Constrained Degrees of Freedom of Fermion in
Light-Front Dynamics

Bailing Ma
NC State University

May 17, 2018

In collaboration with Dr. Chueng-Ryong Ji



Outline

@ Fermion constrained degrees of freedom in LFD

© Interpolating between the IFD and the LFD

© c ¢ annihilation into two scalar particles



Fermion constrained

Fermion constrained degrees of freedom in LFD

The Lagrangian density for Quantum Electrodynamics is

1 _
L= _EF,LWFMV + w(zfyuDu - m)% (1)
where
D, = 0, +ieA,, (2)
and
F,, =0,A, —0,A,. (3)

Therefore, the equation of motion for the fermion field 1 is

(iv' Oy — ey A, — m)p = 0. (4)
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Or, written explicitly in light-front coordinates, it is

[i (»ﬁébr +yTO- + - m)

—e <V+A+ FymA At AL) - m} b =0. (5)
Define !
Y=ty +1_ =P+ Py, (6)
where the projection operators
1 1
Pp=3y7y" and P =gyTy" (7)
satisfy
P.+P_ =1, PP =P_P,=0. (8)

Due to (yF)* = (y7)* = 0, we have

VTP =7"Py =P~ =Py =0.
1J. Kogut and D. Soper, Phys. Rev. D 1, 2901(1970)
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Fermion constrained degrees of freedom in LFD

Then, after some algebra, one can see that the 1_ component of
the fermion field satisfy the following constraint equation
without involving the derivative with respect to the light-front
time

20— eA ) = (01— eA )y +m| vy, (9)
which reduces in the light-front gauge A_ = AT =0 to

2i0_1h_ = [(im —eA )yt + m} ey (10)

Thus, the two components of ¢ given by _ in LFD become
constrained in the sense that the time dependence of ¥_ is
provided by the other fields that satisfy the dynamic equation
with the light-front time derivative 0, such as A and %,. No
new time-dynamic information can be provided by the
constrained field ¥_.
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Fermion constrained degrees of freedom in LFD

Further split this constraint field ¢/ into the “free” part Vo
and the “interaction” part Y, so that ¢_ =¢_ + T:

(ivh - 8L+ m)yF ey

T = 767L : AL’Y—FT!}‘F (12)
N 2i0_ '

Then one finds that the Y(iy~0_)Y term in the Hamiltonian
density gives the fermion instantaneous interaction.
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Fermion constrained degrees of freedom in LFD

—iVy = —;62/d2XLdCL'_1/:)(O,XL,$ 7 A (0,xF,27)
A0, 2 0, )

1 = o
= _462/d2XLdl’_w(0aXva_)fyzAi(()?XLam_)’y—i_

><

X /dw’E(l’—l")Aj(07XL7x')7j1/7(07XL,$')a (13)
with 1 )
- - -\ ,—igt(z7—a'~ ¢

2/dac' e(a” —a'")e 0 ( ):q—+. (14)

@ This fermion instantaneous interaction is unique to the LF,
distinctive from the equal-time forward and backward
propagation of the fermion.
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IFD 0 = LFD
0—0 o) _>Z
0 N v . x7:x07x3 +_l0+ls
X \/E X = \/2
3 3 IS
-X X X
5
X cosd 0 0 sind [ x°
o 10 o0 ¥t
S0 01 0 |s
X sind 0 0 —cosd /| x?
1See e.g.

K.Hornbostel, Phys.Rev.D 45, 3781 (1992)
C.-R. Ji and A.T. Suzuki, Phys. Rev. D 87, 065015-(2013)
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Interpolating between the IFD and the LFD
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e~ annihilation into two scalar particles
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Fermion propagator in interpolation form

ZF: 1/\ @F+m ’ EB: 1’\ 7@B+m ) (15)
2Q+ 47 — Qpz 2Q% —4z —Qpz
where
~Sqp- +QF
Q=g (16)
~Sqp= +QF
Qpz=—"g (17)
and R
Q" = /e +Clad +m?), (18)
where the 4-momenta ¢r = ¢ and qg = —q are those of the

off-shell fermion and anti-fermion, while Qr and Qg are the
corresponding on-shell 4-momenta.
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Light-front limit of the interpolating time-ordered
fermion propagators

In the light-front limit 6 — 7, we find that

=5 3 ZB,&%% = 20 (19)

o The propagator corresponding to positive energy changes
to the light-front on-mass-shell propagator.

e The negative energy (anti particle) propagator changes to
the light-front instantaneous propagator.
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Interpolation spinors

The spinors in the interpolation form were studied in 2

Pz +]P _ pr4p
sin §4cos §

PR\/sln6+c056 \/P +P

2P(P+P-~)
[PoAP PP ’
2P cos 6—sin &
R cos d—sin §
P \/ 2P(P+P-) \/P

§—sind
—Ph e )x/P

Pve \/ﬁ
(=1/2) cos § —sin §
uH (P) = L sin §+cos §
-P \/V(mp VPT+P
P +]P’ /| _pPtip
sin §4-cos §
where PE = P! 4+ iP? and PF = P! —iP?, and the antiparticle spinors are
obtained by charge conjugation.

uy 1 (P) =

27. Li, M. An and C.-R. Ji, Phys. Red. D 92, 105014+(2015)
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Center-of-mass kinematics

The kinematics is written as the following. We choose the
initial reference frame to be the eTe™ center of mass frame
(CMF), and study the whole landscape of the amplitude change
under the boost operation in the z-direction as well as the
change of the interpolation angle §.

p1 =

Particle 1 is the incoming electron, particle 2 is the incoming
positron, particle 3 and 4 are the two outgoing massless scalar
particles.
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Interpolating helicity amplitudes of ete™ — 2s

Let’s now compute the time-ordered amplitudes for the eTe™
annihilation into two scalar particles, which are given by

MG =Ty, (p2) - Sa - un, (p1) (20)
and

M2 =y, (p2) - B - un, (1), (21)
where A1 and )y represent the helicities of the initial e~ and e™
spinors, respectively, and the overall factor such as the coupling
constant e, etc., is taken to be 1.
The subscripts a and b are used to represent two different
time-ordering, however, depending on the kinematics, either one
can correspond to either “forward” or “backward” propagators.
The criterion for the scattering/annihilation angle for the
t-channel is found to be

Pe
0.+ = arccos <E> (22)

0
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Angular distribution of ee™ — 2s total amplitudes and
probabilities in the center-of-mass frame

++, Prob., P?=0 +-, Prob., P?=0
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The result agrees with the textbook calculation

>\17>\2 >\1,)\2 A1, A1,A212
E |IMGY + ML+ M

scalar -
AL, 2
2 (ut + m?(4s — 5t + 3u) — 156m*)
- (t — m?)?
2 (tu + m?(4s — 5u + 3t) — 15m*)
(u —m?2)?

2((s+wu+ (s+ 1)t +2m?*(3s — t — u) — 30m?)
() m?) ’

(23)

where m = m, and the Mandelstam variables s = (p; + p2)?,

t = (p1 —p3)? and u = (p1 — p4)? are give by s = 16m?,

t = (=74 4v3cos0)m? and u = —(7 + 4v/3 cos )m?2 calculated
from the kinematics in CMF with Ey = 2m. and P. = v/3m, for
our numerical calculation.
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Conclusion

o We find that the fermion constrained degree of freedom is a
unique feature only at the exact light-front (§ = %), and
does not exist for any other interpolation angle
(0<d< ).

e When 4 approaches 7, the backward fermion propagator
changes to the instantaneous fermion propagator of the
light-front.

o Infinite Momentum Frame is NOT Light Front Dynamics.
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Backup: Angular distribution of eTe™ — 2s total

amplitudes and probabilities in a boosted frame
= +15m,)
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Backup: Angular distribution of eTe™ — 2s total

amplitudes and probabilities in a boosted frame
(P* = —15m,)
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Backup: Angular distribution of e"e™ — 2s: sum of ++
and +— probabilities in different frames

Sum of ++ and +- Prob, P?=-15 Sum of ++ and +- Prob, P*=15




Backup: the derivation of the constraint equation for
the fermion field

Multiply Eq. (5) from the left by v, and plug in the splitting
of .

ol [z (7‘8_ +- 8J_> —e (’Y_A— +yt AJ_) — m} (Y4 +1p-) = 0.
(24)

Due to v~ Py =0, vy~ =2 — 474", vyt = =414 F and
vyt P_ =0, we have

<i’)’+’YJ' 8 —eytyt AL — fﬁm) Yy +2(i0- —eA_)yp_ =0.
(25)

Passing through v+, we get Eq. (9):

20— —eA_)yYp_ = [(z‘m —eA )yt + m} vy (26)
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