  Take the appropriate quantum states in multipartite space: ontological basis                 
[see ‘t Hooft – 1405.1548] 

  Tripartite space for quarks naturally has color dual to space/electroweak. 
  Can explain why color naturally is decoupled from electroweak interactions 
  Full color invisible in 3D: local gauge invariance! No free quarks or gluons! 
  Global color visible in 3D via valence quarks, N vs 1/N, f x D (distribution x 
fragmentation), color flow (future and past pointing gauge links), … 
  Natural role for Wilson loops generating (gluon) TMDs (1805.05219)   

  Natural arena for light-front approach with a ‘preferred’ space direction: 
quantization of good fields, dominating the OPE at high energies, these are 
asymptotic (free) fields (Kogut & Soper): 

  New ways to look at color-kinematic duality, soft collinear effective theory 
(SCET), .... 
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Concluding remarks 

  3D tomography: role of Wilson loop GTMDs 

  Test case: color entanglement in DY 

  Conjecture: quarks, leptons and hadrons in multipartite spaces 
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