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The Lagrangian of QCD before gauge fixing:

Lacp = TiB — m)v — G2, G, 1)

is a result of a local SU(3). gauge symmetry:

P(x) — exp <_"Z Taea(x)> P(x).

a=1
Consider quark field with three flavors:
Y =(u,d,s)", m=diag{my,, mq, m}. (2)
In the chiral limit, there exist global U(3);, ® U(3)r symmetries.
Pr=(1+1)/2, PL=(1-1)/2, ¢rr=PLRrY.

Symmetries of the strong interaction

SYMMETRY Local gauge Global chiral Local chiral
Theory QCD NJL Chiral EFTs
Dof Quarks and gluons Quarks Mesons or baryons
Energy scale 0 to Agur 0 to 1 GeV Dof dependent




Consider color singlet four-fermion interactions in the three-flavor NJL
model. The Lagrangian is given by [Klimt:1989pm]

£(4) ( i — m)
NIL,SUE SU3)y ® SU(3)a ® U(1)y ® U(1)a
e Z [ )\'¢ (DinsAiep) } (isospin) (chirat) (baryonic) (axiat)y
Chiral symmetry is broken by
_ sz [(%HA%)Q + (@%%)\iwz} > nonvanishing quark mass,
i=0 > dynamics.

— Gy (Byut)” = Ga (Pyvs)” .
(3)

» The U(1)s symmetry is broken by field theory effects, which can be
accounted for in the NJL model by adding a determinant term:

Laer = Gp [det (14 75)¢ + det (1 —5)¢] . (4)

Determinants are taken in the flavor space, resulting in six-fermion
interactions.



In the two-flavor scenario, the NJL Lagrangian is reduced into

Lxivsue) = Y(id — m)yp + % [@1#)2 - @75?1#)2]
- % [(%ﬁw)z - (%ﬂs?lb)z}
— Gy (F7u¥)” = Ga (@y15%), (5)

which is consistent with the three-flavor Lagrangian when determinant
terms are added.

» Explicitly the two-flavor determinant terms are given by

det ¢(1 + v5)¢ + det (1 — v5)¢)
= 2{uudd + tysudysd — ud du — Wysd dysu}. (6)



The effective Hamiltonian on the light front

The two-body interactions of the effective Hamiltonian are given by:
(light front holography) x (invariant mass ansatz) + (longitudinal
confinement) [Li:2015zda,Li:2017mlw] :

— —
k2 +m?  k? +m? 4 5 K4
+ —|—K/X(1—X)I’L—(

Hy = v
0 m +m)?

O x(1 — x)0x.
(7)

X 1—x
We truncate the light front wavefunction at the valance Fock sector

|wmeson(P+, BJ"J" mJ)>
_ L dx dRL X
= g/o 47rx(1 - x) / (27.‘.)2 wrs(X, " )

X B{(xP*, 7+ x Bl (1 - x)PT, R+ (1—x)BH)0), (8)

%
with P = k + p, x = k+/P*, and BL = KL — xPL.



The choice of basis functions

1
1brS(Xa ﬁl) = Zd’(n? m, |/, r75)¢nm ()zx)> X/(X)' (9)

nml/

» The transverse basis function is given by

b (@18 = 5 s T (?if)m &P <§:> i @l> .

(10)

with tan(¢) = ¢%/q* and L™ being the associated Laguerre
polynomial.
» While for the longitudinal basis, we have

r+0ri+a+p+1)
Ml+a+1)r(l+p8+1)

xi(x; o, B) =\/4r(2l + a + B + 1)\/

x xPI2(1 = x)2/2 PP (2x — 1), (11)
where P{*?)(z) is the Jacobi polynomial.
2m m 2 m
o m(m2+ m)7 5= m(m2+ m). (12)
K K



The matrix elements for the effective Hamiltonian

Heff

<wmeson (PP, m) Vineeon (P, P 5 my) >
= 4xPts (P — P) (2n)8 (P - PH) Y30

r',s’ r,s

Lo A dR+
X/O 47rx’(1—x’)/ (271')2/0 471'x(1—x)/(271‘)2
X g (X ?/J—) off 1757 rs (X IvﬁlL,Xa?L)wrS(X»?L) (13)

When x = b, the two-body interaction Hp is diagonal in the basis
representation:

No(n, m, [;m,m, k) = (m+m)?+2x2(2n+|m|+/+3/2)+ I(1+1).

(14)

(m +m)



The matrix elements of the NJL interaction

The flavor decomposition of the direct four-fermion interaction relevant
for the valence Fock sector is

/ dx- / IR+ T (37 o (x) Tp(x)7 e (x)
— Z /d3123447r6(k1++k2+ *k3+* ki)

51234
x (2m)%6 (ki + k3 — ks — ky")

Direct and exchange interactions are
related by the Fierz transformations.

—>1(+ + 1 )
S —\S 14 — — a—
4 2 P

—>—71(5— +*t+a— )
v
P 4 2 P

X {bgld(ggdpsmeQW?VQz Vp37 Upa
1
v — Z(4s—2v—2a+4p)

+ bl df,dsboa Tp1y viea Vasy s
S 1
— bly dbydp3boatiqry ugs Vesy v a— —(4s+2v+2a+4p)

— b;l d(gde3 bp4ﬁp1’y?uP4 VQ37? vQ2 } .



Example: scalar matrix elements for the basis expansion

s{sysas1 | (n'm'I's] s} Uy uy, Vava|nmls; sp)

(=1)" "L (B2 ) 7)6 00 momm{ L' (1/2,1/2)L(~1/2,~1/2)
o+ ++ +L(=1/2,1/2)(1/2, —1/2) + L'(1/2, —1/2)L(~1/2,1/2)
+U'(=1/2,-1/2)L(1/2,1/2)}

1
Labiouf) = [ -0 ulxian0)
/2/+a+6+1 r+nr+a+p+1)
rl+a+1Hr(I+5+1)

L I 3
x%(?“)(,ji)( 1)~ ’”B( +b+m+12+a+/—m+1>

(15)

where B(s,t) =T (s)l(t)/I(s + t) is the Euler Beta function.



Two-flavor NJL

» Consider the interaction:

Ml = — 22 P () + @i Ty, (16)

responsible for the binding of 7+.
» Symmetries preserved: SU(2)y ® SU(2)a ® U(1)y.

» The binding of p™ is already taken care of by the confinement
interaction in the basis diagonal Hamiltonian.

Three-flavor NJL
» For the binding of K*:
HNJL K+ = _C"PK'DJF[(@)\M/J)2 - (@Amw)Z]. (17)
» The expansion in flavor space is given by

@A 9)* = (@ u+dy'd)® + (Wy'd + dy'u)?
+2[(37%s)? + 21y s5y u + 2dy’s5y7d].  (18)



BLFQ-NJL model parameters K 369.5 MeV Npax 8
m 222.2 MeV Gpr 6.340 GeV 2 | Mpax 2
ms 308.8 MeV Gpk 7.326 GeV 2 | Lyax 8
25 Elastitl: Form Fatitors for thle Vector Mlesons
Decay | Charge —G.»
Mass | constant | radius
(MeV) | (fm?)
7+ | 139.57 | 148.08 0.263
pT | 775.26 | 121.02 0.773
KT | 493.68 | 177.77 0.250
K**t | 891.76 | 106.30 0.608
K™ | 790.21 | 49.05 -
5 0.2 0.4 0.6 0.8 1
QI Gev?
Charge radius (fm?) |  #% | K' | p" | K*F
BLFQ-NJL 0.263 0.250 0.773 | 0.608
Hutauruk:2016sug 0.396 0.343
Carrillo-Serrano:2015uca 0.67
PDG 0.452(10) | 0.256(33)




NJL Mass Eigenvalues (x = 369.5 MeV ) m = 218.5373 m..= 218.5373
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NJL Mass Eigenvalues (x = 369.5 MeV ) m = 218.537 Mo =402.5238
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Spin matrix elements for the direct scalar interaction

51555251

|

UmyUﬁUmﬂP1VmﬂPﬁmQ(P9

++++

(5 ) (Vs i)

44—

i o

++—+

X+x( 1—x 1—x L)

++——

(X+X42XMILL
+ VX'(1 = x)x(1 — x)(g™2 + ¢?)

m(x' + x) <\/7XR T—x )

(1-x)xq™q™ + x'(1
— VX' (1 = x")x( —quq +qq")




5{5£5251 ‘ Uys1/ (pi)uusl(pl) Vds2(p2)vds2/ (pé)

+——+ + 4+ ++
+—— ++ +—

x! X
_ = - R _ R 2 _ ’r_
+ ++ m<\/1qu 1/1x">( x' = x)
—+ +— + 4+ ++

X/(]. — X)q/LqR T X(l . X/)q/RqL
— VXL = x)x(1—x)(¢"q™ + q"q")

—+—— F+—+

— (X/ Fx— 2X/X)q/RqR

4

+ VX (1= xX)x(1=x)(d™ + ¢™)
R E———
— S

———= ++++

e The u-spinor mass is m. The v-spinor mass is m.
e The ¢’ and g are the transverse momenta to be integrated.
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