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The Lagrangian of QCD before gauge fixing:

LQCD = ψ(i /D −m)ψ − 1

4
G a
µνG

µν
a , (1)

is a result of a local SU(3)c gauge symmetry:

ψ(x)→ exp

(
−i

8∑
a=1

TaΘa(x)

)
ψ(x).

Consider quark field with three flavors:

ψ = (u, d, s)T, m = diag {mu, md, ms}. (2)

In the chiral limit, there exist global U(3)L ⊗U(3)R symmetries.

PR = (1 + γ5)/2, PL = (1− γ5)/2, ψL,R = PL,Rψ.

Symmetries of the strong interaction
SYMMETRY Local gauge Global chiral Local chiral

Theory QCD NJL Chiral EFTs
Dof Quarks and gluons Quarks Mesons or baryons

Energy scale 0 to ΛGUT 0 to 1GeV Dof dependent



Consider color singlet four-fermion interactions in the three-flavor NJL
model. The Lagrangian is given by [Klimt:1989pm]

L(4)
NJL,SU(3) = ψ(i /∂ −m)ψ

+ Gπ

8∑
i=0

[(
ψλiψ

)2
+
(
ψiγ5λ

iψ
)2]

− Gρ

8∑
i=0

[(
ψγµλ

iψ
)2

+
(
ψγµγ5λ

iψ
)2]

− GV

(
ψγµψ

)2 − GA

(
ψγµγ5ψ

)2
.

(3)

SU(3)V ⊗ SU(3)A ⊗U(1)V ⊗U(1)A

(isospin) ����(chiral) (baryonic) ���(axial)

Chiral symmetry is broken by

I nonvanishing quark mass,

I dynamics.

I The U(1)A symmetry is broken by field theory effects, which can be
accounted for in the NJL model by adding a determinant term:

Ldet = GD

[
det ψ(1 + γ5)ψ + det ψ(1− γ5)ψ

]
. (4)

Determinants are taken in the flavor space, resulting in six-fermion
interactions.



In the two-flavor scenario, the NJL Lagrangian is reduced into

LNJL,SU(2) = ψ(i /∂ −m)ψ +
Gπ
2

[
(ψψ)2 −

(
ψγ5
−→τ ψ

)2]
− Gρ

2

[
(ψγµ

−→τ ψ)2 −
(
ψγµγ5

−→τ ψ
)2]

− GV

(
ψγµψ

)2 − GA

(
ψγµγ5ψ

)2
, (5)

which is consistent with the three-flavor Lagrangian when determinant
terms are added.

I Explicitly the two-flavor determinant terms are given by

det ψ(1 + γ5)ψ + det ψ(1− γ5)ψ

= 2
{
uudd + uγ5udγ5d− uddu− uγ5ddγ5u

}
. (6)



The effective Hamiltonian on the light front

The two-body interactions of the effective Hamiltonian are given by:
(light front holography) × (invariant mass ansatz) + (longitudinal
confinement) [Li:2015zda,Li:2017mlw] :

H0 =

−→
k 2
⊥ + m2

x
+

−→
k 2
⊥ + m2

1− x
+ κ4x(1− x)r2⊥ −

κ4

(m + m)2
∂xx(1− x)∂x .

(7)
We truncate the light front wavefunction at the valance Fock sector∣∣Ψmeson(P+,

−→
P ⊥, j ,mj)

〉
=
∑
r ,s

∫ 1

0

dx

4πx(1− x)

∫
d−→κ ⊥

(2π)2
ψrs(x ,−→κ ⊥)

× b†r (xP+,−→κ ⊥ + x
−→
P ⊥)d†s ((1− x)P+,−−→κ ⊥ + (1− x)

−→
P ⊥)|0〉, (8)

with P = k + p, x = k+/P+, and −→κ ⊥ =
−→
k ⊥ − x

−→
P ⊥.



The choice of basis functions

ψrs(x ,−→κ ⊥) =
∑
nml

ψ(n,m, l , r , s)φnm

( −→κ ⊥√
x(1− x)

)
χl(x). (9)

I The transverse basis function is given by

φnm
(−→q ⊥; b

)
=

1

b

√
4πn!

(n + |m|)!

(
|−→q ⊥|
b

)|m|
exp

(
−
−→q ⊥2

2b2

)
L|m|n

(−→q ⊥2
b2

)
e imϕ,

(10)

with tan(ϕ) = q2/q1 and L
|m|
n being the associated Laguerre

polynomial.
I While for the longitudinal basis, we have

χl(x ;α, β) =
√

4π(2l + α + β + 1)

√
Γ(l + 1)Γ(l + α + β + 1)

Γ(l + α + 1)Γ(l + β + 1)

× xβ/2(1− x)α/2 P
(α,β)
l (2x − 1), (11)

where P
(α,β)
l (z) is the Jacobi polynomial.

α =
2m(m + m)

κ2
, β =

2m(m + m)

κ2
. (12)



The matrix elements for the effective Hamiltonian

〈
Ψmeson

(
P ′+,

−→
P ′⊥, j ′,m′j

) ∣∣∣∣Heff

∣∣∣∣Ψmeson

(
P+,
−→
P ⊥, j ,mj

)〉
= 4πP+δ

(
P ′+ − P+

)
(2π)2δ

(−→
P ′⊥ −

−→
P ⊥
)∑

r ′,s′

∑
r ,s

×
∫ 1

0

dx ′

4πx ′(1− x ′)

∫
d−→κ ′⊥

(2π)2

∫ 1

0

dx

4πx(1− x)

∫
d−→κ ⊥

(2π)2

× ψ∗r ′s′(x ′,−→κ ′⊥)Heff r ′s′rs(x ′,−→κ ′⊥, x ,−→κ ⊥)ψrs(x ,−→κ ⊥). (13)

When κ = b, the two-body interaction H0 is diagonal in the basis
representation:

Λ0(n,m, l ;m,m, κ) = (m+m)2+2κ2(2n+|m|+l+3/2)+
κ4

(m + m)2
l(l+1).

(14)



The matrix elements of the NJL interaction

The flavor decomposition of the direct four-fermion interaction relevant
for the valence Fock sector is∫

dx−
∫

d−→x ⊥ ψQ(x)γ?ψQ(x)ψP(x)γ?ψP(x)

→
∑
s1234

∫
dk1234 4πδ(k+

1 + k+
2 − k+

3 − k+
4 )

× (2π)2δ
(
k⊥1 + k⊥2 − k⊥3 − k⊥4

)
×
{
b†Q1d

†
Q2dP3bP4 uQ1γ

?vQ2 vP3γ
?uP4

+ b†P1d
†
P2dQ3bQ4 uP1γ

?vP2 vQ3γ
?uQ4

− b†Q1d
†
P2dP3bQ4uQ1γ

?uQ4 vP3γ
?vP2

− b†P1d
†
Q2dQ3bP4uP1γ

?uP4 vQ3γ
?vQ2

}
.

Direct and exchange interactions are
related by the Fierz transformations.

s → 1

4
(s + v +

t

2
− a− p)

p → −1

4
(s − v +

t

2
+ a− p)

v → 1

4
(4s − 2v − 2a + 4p)

a→ −1

4
(4s + 2v + 2a + 4p)



Example: scalar matrix elements for the basis expansion

s ′1s
′
2s2s1 〈n′m′l ′s ′1s ′2|uuuu vdvd|nmls1s2〉

+ + ++

(−1)n
′+n+1(b2/π)δm′,0δm,0mm

{
L′(1/2, 1/2)L(−1/2,−1/2)

+ L′(−1/2, 1/2)L(1/2,−1/2) + L′(1/2,−1/2)L(−1/2, 1/2)

+ L′(−1/2,−1/2)L(1/2, 1/2)
}

· · · · · ·

Ll(a, b;α, β) ≡
∫ 1

0

dx

4π
xb(1− x)aχl(x ;α, β)

=

√
2l + α + β + 1

4π

√
Γ(l + 1)Γ(l + α + β + 1)

Γ(l + α + 1)Γ(l + β + 1)

×
l∑

m=0

(
l + α
m

)(
l + β
l −m

)
(−1)l−mB

(
β

2
+ b + m + 1,

α

2
+ a + l −m + 1

)
,

(15)

where B(s, t) = Γ(s)Γ(t)/Γ(s + t) is the Euler Beta function.



Two-flavor NJL

I Consider the interaction:

Heff
NJLπ = −GPπ

2
P+
[
(ψψ)2 + (ψiγ5

−→τ ψ)2
]
, (16)

responsible for the binding of π±.

I Symmetries preserved: SU(2)V ⊗ SU(2)A ⊗U(1)V.

I The binding of ρ± is already taken care of by the confinement
interaction in the basis diagonal Hamiltonian.

Three-flavor NJL

I For the binding of K±:

Heff
NJLK+ = −GPKP

+[(ψλaψ)2 − (ψλaγ5ψ)2]. (17)

I The expansion in flavor space is given by

(ψ λaγ
? ψ)2 = (uγ?u + dγ?d)2 + (uγ?d + dγ?u)2

+ 2[(sγ?s)2 + 2 uγ?s sγ?u + 2 dγ?s sγ?d]. (18)



BLFQ-NJL model parameters κ 369.5 MeV Nmax 8

ml 222.2 MeV GPπ 6.340 GeV−2 Mmax 2

ms 398.8 MeV GPK 7.326 GeV−2 Lmax 8

Decay Charge
Mass constant radius

(MeV) (fm2)

π+ 139.57 148.08 0.263
ρ+ 775.26 121.02 0.773

K+ 493.68 177.77 0.250
K∗+ 891.76 106.30 0.608
K∗+0 790.21 49.05 -

Charge radius (fm2) π+ K+ ρ+ K∗+

BLFQ-NJL 0.263 0.250 0.773 0.608
Hutauruk:2016sug 0.396 0.343

Carrillo-Serrano:2015uca 0.67
PDG 0.452(10) 0.256(33)



Figure :



Figure :



Spin matrix elements for the direct scalar interaction

s ′1s
′
2s2s1 uus1′(p

′
1)uus1(p1) vds2(p2)vds2′(p

′
2)

+ + ++ −mm

(√
x ′

x
+

√
x

x ′

)(√
1− x ′

1− x
+

√
1− x

1− x ′

)

+ + +− m

(√
x ′

1− x ′
qL −

√
x

1− x
q′L

)
(2− x ′ − x)

+ +−+ m(x ′ + x)

(√
1− x

x
q′L −

√
1− x ′

x ′
qL

)

+ +−−
− (x ′ + x − 2x ′x)q′LqL

+
√
x ′(1− x ′)x(1− x)(q′L2 + qL2)

+−++ m(x ′ + x)

(√
1− x ′

x ′
qR −

√
1− x

x
q′R

)

+−+−
(1− x ′)xq′LqR + x ′(1− x)q′RqL

−
√

x ′(1− x ′)x(1− x)(q′Lq′R + qLqR)



s ′1s
′
2s2s1 uus1′(p

′
1)uus1(p1) vds2(p2)vds2′(p

′
2)

+−−+ + + ++
+−−− + + +−

−+ ++ −m

(√
x ′

1− x ′
qR −

√
x

1− x
q′R

)
(2− x ′ − x)

−+ +− + + ++

−+−+
x ′(1− x)q′LqR + x(1− x ′)q′RqL

−
√

x ′(1− x ′)x(1− x)(q′Lq′R + qLqR)
−+−− + +−+

−−++
− (x ′ + x − 2x ′x)q′RqR

+
√
x ′(1− x ′)x(1− x)(q′R2 + qR2)

−−+− +−++
−−−+ −+ ++
−−−− + + ++

• The u-spinor mass is m. The v -spinor mass is m.
• The q′ and q are the transverse momenta to be integrated.
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