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Factorization theorems with TMUs
Veﬁm’ﬂon of Operators

(Z3 p0renIs Self contained definition of TMP
Consistent freatment of iZZ{> "W%?"s
l’apld'l’fy divergences in Spin Without referring to a scattering
(inldependent TMPs Drocess

© Quark and gluon components of the generic TMPs

d\
Dij(a,b) = [ 77e P g (An+b) W(A,b)g; (0)
1 d)\ i -|->\
(I)MV(ZC,b) —:Cp+ %6 p F_'_'u ()\’n—|‘ b) W()\,b)F_H/ (O)

o The soft function renormalizes the rapidity divergences Ketactor
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Factorization theorems with TMDs
Drell-Yan cross section
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Factorization theorems allow us to write eross sections as
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Swall-b operator product expansion

Small-b OPE =>Relation between TMP operators and lightcone operators
Dij(3,6) = | (Corqg®)r ® 6| (2) + | (Cag®)) © dap] () + -,

0 (@,0) = | (Coug®))in ® dus| (@) + | (Cog(®))35 ® Gas| (@) + -

Projectors over polarizations
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Swall-b OPE: Cancellation of rapidity
divergences

o Swall-b OPE for a generic TMP quark operator

(I)EIF] = Fa’b¢ab i CLSCFBEF(—G) [

EAng ! 4\ ab
. ((1 _1x)+ —In (%)) <7+7_F—|—F7_7+ =+ ZeszF + Zd;? ) —I—] ® dap + O(a3)

o General B-factor

R=142a;CpBT'(—¢) (L\/f T (i) Eug 7 i s ’YE) i O(a?)
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Spin dependent TMVP
decowmposition

Hadron matrix elements of TMD decomposed over all posible Lorentz variants
Polarized TMUPDFs

Goeke, Metz, Schegel 0504130,
Natu rally /"-ﬁ Bacchetta, Boer, Diehl, Mulders
Mowentum space ' 08030227

defined
. .. b-space (IPS)
Boer, Gamberg, Musch, Prokudin 11075294
Echevarria, Kasemets, Mulders, Pisano
1502.05354

vecomPOSifio." over Unpolarized Helicity
Lorentz variants quarks ‘x /__) quarks
1
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Pretzelosity
Transversity é/ iz \\ﬂ

1 L g’jf/ b“b”
By p (T, b) = (B, (2, b)) = 5(— g F9 — e nglL 2 (170 )

Unpolarized é,/ Lmearly polarized
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polarized gluons
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Transversity and

Pretzelosity at
NLO




Lorentz structure and
matching

Usual spinor structure Common spinor structure

>
et — gTH
I' = Y50 Not wmixture with gluons I'=o0

Schewe dependent at leading twist Schewe independent!

Calculating [ D and comparing with the general parameterization
i aeeaRE R = )

+u]

o 1 otV at?
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Transversity = Transversity Pretzelosity = Transversity
matching matching



Matching coefficients up fo NLO

O y(z,b) Z 5C<“f S Fip bl )

TMP

. : POF
Let us solve it recursively!
SO, — ol (a,b)
1
5(“0][%]—]“ = (I)[1 ]f<—f (,b) — h[1;]f<—ff (x)




Matching coefficients up fo NLO

1

dy z

Him b = [ <2 3 dCo (1) HG)+ 0
- 5 f=a,q |

My Let us solve it recursively! i
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Renormalized TMDs up to NLO

I<I>(-fv, b; 1, C) =(_Z(u, C@R(b,u, Cle, 6) P (i, ble, 6)

A

: Expansion up to NLO

Rapidity divergences P 0] =z [0]unsub.
cancelled here! fofr
i R S[l]q)[O]unsub:\’
[1] i x[1]unsub. f—f | 1 [1] [0]unsub.
®rop =|Pres Bt (21 - 21) 2%
W,




Diagrams contributing to TMPUS at NLO

q—q

Transverse projectors

The calculation is
striaghtforward
to the unpolarized case
Echevarria, Scimewi, Vladimirov
160407869
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Project and ob’rain
Transversity
987
gr

Pretzelosity
b* b - g,;;y

b? 2(1 —¢)

] Rapidity divergences:
i Renormalized with SF




Matching coefficients up to NLO

Transversity - Transversity small-b expression : Ag;::;;;;;“
hl (5’37 b) e {5Cq<—q(b) X 5fq} (5’3) i O(bQ) lgl(r)oskg(l’gw
NLO matching coefficient T

6Cqeq = 0(E) + a;Cr ( — 2Lpdpgg +6(3) (-1 + 2L, — G3) ) + O(a?)

Pretzelosity - Transversity small-b expression
A (2, b) = |- Coeg(b) ® 6, | (@) + O®) = | (04 O(a2)) © 61, | (z) + O(B)

NLO matching coefficient At NLO the coefficient is ~ €
O Aa OB (—e)ze

This observation is supported by the measurement of
sin(3¢n — ¢s)asymmetries by HERMES and COMPASS!
Lefky, Prokudin 1411.0980, Parsamyan PoSIQCPEV2017)042




Matching coefficients up to NLO

Transversity - Transversity Fragmentation small-b expression
HY(z,b) : dy LIS 5<cq_%f< ) (y) + O(b?)
NLO matching coeﬁiclent L
225Cq_>q = 0(2) + a;Cp ((4 Inz 2L, ) dpsy 1 6(Z) (—Li SaS] By o Cg))

Pretzelosity - Transversity small-b expression
A (2, b) = |- Coeg(b) ® 6, | (@) + O®) = | (04 O(a2)) © 61, | (z) + O(B)

NLO matching coefficient At NLO the coefficient is ~ €
O Aa OB (—e)ze

This observation is supported by the measurement of
sin(3¢n — ¢s)asymmetries by HERMES and COMPASS!
Lefky, Prokudin 1411.0980, Parsamyan PoSIQCPEV2017)042
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Transversity and

Pretzelosity at
NNLO




Transversity
distribution




Vertex
Corrections

s

p

Self energy

Single WL |

RD
L.HS.

rtual-

Z%ﬁ&

. 7
P 4
P //‘(/\/\/\/\A‘/k
p
@ /\@k%—l
T ’\/\/\jK

p
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Pouble WL
RD

P

e
~,RD
X

R.HS.

Real diagrams

Self energy

Pole 1/¢°

Should be cancelled with vertex
correction term
in RR diagrams

Pole 1/¢°

Should be cancelled with
single WL term
in RR diagrams

These diagrams are
exactly zero!

Quark self-energy
+

Gluon self-energy (TrNf)
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- () ‘ ek 3k o P POle ]_ / €
¢ )/ N O R P A \E 4'/ ox ) A EANEEANYZ SN Cancelled with
AT O T e ’vw R S PSR A Gy - S vertex correction term
*i}l Yava "\/\ pr‘i\\fI P'k“l ' prict] pk NN:[/Eﬂ ptl ) 4 vl N 1/3/": 4 - :M%V‘f i VK d.
\/ (VAVAVAVAV. N /|l/'~ SN ~N [N.I\\f “, pk ’\g’\\,'p | L, .G ;-l in lagrams
p h+k AV N ' L “1 p “1 v b9 N . LDp s s
S »f,«k " m-.fvg | MAAAAN ,\} vy L As in Unpolarized!
p ' ptp . p P P ptop :
Real ladder complex ladder 3
o I N ] PO'Q 1/6
CORIEER Mo (M s )R RF, . Cancelled with
_’l S % ' v, ' v \,,// \ \,,,/, ' N s I WL
. N A N o $ingle-YeL term
By 2SI froc e TS in RR diagrams
& =D e I =T As in Unpolarized!
. : : Ep,k _’;;:V\Jw“ ?p.k {/T_‘j;» p 2
' ' ///E- : Q')/‘ S :
: ptop : p p? ' p pf : P
Self energy Vertex Veprim on
o — O O TE .
i e Gl @i Or/EE Corrections
» > |
3 & 5 L7, N Real [adder

No RP
Finite result, without plus-distribted terms and deltas

Complex ladder

P p
3
i o ~

N) (O] (p) :

i\ e \\ \.,.//' \s N A ' \\
> » > »

’ N (I< ' N ¢<‘2 ! <§\
ik N ~< A —< : =
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From 1/ &

Pouble WL

It is zero!
0dd number of gamma-matrices
In each trace



Renorwmalization of TMP at NNLO

RD free!

 glspll  gRlsplol 36l gl sl

Cancellation of rapidity divergences

1-loop Transversity

R o 60 — -
P rf ‘" ; .k he same that
Pure UV divergence “} "2 in unpolarized case!
Sum of all the diagrams In the sum of the diagrams
= A SEYE 5+ 5+ the total expression for B and C
diag= A+ B (—+> +C <—+) + Dln <—+) + Eln? (—+) is zero
p P /4 'S IR terws are self-cancelled!
5l = 0

0P 1] — ()  This channel does not appear
up to NNLO

" " No R here!




Matching coefficients (#vp

Convolution of 1-loop coefficient

' with 1-loop PDF
r&ev'.‘%:?eagiczégsn Gancella’non of L p / €
gkt
Coefficients do
not have oo
5ol {7 f5e ]
divergence! g q "\; - oG

Kenoallzed
TMUD. Free of RDs!

No'PVF at 1-loop in this channel

POFs at 2-loops: Written in terms of 2-loop splitting functions

Vogelsang 9706511
Mikhailov, Vladimirov 0810.1647

1 50 1 . 2
(5PH gspll 4 B0 p;gq) - P,

5fq<—q Ag 2¢2 q<—q q<—q

Sfin - = 5P[2]

g9




Matching coefficients (FF

Convolution of T-Toop coefficient
with 1-loop PDF

R lized
TMeV“gll::gao:‘zéVs! cahcella’ﬂon of u / e
[2] ;.-3 [ ]
5<Cq—->q ,;
Coefficientsdo  —
not have
e 5<C[2] 7] FFs at 2—qups
divergence! ¥ —q—@ .

Kenormallzed 1

TMP. Free of RPs! ]
» No convolution terms
No PDF at 1-loop in this channel

FFs at 2-loops: Written in terms of 2-loop splitting functions
Vogelsang 9706511
i Mikhailov, Vladimirov 08 1 gl 647
2 R 0 ¢mll
a2, = (5@1 | 5Pl Lq % g Lq> - Lopd,
20 2]
5dq—>@ =5 2_ 5Pq—>q




Ke s u l l s LO transversity PGLAP kernel

The matching coefficients are written as

n+1 n
0C e (, L, ¢ ZanS‘S‘Lk I 6CTEY ()

Ty =() k=0"=0
Abelian part of the lowest order of matching coefficient for quark-to-quark case

q<q

6C 200 () = C%{(Sp(x) [4L13(:E) —obis(g) = 4amz Lz s Rinr st 2t s inse 2ing I a

3 5
—|—51n2x+ 8lnx + 20C3] A R +5(x)ZC4} o

The part of the coefficient that is multiplied by the LO transversity PGLAP kernel
literally coincides with the corresponding part in the unpolarized case

Unpolarized Transversity
plir e plil - 127
L a fer
0(2;0,0) (gj) = P[l]Fl (33) S FQ(ZU) e 5(3_3)F3 F]_ — F]_
FQ # F2
F3 s F3




Ke s u l I s LO transversity PGLAP kernel

The matching coefficients are written as

n+1 n
k.l
0C s (2, Ly, L Z P> D LR eCT ()
=0 k=011=0

Abelian part of the lowest order of matching coefficient for quark-to-quark case

4
525020, 0)( = C’%{(Sp(z) {40Li3(z) — 4Li3(2) + 41In zZLis(Z) — 16In zLis(2) — 30 In®24+181n°2Inz — 21n°zlnz

q9—4q

—|—12—5 In®z — 8 (1+¢)Inz — 4OC3] +4Z(14+1nz)+22(lnzZ —Inz) + 5(75)%(4} -+

The part of the coefficient that are multiplied by the LO transversity PGLAP kernel
literally coincides with the corresponding part in the unpolarized case

Unpolarized Transversity
Pl 11+ 2 plr L 1&
((2;0,0) (2) = pli] Fi(z) + F5(2) + 6(2)F3 fus " Fy
FQ # FZ




Pretzelosity
distribution




Reduction of the number
of diagrams

Diagrams with a non-interacting quark are exactly zero

TR pv E\\
O.‘|—,LL (b b ot gT )O_—V 1 ?\FNJ

b 2(1 —€)

—

pl

As in the transversity case ~—~8 0dd number of gamma matrices in each trace in ¢ — ¢ —$» 1t is zero!

At NNLO we have the same two cases that in transversity

1-loop result is € -suppressed

Two loop diagrams are less divergent than in another TMPDs
All the diagrams have no polesin ¢

pa




Non-zero Virtval-Real diagrams

Vertex i
Corrections Self ener

No interacting quark
| All the X2 diagrams
are zero!

Double WL lugpizs
4}

Ry
LH.S. R.HS.

Self energy Single WL |

No RUs
Finite diagrams
Vertex-correction QCP x 1-loop

RDs
Finite diagrams
Combined with RR diagrams by
color factor RPs should be ¢cancelled

These diagrams are
exactly zero!

Pretzelosity at NNLO
does not depend on TrNf
Sum of these diagrams
with RR should be zero



'\\If;',” : S
T No RDs
I Finite diagrams
No RDs
Real ladder Finite diagrams
™), L [
M Oy Only R in diag |
R With VR RDs should be
I cancelled
@
: RDs in both diagrams
P | AR P With VR should be
ColF energy Vertex cancelled
OO OF Corrections Depend on TrNf
P AR -+ Cancelled with VR
- ,w - < Pouble WL is zero
VAVAVAVA RN /) Tk, .

No RP
Finite result, without plus-distribted terms and deltas

S
e /é’ : \\
-
S 7,
i'—wk ' lwi?-J
. 9
o p] _ It is zero!
0dd number of gamma-matrices
In each trace



Cancellation of Rapidity Pivergences

Expression for renormalized TMP

0]

g alipl Z”Z“)

We have different combinations of diagrams and SF to cancel RDs depending

e
on their color factors

| |

1 1

1 1

1 |

| |

. [ | 1

/‘\\ -l@’ 1 1
© . - o s o
S r © ’ @ 2/, 1 B e (D N
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A ptk 1 </ pk-l 1 s 1 < A Ly N "‘,',.
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Results

2]
Flrs’r two diagrams are finite
Third is zero

Sum of the diagrams is O(e)!

1 ~[2]
Jhad gL |
Zero from the beginning

Odd number of gamma wmatrices




Results

B B
S

This cancelation is highly non-trivial

- Apa=As+ Ofe)
(5471 Cy

R R 2 BB ngta ] fEdEe:3 1
0T®s, o =CpAr+Cr (CF 5 )AFA-I- 5 Aa+CpNsAN § i E8 :O(E)

Thereis an e-suppression of the Ca Cr and N¢parts of the TMD!

sLtCo2

q4+q 38 K )

(@,8) = b1t o(@,b) = |7 CHL (B) @370, | (=)

So, after renormalization

T = - Actually the result is zero!
B (2,b) = ~4C2 (£(3 + 4InE) + 4zIn 1) Hetvbviig e
[5J—CC[I£]—q(b) ® 5f(£1]_q] () = —4C% (2(3+4Inz) +4zlnz) §  LO at twist-47




Conjecture: At all orders in PT.!
Ke s u lfs 5J_ Cq(—f ( Zlf, b) e O L0 of large-Nf matcehing is zero

Supports the conjeture!

B B
S

This cancelation is highly non-trivial

Ara = Ax+ Ole)
AN — 0(6)

1 @
5L<I>562<]_f, S C’%AF + CF (CF - TA) Apa + TAAA + CpNsAN §

Thereis an e-suppression of the Ca Cr and N¢parts of the TMD!

5 CIL (2,b) = hifh _ (w,b) — [6CLL,(B) @ 670, | (=)

1T ,qg+q

So, after renormalization

i L - Actually the result is zero!
h#ﬂ(_q(x, bl — s (m(3Ang) + Ariny) | Y o0
el ) @oflL,| (2) = —4C} (33 + 4nz) + dema) | L0 at twist-47




Conclusions

* We have a polarized TMD (transversity) calculated the at same order that the unpolarized one. This feature
allows tests of independence of polarization of the TMP Evolution

* For l’rhe transversity TMP we have information both for POFs and FFs, which allows further tests of TMP
evolution

* |t is welcome to know and to have grids of collinear transversity extracted at NNLO. See Radici’s talk
* Resume of our calculation:
*  Transversity has a matching coefficient calculated in an analogous way of the unpolarized function.
* Rapidity divergences cancelled (Polarized Factorization theorems at NNLO)
* Z’s do not depend on the polarization.
* Pretzelosity has a matching coefficient that
* s e-suppressed at NLO, explaining phenomenological analysis
% Zero (€-suppressed) at NNLO for all the different channels. Conjecture: zero at all order in PI.

* L0 is twist-4 matching?



Thanks!!!






s-reqularization

Wy = Pexp (—z‘g /OOO do(n - A)(na)> P (—ig /OOO do(n - A)(m)eéaaz>

g — Fexp (—z’g /OOO do(n - A)(na)) — Pexp <—7jg /OOO do(n - A)(n0)660>

l At diagram level —-f@» Eikonal propagators

1 1
_>
(kf +0) (kT + kg +1i0) (b H oo - Fett +40) [ (B + o) (R + kT +2i0) 1 (kT + o H- kb ko)

!

Non-abelian exponentiation satisfied

This reqularization makes
zero-bin equal fo soft factor

at all orders!
i R-factor is scheme dependent! #
£ , i
o VO] 5 B é -reqularization violates gauge properties
zero-bin EEERERITE of WL by power suppressed in 5terms
- Only calculation at o — 0 is legitimate!




Pretzelosity distribution

Cuadrupole modulation of parton density in the distribution of transversely
polarized quarks in a transversely polarized nucleon

A polarized proton might not be spherically symwmetric

HADRON PRODUCTION PLANE Pretzelosity distribution in convolution
with the Collins FF generates

sin(3¢r, — ¢g) asymmetry in SIPIS (HERMES

& COMPASS) and future facilities (EIC, LHC-b)

F(SJi;(3¢h_¢S) L [wkinhf_THlj_]

LEPTON SCATTERING PLANE Experimentally measured: SSA

—— ——

H.Avakian et al. 0805.3359 AT sl o pention i)

do _ Q2P ERErR 1y2 (] 2ASER 1y A S ) S R P Y 7 SRR 0 G S R T
dxdydpsd Py T 2 ’ ) UT




Linearly polarized gluons matching coefficients

Swall-b expression for the linearly polarized gluvon TMUPPDF

hy?(z,b) = [6°Cyeq(b) ® fol(z) + [67Cyey (b) ® fol(z) + O(B?)

*,

NLO matching coefficients

6LCg<_g = —4aSCA§ + Ofa?) 5LCg<—q T _40’801’% + O(a;)

These results agree with the obtained in
T. Becher et al. 1212.26211

b




Helicity distribution




Schewes for +° in PR. Small-b OPE

HVEM 4-dimensional

Lorentz structures . B 2 f:aﬁ
[ —ty® Do e | P 7" needs a de{ilni’rion = — 56 N B Ya B
o tn R " | larin d-dimensional

Larin schewe is wmore convenient than HVBM because it does not violate Lorentz invariance, but it
violates the definition of the lea.ding dynawmical twist

( Vo
HL RS G R R R P
Light modification of Larin scheme => Larin+
e o i€l
(7+75)Larin+ S 9| 7+7a7ﬂ = 27; ’Y+Wa’76

Helicity TMP distribution in the regime of small-b
g1.(z,b) = [AC,4(b) @ Afg|(x) + [AC4(b) ® Afgl(z) + O(B?)

g%L (7,b) = [AC ¢ 4(b) @ Afy|(m) + [AC, 4(b) ® Afyl(x) + O(bQ)




Diagrams contributing to TMPUS at NLO

+_ 5
¥
&
o
e
(=)
_@
=)
= 9—q
S-
=
.2
)
= =
Y
gL
The calculation is
striaghtforward
to the unpolarized case

M.G.Echevarria et al.: 160407869



Matching coefficients: scheme
dependence

2

e SN

AC, = 6(Z) + aSC’F{QBEF(—e) [ P s s R el ) } }

e-finite

e aSOF{QBeF(—e) & — THo, | }

e-finite

4 )

ACycq = a;,Cr{ 2BT(—¢)[1+7H.0 | |

\ /J e-finite

1
Act Tl e aSCA{2B€I‘(e) {

X

2
=)

=2 =02r% 2T T Hom + O(T) (L\/? SEol e VE) } }
e-finite

i ey sasean: *  scheme dependence!

S { et At NLO there is not
seh——=
P




Helicity matching coefficients:
NLO results

At — owe have the NLO coefficients

ACqe g = Coeq = 8(F) + 6oCr ( = 2ulpgq + 23 + 8(3) (—12 + 2L,k — ) ) + O(ad)
ACqeg = asTr (—2L,Apyg + 47) + O(a})
AC, 4 = a;Cr (=2L,Apy, — 4%) + O(a?)

AC. -5+ aSC’A( L As G e o) ) + O(a?)

These results agree with the obtained in
M.GEchevarria et al. 1502.09354
A.Bacchetta A.Prokudin 1303.21291

i




Prawback of schemes. 2> renorwmalization
constant

Drawback of both schemes =y>Violation of Adler-Bardeen theorem=3>Non renormalization
of the axial anomaly

Fixed by an extra renormalization constant, Z, =5> Derived from a external condition
S.A. larin 9302240, YMatiovine et al 076002, VRavindran et al. 0311304

Only affect to the quark-to-quark part

O At large ¢ TMP factorization reproduces collinear factorization =5 It is natural to normalize Helicity
distribution == It reproduces polarized PY which is normalized to unpolarized IY

o Equivalent in TMPs =>> Equality in polarized and unpolarized coefficients
[qu(b) & ACq%q(b)] (z) = Cqeyq(z, b)
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