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Dark energy/cosmological constant
 causes accelerating expansion
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DARK ENERGY AND
THE COSMOLOGICAL CONSTANT PARADOX

A. ZEE

Department of Physics, University of California, Santa Barbara, CA 93106, USA
Kavil Institute for Theoretical Physics, University of California,

Santa Barbara, CA 93106, USA
zee@kitp.ucsb.edu

I give a brief and idiosyncratic overview of the cosmological constant paradox.

1.

Gravity knows about everything, whatever its origin, luminous or dark, even the
energy contained in fluctuating quantum fields.

As is well known, this leads us to one of the gravest puzzles of theoretical
physics. Consider the Feynman diagram with the graviton coupling to a matter
field (for example an electron field) loop. If we claim to understand the physics
of the electron field up to an energy scale of M, then the graviton sees an energy
density given schematically by Λ ∼ M 4 + M2m2

elog( M
me

) + m4
elog( M

me
) + · · · . Just

about any reasonable choice of M leads to a humongous energy density!!! In fact,
even if the first two terms were to be mysteriously deleted, there is still an energy
density of order m4

e, that is, an energy density corresponding to one electron mass
in a volume the size of the Compton wavelength of the electron, filling all of space,
which is clearly unacceptable.

Apparently, this disastrous prediction of quantum field theory has nothing to
do with quantum gravity. Indeed, the quantum field theory we need for the matter
field is merely free field theory: we are just adding up zero point energy of harmonic
oscillators.

The cosmological constant paradox may be summarized as follows. In some
suitable units, the cosmological constant was expected to have the value ∼ 10123.
This was so huge that it was decreed to be equal to = 0 identically, while the
measured value turned out to be ∼ 1. I have argued elsewhere that the proton
decay rate might offer an instructive lesson here.

I am presuming that the observed dark energy is the fabled cosmological con-
stant. The evidence seems increasingly to favor this simplest of hypotheses. Even
if this were not the case, much of the paradox still remains.

I define Λ by writing the Einstein-Hilbert action as
!

d4x
√

g( 1
GR+Λ). It is useful
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“One of the gravest puzzles of 
theoretical physics”

Elements of the solution: 
(A) Light-Front Quantization: causal, frame-independent vacuum 

(B) New understanding of QCD “Condensates” 
(C) Higgs Light-Front Zero Mode 

Extraordinary conflict between the conventional definition of the vacuum in 
quantum field theory and cosmology



• Loop diagrams of all orders contribute

• Huge vacuum energy:

•                                      Cut off the quadratic divergence at MPlanck

• Frame-dependent, acausal 

• Divide S-matrix by disconnected vacuum diagrams

• In Contrast: Light-Front Vacuum trivial since plus momenta 
are  positive and conserved: k+ = k0 + k3 > 0

E

V
=

Z
d3k

2(2⇡)3

q
~k2 + m2

Instant-Form Vacuum in QED
e+

e�

⇢QED

⇤ ' 10120⇢Observed

⇤



In view of the recent cosmological observationsIn view of the recent cosmological observations
supporting dark energy and inflationsupporting dark energy and inflation

it is fair to say that we do not really know what is it is fair to say that we do not really know what is 
““fundamental physicsfundamental physics””

“ Most embarrassing observation in physics – that’s the 
only quick thing I can say about dark energy that’s also 
true.” -- Edward Witten

:KDW�LV�VR�HPEDUUDVVLQJ�DERXW�LW":KDW�LV�VR�HPEDUUDVVLQJ�DERXW�LW"

• Why is the cosmological constant so small, 
in Planck density units ?    

• Why                                            ?
Coincidence problem.

DGGUHVVHG�E\�DGGUHVVHG�E\�DQWKURSLFDQWKURSLF SULQFLSOH��:HLQEHUJ�����SULQFLSOH��:HLQEHUJ�����

Two general problems:Two general problems:



String Theory LandscapeString Theory LandscapeString Theory Landscape

Perhaps 10100 - 101000

different vacua
Perhaps 10100 - 101000

different vacua
Inflationary 

slow-roll valleys

Renata KalloshRenataRenata KalloshKallosh

Fields Institute, Toronto, May 9, 10,11 2005Fields Institute, Toronto, May 9, 10,11 2005

StanfordStanford

Towards String Cosmology.
Stabilization of moduli in string 

theory  I , II

Towards String Cosmology.Towards String Cosmology.
Stabilization of moduli in string Stabilization of moduli in string 

theory  I , IItheory  I , II

Metaphysics of the Vacuum



Two Definitions of Vacuum State

Instant Form: Lowest Energy Eigenstate of Instant-
Form Hamiltonian

Front Form: Lowest Invariant Mass Eigenstate of Light-Front 
Hamiltonian

Frame-independent eigenstate at fixed LF time τ = t+z/c 
within  causal horizon

Eigenstate defined at one time t over all space; 
Acausal! Frame-Dependent

Frame-independent description of the causal physical universe!
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ẑ

L = R⇥ P

Li = (xi
R⇤+b⇤i)⇥ P

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

x =
k+

P+
=

k0 + k3

P 0 + P 3

`
`0

Measurements of hadron LF 
wavefunction are at fixed LF time

Like a flash photograph xbj = x =
k+

P+

 n(xi,~k?i ,�i)

Invariant under boosts!  Independent of Pμ 



Each element of  
flash photograph   

illuminated   
at same Light-Front time

� = t + z/c

Evolve in LF time

P� = i
d

d�

Causal, Trivial Vacuum

zero !!

Compton and electron 
scattering  

like a flash photograph

Zero Cosmological Constant



� = t + z/c

We view the universe   
as light reaches us 
along the light-front   
at fixed 

Front-Form Vacuum Describes the Empty, Causal Universe 

Roberts, Shrock, Tandy, sjb

“Essence of the vacuum quark condensate,” Phys. Rev. C 82, 022201 (2010)

“Confinement contains condensates,” Phys. Rev. C 85, 065202 (2012)



Front-Form Vacuum in QED

• All Light-Front Perturbative Vacuum Loop Amplitudes Vanish!   

• Light-Front Vacuum is trivial since all plus momenta are positive 
and conserved.   

• Zero modes (k+=0) in vacuum allowed in some theories    

• Zero contribution to Λ from QED LF Vacuum 

• Instant Form gives same result if one normal-orders.

e+

e�



k+ = k0 + k3 � 0 since |~k|  k0

zero !!

All LF propagators have positive k+

P+ Momentum Conserved

< 0|Tµ⌫ |0 >= 0

Graviton does not couple to LF vacuum!

Vanishing graviton coupling even in presence of zero modes

zero !!

g 

Front-Form Vacuum (Pµ=0)
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u

Form Factors are 
Overlaps of LFWFs

Interaction  
picture

Drell &Yan, West 
Exact LF formula!

Front Form

Drell, sjb
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T++(0) need to be computed in the light-cone formalism. By calculating the ++

component of Eq. (12), we find

!

P + q, ↑
"""""
T++(0)

2(P+)2

"""""P, ↑
#

= A(q2) , (13)

!

P + q, ↑
"""""
T++(0)

2(P+)2

"""""P, ↓
#

= −(q1 − iq2)
B(q2)

2M
. (14)

The A(q2) and B(q2) form factors Eqs. (13) and (14) are similar to the F1(q2)

and F2(q2) form factors Eqs. (5) and (6) with an additional factor of the light-cone

momentum fraction x = k+/P+ of the struck constituent in the integrand. The B(q2)

form factor is obtained from the non-forward spin-flip amplitude. The value of B(0)

is obtained in the q2 → 0 limit. The angular momentum projection of a state is given

by

$
J i
%

=
1

2
ϵijk

&
d3x

$
T 0kxj − T 0jxk

%
= A(0)

$
Li
%

+ [A(0) + B(0)] u(P )
1

2
σiu(P ) .

(15)

This result is derived using a wave packet description of the state. The ⟨Li⟩ term

is the orbital angular momentum of the center of mass motion with respect to an

arbitrary origin and can be dropped. The coefficient of the ⟨Li⟩ term must be 1;

A(0) = 1 also follows when we evaluate the four-momentum expectation value ⟨P µ⟩.

Thus the total intrinsic angular momentum Jz of a nucleon can be identified with the

values of the form factors A(q2) and B(q2) at q2 = 0 :

⟨Jz⟩ =
'

1

2
σz
(

[A(0) + B(0)] . (16)

One can define individual quark and gluon contributions to the total angular

momentum from the matrix elements of the energy momentum tensor [9]. However,

this definition is only formal; Aq,g(0) can be interpreted as the light-cone momentum

fraction carried by the quarks or gluons ⟨xq,g⟩ . The contributions from Bq,g(0) to Jz

cancel in the sum. In fact, we shall show that the contributions to B(0) vanish when

summed over the constituents of each individual Fock state.

10

where q2 = −2P · q = −q⃗2
⊥ is 4-momentum square transferred by the photon.

The Pauli form factor and the anomalous magnetic moment κ = e
2M F2(0) can

then be calculated from the expression

− (q1 − iq2)
F2(q2)

2M
=
!

a

" d2k⃗⊥dx

16π3

!

j

ej ψ
↑∗
a (xi, k⃗

′
⊥i,λi)ψ

↓
a(xi, k⃗⊥i,λi) , (9)

where the summation is over all contributing Fock states a and struck constituent

charges ej. The arguments of the final-state light-cone wavefunction are [1, 2]

k⃗′
⊥i = k⃗⊥i + (1− xi)q⃗⊥ (10)

for the struck constituent and

k⃗′
⊥i = k⃗⊥i − xiq⃗⊥ (11)

for each spectator. Notice that the magnetic moment must be calculated from the

spin-flip non-forward matrix element of the current. It is not given by a diagonal

forward matrix element [21]. In the ultra-relativistic limit where the radius of the

system is small compared to its Compton scale 1/M , the anomalous magnetic moment

must vanish [22]. The light-cone formalism is consistent with this theorem.

The form factors of the energy-momentum tensor for a spin-1
2 composite are de-

fined by

⟨P ′|T µν(0)|P ⟩ = u(P ′)
#
A(q2)γ(µP

ν)
+ B(q2)

i

2M
P

(µ
σν)αqα

+C(q2)
1

M
(qµqν − gµνq2)

$
u(P ) , (12)

where qµ = (P ′ − P )µ, P
µ

= 1
2(P

′ + P )µ, a(µbν) = 1
2(a

µbν + aνbµ), and u(P ) is the

spinor of the system.

As in the light-cone decomposition Eqs. (5) and (6) of the Dirac and Pauli form

factors for the vector current [8], we can obtain the light-cone representation of the

A(q2) and B(q2) form factors of the energy-tensor Eq. (12). Since we work in the

interaction picture, only the non-interacting parts of the energy momentum tensor

9

where q2 = −2P · q = −q⃗2
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Gravitational Form Factors



-

graviton

Vanishing Anomalous gravitomagnetic moment  B(0)

B(0) = 0 Each Fock State

sum over constituents

Terayev, Okun: B(0) Must vanish because of  
Equivalence Theorem 

Dae Sung Hwang, Bo-Qiang Ma, Ivan Schmidt, sjb

LF Proof 



Light-Front vacuum can simulate empty universe

• Independent of observer frame 

• Causal 

• Lowest invariant mass state M= 0. 

• Trivial up to k+=0 zero modes-- already normal-ordering 

• Higgs theory consistent with trivial LF vacuum (Srivastava, 
sjb) 

• QCD and AdS/QCD: “In-hadron”condensates (Maris, Tandy 
Roberts)  -- GMOR satisfied. 

• QED vacuum; no vacuum loops 

• Zero cosmological constant from QED, QCD, EW

Shrock, Tandy, Roberts, sjb
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Structure of the Vacuum in Light-Front Dynamics

Vaccum in the Front-Form of Dynamics

• P+ =
P

i p
+
i , p+

i > 0: LF vacuum is the state with P+ = 0 and contains no particles: all other

states have P+ > 0 (usual vacuum bubbles are kinematically forbidden in the front form !)

• Frame independent definition of the vacuum within the causal horizon

P 2|0i = 0

(LF vacuum also has zero quantum numbers and P+ = 0)

• LF vacuum is defined at fixed LF time x+ = x0 + x3

over all x� = x0 � x3 and x?, the expanse of space

that can be observed within the speed of light

• Causality is maintained since LF vacuum only

requires information within the causal horizon

• The front form is a natural basis for cosmology:

universe observed along the front of a light wave

Niccolò Cabeo 2014, Ferrara, May 20, 2012
Page 11

Front Form Vacuum Describes the Empty, Causal Universe 

Roberts, Shrock, Tandy, sjb

zero !!



Light-Front QCD

Eigenvalues and Eigensolutions give Hadronic 
Spectrum and Light-Front wavefunctions

HQCD
LF |�h >= M2

h|�h >

HQCD
LF =

�

i

[
m2 + k2

�
x

]i + Hint
LF

Fig. 6. A few selected matrix elements of the QCD front form Hamiltonian H"P
!

in LB-convention.

10. For the instantaneous fermion lines use the factor ¼
"

in Fig. 5 or Fig. 6, or the corresponding
tables in Section 4. For the instantaneous boson lines use the factor ¼

#
.

The light-cone Fock state representation can thus be used advantageously in perturbation
theory. The sum over intermediate Fock states is equivalent to summing all x!-ordered diagrams
and integrating over the transverse momentum and light-cone fractions x. Because of the restric-
tion to positive x, diagrams corresponding to vacuum fluctuations or those containing backward-
moving lines are eliminated.

3.4. Example 1: ¹he qqN -scattering amplitude

The simplest application of the above rules is the calculation of the electron—muon scattering
amplitude to lowest non-trivial order. But the quark—antiquark scattering is only marginally more
difficult. We thus imagine an initial (q, qN )-pair with different flavors fOfM to be scattered off each
other by exchanging a gluon.

Let us treat this problem as a pedagogical example to demonstrate the rules. Rule 1: There are
two time-ordered diagrams associated with this process. In the first one the gluon is emitted by the
quark and absorbed by the antiquark, and in the second it is emitted by the antiquark and
absorbed by the quark. For the first diagram, we assign the momenta required in rule 2 by giving
explicitly the initial and final Fock states

!q, qN " " 1

!n
$

%$

!
$!"

b!
$"

(k
&
, #

&
)d!

$"M
(k

&N
, #

&N
)!0" , (3.29)

!q$, qN $" " 1

!n
$

%$
!
$!"

b!
$"

(k $
&
, #$

&
)d!

$"M
(k $

&N
, #$

&N
)!0" , (3.30)

338 S.J. Brodsky et al. / Physics Reports 301 (1998) 299—486

LQCD � HQCD
LF

Hint
LF : Matrix in Fock Space

Physical gauge: A+ = 0

Exact frame-independent formulation of 
nonperturbative QCD!

H
int
LF

LFWFs: Off-shell in P- and invariant mass

|p, Jz >=
X

n=3

 n(xi,~k?i,�i)|n;xi,~k?i,�i >



• “History” : Compute any subgraph only once since the LFPth 
numerator does not depend on the process — only the 
denominator changes!

• Wick Theorem applies, but few amplitudes since all k+ > 0.

• Jz Conservation at every vertex

• Unitarity is explicit

• Loop Integrals are 3-dimensional

• hadronization: coalesce comoving quarks and gluons to 
hadrons using light-front wavefunctions

Light-Front Perturbation Theory for pQCD

Z 1

0
dx

Z
d2k?

General remarks about orbital angular mo-
mentum

�n(xi, k�i,�i)

�n
i=1(xi

 R�+ b�i) =  R�

xi
 R�+ b�i

�n
i
 b�i =  0�

�n
i xi = 1

at order gn|
X

initial

Sz �
X

final

Sz |  n

K. Chiu, sjb

T = HI + HI
1

M2
initial �M2

intermediate + i✏
HI + · · ·



LFPth 
all lines 

have 
positive k+

Spacelike vacuum 
polarization

• Initial or Final Leptons always present in each intermediate state 

• Sum over LF time-orderings gives covariant result for Π(Q2) 

`1

`2

`3
`4

< `4`2|HI |�2`3`2 >
1

D3
< �2`2`3|HI |q1q̄2`3`2 >

1
D2

< `2`3q1q̄2|HI |`3`2�1 >
1

D1
< �1`2`3|HI |`1`3 >

q1

q̄2

1 2 3

No zero modes appear!

P. Lowdon, K. Chiu, sjbRoskies, Suaya, sjb (two loops)



A

B

C
D

y = xA � xB yz

y(1� z)

D1 ⇥ (xA � xB) = [m
2
A

xA
� m2

B
xB

� �2

xA�xB
](xA � xB) =

(m
2
A

xA
� m2

B
xB

)(xA � xB)� �2 ⌘ t� �2

T = g
t��2 ⇥

R 1
0 dz g2

tz(1�z)�µ2 ⇥ g
t��2

�

y
�

µ

D2 ⇥ yzy(1� z) = [m
2
A

xA
� m2

B
xB

� µ2

yz � µ2

y(1�z) ]yzy(1� z) = y[tz(1� z)� µ2]

⌧1 ⌧2 ⌧3

D3 = D1

No problem for y = xA � xB ! 0

No problem for �t ! 0

Analytically correct in t 

Note also �t ! 0 at finite y > 0
by taking m2

A = m2
B = 0



Light-front formulation of the standard model

Prem P. Srivastava*
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Stanley J. Brodsky†
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Light-front !LF" quantization in the light-cone !LC" gauge is used to construct a renormalizable theory of the
standard model. The framework derived earlier for QCD is extended to the Glashow-Weinberg-Salam !GWS"
model of electroweak interaction theory. The Lorentz condition is automatically satisfied in LF-quantized QCD
in the LC gauge for the free massless gauge field. In the GWS model, with the spontaneous symmetry breaking
present, we find that the ’t Hooft condition accompanies the LC gauge condition corresponding to the massive
vector boson. The two transverse polarization vectors for the massive vector boson may be chosen to be the
same as found in QCD. The nontransverse and linearly independent third polarization vector is found to be
parallel to the gauge direction. The corresponding sum over polarizations in the standard model, indicated by
K#$(k), has several simplifying properties similar to the polarization sum D#$(k) in QCD. The framework is
unitary and ghost free !except for the ghosts at k!"0 associated with the light-cone gauge prescription". The
massive gauge field propagator has well-behaved asymptotic behavior. The interaction Hamiltonian of elec-
troweak theory can be expressed in a form resembling that of covariant theory, plus additional instantaneous
interactions which can be treated systematically. The LF formulation also provides a transparent discussion of
the Goldstone boson !or electroweak" equivalence theorem, as the illustrations show.

DOI: 10.1103/PhysRevD.66.045019 PACS number!s": 11.10.Gh, 12.10.Dm, 12.38.Lg

I. INTRODUCTION

The quantization of relativistic field theory at fixed light-
front time %"(t#z/c)/!2, which was proposed by Dirac
&1', has found important applications &2–5' in gauge field
theory, string theory &6', and M theory &7', and it has become
a useful alternative tool for the analysis of nonperturbative
problems in quantum chromodynamics &8'. Light-front quan-
tization has been employed in the non-Abelian bosonization
&9' of the field theory of N free Majorana fermions. The
!non-perturbative" degenerate vacuum structures, the
(-vacua in the Schwinger model and their absence in the
chiral Schwinger model, were shown &10,11' to follow trans-
parently in the front form theory, along with the natural
emergence in the former case of their continuum normaliza-
tion. Also the requirement of the microcausality &12' implies
that the LF framework is more appropriate for quantizing
&13' the self-dual !chiral boson" scalar field.
LF quantization is especially useful for quantum chromo-

dynamics, since it provides a rigorous extension of many-
body quantum mechanics to relativistic bound states: the
quark, and gluon momenta and spin correlations of a hadron
become encoded in the form of universal process-
independent, Lorentz-invariant wave functions &2'. The LF
quantization of QCD in its Hamiltonian form thus provides
an alternative to lattice gauge theory for the computation of
nonperturbative quantities such as the spectrum as well as

the LF Fock state wave functions of relativistic bound states
&3'.
We have recently presented a systematic study &14' of

light-cone !LC" gauge LF-quantized QCD theory following
the Dirac method &15,16' and constructed the Dyson-Wick
S-matrix expansion based on LF-time-ordered products. In
our analysis &14' one imposes the light-cone gauge condition
as a linear constraint using a Lagrange multiplier, rather than
a quadratic form. We then find that the LF-quantized free
gauge theory simultaneously satisfies the covariant gauge
condition )•A"0 as an operator condition as well as the LC
gauge condition. The resulting Feynman rule for the gauge
field propagator in the LC gauge is doubly transverse

*0!T„Aa
#!x "Ab

$!0 "…!0+"
i,ab

!2-"4" d4ke#ik•x D#$!k "

k2!i.
!1"

where

D#$!k ""#g#$!
n#k$!n$k#

!n•k "
#

k2

!n•k "2
n#n$ ,

n#D#$"k#D#$"0,

and n# is the null four-vector, gauge direction. Thus only
physical degrees of freedom propagate.
The remarkable properties of !the projector" D$# provide

much simplification in the computations of loop amplitudes.
In the case of tree graphs, the term proportional to n#n$
cancels against the instantaneous gluon exchange term. In
our previous paper &14', we showed how the double-pole

*Deceased.
†Email address: sjbth@slac.stanford.edu
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• Same phenomenological predictions 

• Higgs field has three components 

• Real part creates Higgs particle  

• Imaginary part (Goldstone) become longitudinal 
components of  W,  Z 

• Higgs VEV of instant form becomes k+=0 LF zero mode !

• Analogous to a background static classical Zeeman or 
Stark Fields 

• Zero  contribution to Tμμ ; zero coupling to gravity

Standard Model on the Light-Front 

P. Srivastava, sjb



Abelian  U(1) LF Model with Spontaneous Symmetry Breaking 

Thus a c-number in LF replaces conventional Higgs VEV

No coupling to gravity!

P. Srivastava, sjb

Constraint equation:
R

d2x?dx�
⇥
@?@?�� �V

��†

⇤
= 0

in curved universe



Higgs Zero Mode!

Yukawa Higgs coupling of confined quark to Higgs zero mode gives  

General remarks about orbital angular mo-
mentum

�n(xi, k�i,�i)

�n
i=1(xi

 R�+ b�i) =  R�

xi
 R�+ b�i

�n
i
 b�i =  0�

�n
i xi = 1

xq

< h >

ūu gq < h >=
mq

xq
mq =

m2
q

xq

gq ̄q(x) q(x)h(x)

HLFKE =
P

i

⇥~k2
?+m2

q

xq

⇤
i
= M2 = [

P
i k

µ
q ]

2

Coupling of confined quarks to Higgs Zero Mode  <h>



Is there empirical evidence for a gluon vacuum condensate?

Look for higher-twist correction to current propagator 

e+e� ! X, ⌧ decay, QQ̄ phenomenology

�⇤ �⇤

X X
Shifman, Vainshtein, Zakharov

< 0|↵s

⇡
Gµ⌫(0)Gµ⌫(0)|0 >

Re+e�(s) = Nc

X

q

e2
q(1 +

↵s

⇡

⇤4
QCD

s2
+ · · · )

q

q̄



Determinations of  the vacuum Gluon Condensate
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Figure 4: a): MS mass found from experimental moments Mn(Q2
n) for different n and Q2

n

determined by the equation M̄ (1)
n (Q2

n) = 0 for different values of the gluon condensate. The
shaded area shows the experimental error for

!

αs

π G2
"

= 0, for nonzero condensates only the
central lines are shown. b): m̄(m̄2) in GeV vs

!

αs

π G2
"

in GeV4 determined from n = 10 and
Q2 = 0.98 × 4m̄2. The αs is taken at the scale (41).

other experiments. In particular, as boundary condition in the RG equation (12) we put:

αs(m
2
τ ) = 0.330 ± 0.025 , mτ = 1.777 GeV (40)

found from hadronic τ -decay analysis [19] at the τ -mass in agreement with other data [20].
Another question is the choice of the scale µ2, at which αs should be taken. Since the

higher order perturbative corrections are not known, the moments Mn(Q2) will depend on
this scale. In the massless limit the most natural choice is µ2 = Q2. On the other hand
for massive quarks and Q2 = 0 the scale is usually taken µ2 ∼ m2. So we choose the
interpolation formula:

µ2 = Q2 + m̄2 (41)

At this scale αs is smaller than at µ2 = m̄2 for the price of larger M̄ (2)
n according to (39).

(Notice, that in the Tables in the Appendix as well as in the Fig 2 the ratio M̄ (2)/M̄ (0) is
given at the scale µ2 = m̄2.) Sometimes we will vary the coefficient before m̄2 (41) to test
the dependence of the results on the scale.

The sum rules for low order moments Mn(Q2), n ≤ 3 cannot be used because of large
contribution of high excited states and continuum as well as large α2

s corrections (see the
Tables in Appendix), especially at Q2 = 0. As the Fig 3 demonstrates, at n ≥ 4 the αs

correction to the gluon condensate is large at Q2 = 0. The ⟨G3⟩ condensate contribution is
also large (see below), which demonstrates, that the operator product expansion is divergent
here. For these reasons we will avoid using the sum rules at small Q2.

As the Fig 2 shows, the first correction to the moments M̄ (1)
n (Q2) vanishes along the

diagonal line, approximately parametrized by the equation Q2/(4m̄2) = n/5−1. The second-
order correction M̄ (2) and the correction to the condensate contribution M̄ (G,1) are also

12

< 0|�s
⇥ G2|0 > [GeV4]

+0.009± 0.007 from charmonium sum rules
+0.006± 0.012 from � decay.

Ioffe, Zyablyuk

Geshkenbein, Ioffe, Zyablyuk

Davier et al.�0.005± 0.003 from � decay.

Consistent with zero  
vacuum condensate



Effective Confinement potential from soft-wall AdS/QCD gives  Regge 
Spectroscopy plus higher-twist correction to current propagator 

e+e� ! X, ⌧ decay, QQ̄ phenomenology

�⇤ �⇤

Re+e�(s) = Nc

X

q

e2
q(1 + O

4

s2
+ · · · )

q

q̄

mimics dimension-4 gluon condensate                                           in 

light-quark meson spectra

 ' 0.5 GeV

< 0|↵s

⇡
Gµ⌫(0)Gµ⌫(0)|0 >

M2 = 42(n + L + S/2)



Ward-Takahashi Identity for axial current

Pµ�5µ(k, P ) + 2im�5(k, P ) = S�1(k + P/2)i�5 + i�5S
�1(k � P/2)

S�1(`) = i� · `A(`2) + B(`2) m(`2) =
B(`2)
A(`2)

Pµ �5�
µ

=
2im�5

Pµ < 0|q̄�5�
µq|⇡ >= 2m < 0|q̄i�5q|⇡ >

Identify pion pole at P 2 = m2
⇡

f⇡m2
⇡ = �(mu + md)⇢⇡

plus non-pole
�5µ

�5

GMOR satisfied, no VEV

Maris, Roberts, Shrock, Tandy, sjb
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LC2018 Hadron Dynamics, Spectroscopy  and Vacuum Structure 
from Light-Front Holography and Superconformal Algebra
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+
-

ū

< ⇡|�̄µq�5q|0 >

Lz = +1, Sz = �1

Lz = 0, Sz = 0

Running constituent mass at vertex

-

Couples to

Angular 
Momentum 

Conservation

⇠ f⇡

< ⇡|q̄�5q|0 > ⇠ ⇢⇡

Jz =
nX

i

Sz
i +

n�1X

i

Lz
i

Light-Front Pion Valence Wavefunctions
Sz

ū + Sz
d = +1/2� 1/2 = 0

Sz
ū + Sz

d = �1/2� 1/2 = �1

Couples to



Revised Gell Mann-Oakes-Renner Formula in QCD

current algebra:  
effective pion field

QCD: composite  pion 
Bethe-Salpeter Eq.

vacuum condensate actually is an “in-hadron condensate”

Maris, Roberts, Tandy⇡� < 0|q̄�5q|⇡ >

m2
⇡ = � (mu + md)

f⇡
< 0|iq̄�5q|⇡ >

m2
⇡ = � (mu + md)

f2
⇡

< 0|q̄q|0 >

No VEV!



Casher and Susskind Maris, Roberts, Tandy Shrock and sjb 

Quark and Gluon condensates reside 

within hadrons, not vacuum 

• Bound-State Dyson Schwinger Equations  

• AdS/QCD 

• Implications for cosmological constant --                      
Eliminates  45 orders of magnitude 
conflict
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I give a brief and idiosyncratic overview of the cosmological constant paradox.

1.

Gravity knows about everything, whatever its origin, luminous or dark, even the
energy contained in fluctuating quantum fields.

As is well known, this leads us to one of the gravest puzzles of theoretical
physics. Consider the Feynman diagram with the graviton coupling to a matter
field (for example an electron field) loop. If we claim to understand the physics
of the electron field up to an energy scale of M, then the graviton sees an energy
density given schematically by Λ ∼ M 4 + M2m2

elog( M
me

) + m4
elog( M

me
) + · · · . Just

about any reasonable choice of M leads to a humongous energy density!!! In fact,
even if the first two terms were to be mysteriously deleted, there is still an energy
density of order m4

e, that is, an energy density corresponding to one electron mass
in a volume the size of the Compton wavelength of the electron, filling all of space,
which is clearly unacceptable.

Apparently, this disastrous prediction of quantum field theory has nothing to
do with quantum gravity. Indeed, the quantum field theory we need for the matter
field is merely free field theory: we are just adding up zero point energy of harmonic
oscillators.

The cosmological constant paradox may be summarized as follows. In some
suitable units, the cosmological constant was expected to have the value ∼ 10123.
This was so huge that it was decreed to be equal to = 0 identically, while the
measured value turned out to be ∼ 1. I have argued elsewhere that the proton
decay rate might offer an instructive lesson here.

I am presuming that the observed dark energy is the fabled cosmological con-
stant. The evidence seems increasingly to favor this simplest of hypotheses. Even
if this were not the case, much of the paradox still remains.

I define Λ by writing the Einstein-Hilbert action as
!

d4x
√

g( 1
GR+Λ). It is useful

1336

“One of the gravest puzzles of 
theoretical physics”

Elements of the solution: 
(A) Light-Front Quantization: causal, frame-independent vacuum 

(B) New understanding of QCD “Condensates” 
(C) Higgs Light-Front Zero Mode 

Extraordinary conflict between the conventional definition of the vacuum in 
quantum field theory and cosmology



QCD gives Λ=zero if Quark and Gluon condensates reside within hadrons, not vacuum! 

Electroweak contribution gives Λ=zero from Zero Mode solution to Higgs Potential 

Electroweak Problem also could be solved in technicolor-- condensates within technihadrons 
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Gravity knows about everything, whatever its origin, luminous or dark, even the
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As is well known, this leads us to one of the gravest puzzles of theoretical
physics. Consider the Feynman diagram with the graviton coupling to a matter
field (for example an electron field) loop. If we claim to understand the physics
of the electron field up to an energy scale of M, then the graviton sees an energy
density given schematically by Λ ∼ M 4 + M2m2
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e, that is, an energy density corresponding to one electron mass
in a volume the size of the Compton wavelength of the electron, filling all of space,
which is clearly unacceptable.

Apparently, this disastrous prediction of quantum field theory has nothing to
do with quantum gravity. Indeed, the quantum field theory we need for the matter
field is merely free field theory: we are just adding up zero point energy of harmonic
oscillators.

The cosmological constant paradox may be summarized as follows. In some
suitable units, the cosmological constant was expected to have the value ∼ 10123.
This was so huge that it was decreed to be equal to = 0 identically, while the
measured value turned out to be ∼ 1. I have argued elsewhere that the proton
decay rate might offer an instructive lesson here.

I am presuming that the observed dark energy is the fabled cosmological con-
stant. The evidence seems increasingly to favor this simplest of hypotheses. Even
if this were not the case, much of the paradox still remains.

I define Λ by writing the Einstein-Hilbert action as
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GR+Λ). It is useful
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“One of the gravest puzzles of 
theoretical physics”

Central Question: What is the source of Dark Energy?

(⌦⇤)EW = 0(⌦⇤)QCD = 0

Higgs Zero-Mode Curvature?�� = 0.76(expt)



QCD Lagrangian

LQCD = �1
4
Tr(Gµ⌫Gµ⌫) +

nfX

f=1

i ̄fDµ�µ f +
nfX

f=1

mf  ̄f f

iDµ = i@µ � gAµ Gµ⌫ = @µAµ � @⌫Aµ � g[Aµ, A⌫ ]

Classical Chiral Lagrangian is Conformally Invariant  

Where does the QCD Mass Scale come from?  

• de Alfaro, Fubini, Furlan: Scale can appear in Hamiltonian and EQM 
without affecting conformal invariance of action!

Unique confinement potential!

QCD does not know what MeV units mean! 
Only Ratios of Masses Determined



Fundamental Question: Origin of the QCD Mass Scale

n Pion massless for mq=0
n What sets the mass of the proton when mq=0 ?
n QCD: No knowledge of MeV units:                                             

Only ratios of masses can be predicted
n Novel proposal by de Alfaro, Fubini, and Furlan (DAFF):                

Mass scale κ can appear in Hamiltonian leaving the action 
conformal!

n Unique Color-Confinement Potential  
n Eigenstates of Light-Front Hamiltonian determine hadronic 

mass spectrum and LF wavefunctions
n Superconformal algebra: Degenerate meson, baryon,  

and tetraquark mass spectrum
n Running QCD Coupling at all scales:   Predict ⇤MS

mp

 H(xi,~k?i,�i)

4⇣2



HQCD
LF |ψ >=M2|ψ >

Dirac’s Front Form: Fixed τ = t+ z/c

Bound States in Relativistic Quantum Field Theory: 

Light-Front Wavefunctions

Remarkable new insights from AdS/CFT, the duality 
between conformal field theory  and Anti-de Sitter Space 

Invariant under boosts.   Independent of Pμ

Direct connection to QCD Lagrangian

 (xi,~k?i,�i)

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

LF Wavefunction: off-shell in invariant mass

x =
k+

P+
=

k0 + k3

P 0 + P 3



HQED

Coupled Fock states

Effective two-particle equation

 Azimuthal  Basis

Confining AdS/QCD  
potential!  

HLF
QCD

(H0
LF + HI

LF )|� >= M2|� >

[
�k2
� + m2

x(1� x)
+ V LF

e� ] �LF (x,�k�) = M2 �LF (x,�k�)

�,⇥

Semiclassical first approximation to QCD  

U(⇣) = 4⇣2 + 22(L + S � 1)

Light-Front QCD

AdS/QCD:

�2 = x(1� x)b2
�

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

Sums an infinite # diagrams

LQCD

Eliminate higher Fock states              
and retarded interactions

⇥
� d2

d⇣2
+

1� 4L2

4⇣2
+ U(⇣)

⇤
 (⇣) =M2 (⇣)

mq = 0Single variable!



Light-Front Holography  

AdS/QCD 
Soft-Wall  Model 

Conformal Symmetry 
of the action  

U(⇣) = 4⇣2 + 22(L + S � 1)

Exploring QCD, Cambridge, August 20-24, 2007 Page 9

Confinement scale:   

Light-Front Schrödinger Equation Unique 
Confinement Potential!

de Tèramond, Dosch, sjb

 ' 0.5 GeV

• de Alfaro, Fubini, Furlan: Scale can appear in Hamiltonian and EQM 
without affecting conformal invariance of action!• Fubini, Rabinovici: 

e'(z) = e+2z2

Single variable  ζ

⇥
� d2

d⇣2 � 1�4L2

4⇣2 + U(⇣)
⇤
 (⇣) = M2 (⇣)

�
� d2

d2�
+ V (�)

⇥
=M2⇥(�)

�
� d2

d�2 + V (�)
⇥
=M2⇥(�)

�2 = x(1� x)b2
⇥.

Jz = Sz
p =

⇤n
i=1 Sz

i +
⇤n�1

i=1 ⌥z
i = 1

2

each Fock State

Jz
p = Sz

q + Sz
g + Lz

q + Lz
g = 1

2



IL NUOVO CIMENT0 VOL. 34 A, N. 4 21 Agosto 1976 

Conformal Invariance in Quantum Mechanics. 

V. DE 2s 
Istituto di .Fisiea Teoriea dell' Universit~ - Tori~o 
Istituto Nazionate di Fis ica Nucleare - Sezione di Torino 

S. FUBINI and G. FURLAN (*) 
C E R N  - Geneva 

(ricevuto fl 3 Maggio 1976) 

Summary. - -  The properties of a field theory in one over-all time dimen- 
sion, invariant under the full eonformal group, are studied in detail. A 
compact operator, which is not the Hamiltonian, is diagonalized and 
used to solve the problem of motion, providing a discrete spectrum and 
normalizable eigenstates. The role of the physical parameters present 
in the model is discussed, mainly in connection with a semi-classical 
approximation. 

1 .  - I n t r o d u c t i o n .  

Most quan tum field theories, which are being used at  present, contain only 
dimensionless coupling constant  so tha t  dilatation invariance is broken only 
by  mass terms. This has led to much a t tent ion to the limits in which such 
mass terms also tend to zero, either in terms of massless field theories or as 
special asymptot ic  limits of F e y n m a n  diagrams. 

A special feature of massless field theories is t ha t  they  exhibit an invariance 
group which is larger than  Poincard's  and which also contains the dilatation 
D and the conformal operator  K ,  (1). 

(*) On leave of absence from Istituto di Fisica Teorica dell'Universitk, Trieste and 
Istituto Nazionale di Fisica Nueleare, Sezione di Trieste. 
(1) A sample of recent developments, with abundant references to previous work, 
is contained in: Scale and Conformal Symmetry  in Hadron Physics,  edited by R. GATTO 
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Mass-Scale Invariance:  
Conformal Invariance of the Action (DAFF) 



G = uH + vD + wK

G| (⌧) >= i
@

@⌧
| (⌧) >

G = H⌧ =
1
2
�
� d

2

dx2
+

g

x2
+

4uw � v
2

4
x

2
�

Retains conformal invariance of action despite mass scale! 

Identical to LF Hamiltonian with unique potential and dilaton! 

• de Alfaro, Fubini, Furlan

⇥
� d2

d⇣2
+

1� 4L2

4⇣2
+ U(⇣)

⇤
 (⇣) =M2 (⇣)

U(⇣) = 4⇣2 + 22(L + S � 1)

4uw � v2 = 4 = [M ]4

• Dosch, de Teramond, sjb

New term

(dAFF)
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LC2018 Hadron Dynamics, Spectroscopy  and Vacuum Structure 
from Light-Front Holography and Superconformal Algebra

•Soft-wall dilaton profile breaks 
conformal invariance

•Color Confinement in z

•Introduces confinement scale κ

•Uses AdS5 as template for conformal 
theory

e'(z) = e+2z2

Dilaton-Modified AdS/QCD

Exploring QCD, Cambridge, August 20-24, 2007 Page 9

https://indico.cern.ch/event/628450/
https://indico.cern.ch/event/628450/


AdS Soft-Wall Schrödinger Equation for  
bound state  of  two scalar constituents:

Derived from variation of Action for Dilaton-Modified AdS5 

Identical to Single-Variable Light-Front Bound State Equation in ζ! 

U(z) = �4z2 + 2�2(L + S � 1)

• de Teramond, sjbPositive-sign dilaton

⇥
� d2

dz2
� 1� 4L2

4z2
+ U(z)

⇤
�(z) =M2�(z)

⌅(x,�b⇤) = ⌅(⇥)

⇤(z)

⇥ =
�

x(1� x)�b2⇤

z

z�

z0 = 1
⇥QCD

�d⇥ np

⌅(x,�b⇤) = ⌅(⇥)

⇤(z)

⇥ =
�

x(1� x)�b2⇤

z

z�

z0 = 1
⇥QCD

�d⇥ np

e'(z) = e+2z2



⌅(x,�b⇤) = ⌅(⇥)

⇤(z)

⇥ =
�

(x(1� x)|b⇤|

z

z�

z0 = 1
⇥QCD

�d⇥ np

⌅(x,�b⇤) = ⌅(⇥)

⇤(z)

⇥ =
�

x(1� x)�b2⇤

z

z�

z0 = 1
⇥QCD

�d⇥ np

⌅(x,�b⇤) = ⌅(⇥)

⇤(z)

⇥ =
�

x(1� x)�b2⇤

z

z�

z0 = 1
⇥QCD

�d⇥ np

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

LF(3+1)                AdS5

Light-Front Holography: Unique mapping derived from equality of LF 
and AdS  formula for EM and gravitational current matrix elements 

and identical equations of motion

⇤(x, �) =
�

x(1� x)��1/2⇥(�)

de Teramond, sjb

(µR)2 = L2 � (J � 2)2

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

Light-Front Holographic Dictionary



G. de Teramond, H. G. Dosch, sjb 

U(⇣2) = 4⇣2 + 22(J � 1)

z ! ⇣

Pion: Negative term  for J=0 cancels 
positive terms from LFKE and potentialm⇡ = 0 if mq = 0

Massless pion! 

~⇣2 = ~b2?x(1� x)



Same slope in n and L!Massless pion in Chiral Limit!

Mass ratio of the ρ and the a1 mesons: coincides with Weinberg sum rules

mq = 0

G. de Teramond, H. G. Dosch, sjb 



Prediction from AdS/QCD: Meson LFWF

�(x, k�)
0.20.40.60.8

1.3

1.4

1.5

0

0.05

0.1

0.15

0.2

0

5

       “Soft Wall” 
model

�(x, k�)(GeV)

de Teramond, 
Cao, sjb⇥M(x, Q0) ⇥

�
x(1� x)

⇤M(x, k2
⇤)

µR

µR = Q

µF = µR

Q/2 < µR < 2Q

µ�

massless quarks

Note coupling  

k2
�, x

Provides Connection of Confinement to Hadron Structure

⇤M (x, k⇥) =
4⇥

�
�

x(1� x)
e
� k2

⇥
2�2x(1�x)

x

1� x

�⇡(x) =
4p
3⇡

f⇡

p
x(1� x)

f⇡ =
p

Pqq̄

p
3

8
 = 92.4 MeV Same as DSE!

e'(z) = e+2z

C. D. Roberts et al.



General remarks about orbital angular mo-
mentum

�n(xi, k�i,�i)

�n
i=1(xi

 R�+ b�i) =  R�

xi
 R�+ b�i

�n
i
 b�i =  0�

�n
i xi = 1
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1.4

1.5

0
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0.1
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0.2

0

5

�(x, k�)(GeV)

�(x, k�)

• Light Front Wavefunctions:                                   

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

“Hadronization at the Amplitude Level”

o↵-shell in P� and invariant massM2
qq̄

General remarks about orbital angular mo-
mentum

�n(xi, k�i,�i)

�n
i=1(xi

 R�+ b�i) =  R�

xi
 R�+ b�i

�n
i
 b�i =  0�

�n
i xi = 1

Boost-invariant LFWF connects confined quarks and gluons to hadrons

x,~k?

1� x,�~k?



J. R. Forshaw,  
R. Sandapen

�⇤p! ⇢0p0

�L

�T

⇤M (x, k⇥) =
4⇥

�
�

x(1� x)
e
� k2

⇥
2�2x(1�x)



Uniqueness of Dilaton

pion is massless in chiral limit iff 
p=2!

p

m2
⇡/2

'p(z) = pzp

e'(z) = e+2z2

• Dosch, de Tèramond, sjb
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Orbital and radial excitations for
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Instituto de Ciencias Nucleares, UNAM, México DF, 2 December 2015
Page 14

Figure 1: Comparison of the light-front holographic prediction [1] M
2(n, L, S) =

4�(n+ L+ S/2) for the orbital L and radial n excitations of the meson spectrum with
experiment. See Ref. [2]

1 Introduction

A remarkable empirical feature of the hadronic spectrum is the near equality of the

slopes of meson and baryon Regge trajectories. The square of the masses of hadrons

composed of light quarks is linearly proportional not only to L, the orbital angular

momentum, but also to the principal quantum number n, the number of radial nodes in

the hadronic wavefunction as seen in Fig. 1. The Regge slopes in n and L are equal, as in

the meson formula M
2
M
(n, L, S) = 4�(n+L+S/2 from light front holographic QCD [1],

but even more surprising, they are observed to be equal for both the meson and baryon

trajectories, as shown in Fig. 2. The mean value for all of the slopes is  =
p
� = 0.523

GeV. See Fig. 3.

4

Equal Slope in n and LM2(n,L, S) = 42(n + L + S/2)
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Fig: Orbital and radial AdS modes in the soft wall model for � = 0.6 GeV .
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Light meson orbital (a) and radial (b) spectrum for � = 0.6 GeV.
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S = 0 S = 0

Soft Wall 
Model

Pion mass  
automatically zero!

mq = 0

Quark separation 
increases with L

Pion has 
zero mass!

Same slope in n and L!



Structure of the Vacuum in Light-Front Dynamics

• Results easily extended to light quarks masses (Ex: K-mesons)
[GdT, S. J. Brodsky and H. G.Dosch, arXiv:1405.2451 [hep-ph]]

• First order perturbation in the quark masses

�M2 = h |
X

a

m2
a/xa| i

• Holographic LFWF with quark masses
[S. J. Brodsky and GdT, arXiv:0802.0514 [hep-ph]

 (x, ⇣) ⇠
p

x(1� x) e�
1
2�

�m2
q

x +
m2

q
1�x

�
e�

1
2� ⇣2

• Ex: Description of diffractive vector meson production at HERA
[J. R. Forshaw and R. Sandapen, PRL 109, 081601 (2012)]

• For the K⇤

M2
n,L,S = M2

K± + 4�
✓

n +
J + L

2

◆

• Effective quark masses from reduction of higher Fock states as functionals of the valence state:

mu = md = 46 MeV, ms = 357 MeV

Niccolò Cabeo 2014, Ferrara, May 20, 2012
Page 33

De Tèramond, Dosch, sjb

from LF Higgs mechanism

Effective mass from m(p2) Tandy, Roberts, et al
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A.P.  Trawinski, S.D. Glazek, H. D. Dosch, G. de Teramond, sjb

Connection to the Linear Instant-Form Potential

Linear instant nonrelativistic form V (r) = Cr for heavy quarks

Harmonic Oscillator U(⇣) = 4⇣2 LF Potential for relativistic light quarks



{Q,S+} = f �B + 2iD, {Q+, S} = f �B � 2iD

B =
1
2
[ +, ] =

1
2
�3{ , +} = 1

 =
1
2
(�1 � i�2),  + =

1
2
(�1 + i�2)

{Q,Q
+} = 2H, {S, S

+} = 2K

generates conformal algebra

[H,D]= i H, [H, K] =2 i D, [K, D] = - i K

Q =  +[�@x +
f

x
], Q+ =  [@x +

f

x
], S =  +x, S+ =  x

Haag, Lopuszanski, Sohnius (1974)

Superconformal Quantum Mechanics 

Q '
p

H, S '
p

K



Consider Rw = Q + wS; w: dimensions of mass squared

Superconformal Quantum Mechanics 

Retains Conformal Invariance of Action

G11 =
�
� @2

x + w2x2 + 2wf � w +
4(f + 1

2 )2 � 1
4x2

�

New Extended Hamiltonian  G is diagonal:

G = {Rw, R
+
w} = 2H + 2w2

K + 2wfI � 2wB

G22 =
�
� @2

x + w2x2 + 2wf + w +
4(f � 1

2 )2 � 1
4x2

�

Fubini and Rabinovici 

2B = �3

Eigenvalue of G: M2(n,L) = 42(n + LB + 1)

Baryon Equation

Identify f � 1
2 = LB , w = 2

Q '
p

H, S '
p

K

� = 2



�
� @2

⇣ + 4⇣2 + 22(LB + 1) +
4L2

B � 1
4⇣2

�
 +

J = M2 +
J

Baryon Equation

Meson Equation

M2(n,LB) = 42(n + LB + 1)

�
� @2

⇣ + 4⇣2 + 22LB +
4(LB + 1)2 � 1

4⇣2

�
 �J = M2 �J

�
� @2

⇣ + 4⇣2 + 22(J � 1) +
4L2

M � 1
4⇣2

�
�J = M2�J

M2(n,LM ) = 42(n + LM )

Meson-Baryon Degeneracy for LM=LB+1

S=1/2, P=+

LF Holography

S=0, I=1 Meson is superpartner of S=1/2, I=1 Baryon

Superconformal  
Quantum Mechanics 

Same   !
S=0, P=+

� = 2



Superconformal Algebra
2X2 Hadronic Multiplets

&%
'$ue &%

'$e ee
�M , LB + 1  B+, LB

-R
†
�

&%
'$e ee
 B�, LB + 1

&%
'$e eu u
�T , LB

-R
†
�

Figure 1: The supersymmetric quadruplet {�M , B+, B�,�T }. Open circles represent
quarks, full circles antiquarks. The tetraquark has the same mass as its baryon partner in the
multiplet. Notice that the LF angular momentum of the negative-chirality component wave
function of a baryon  B� is one unit higher than that of the positive-chirality (leading-twist)
component  B+.

spinor wavefunction  B+ and  B�, plus two bosonic wave functions, namely the meson

�B and the tetraquark �T . These states can be arranged as a 2⇥ 2 matrix:

 
�M(LM = LB + 1)  B�(LB + 1)

 B+(LB) �T (LT = LB)

!
, (21)

on which the symmetry generators (1) and the Hamiltonian (17) operate 9.

According to this analysis, the lowest-lying light-quark tetraquark is a partner of

the b1(1235) and the nucleon; it has quantum numbers I, J
P = 0, 0+. The partners of

the a2(1320) and the �(1233) have the quantum numbers I = 0, JP = 1+. Candidates

for these states are the f0(980) and a1(1260), respectively.

2.4 Inclusion of quark masses and comparison with experiment

We have argued in [11] that the natural way to include light quark masses in the

hadron mass spectrum is to leave the LF potential unchanged as a first approximation

and add the additional term of the invariant mass �m
2 =

P
n

i=1
m

2
i

xi
to the LF kinetic

energy. The resulting LF wave function is then modified by the factor e
� 1

2��m
2
, thus

providing a relativistically invariant form for the hadronic wave functions. The e↵ect of

the nonzero quark masses for the squared hadron masses is then given by the expectation

value of �m
2 evaluated using the modified wave functions. This prescription leads to

9It is interesting to note that in Ref. [20] mesons, baryons and tetraquarks are also hadronic states
within the same multiplet.

12

Meson Baryon

TetraquarkBaryon

Bosons, Fermions with Equal Mass!

Proton: |u[ud]> Quark + Scalar Diquark
Equal Weight: L=0, L=1

R†
� q ! [q̄q̄]

3C ! 3C

R†
� q̄ ! [qq]

3̄C ! 3̄C
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Same slope
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meson

M2
nucleon

=
n + LM
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de Tèramond, Dosch, Lorce, sjbSuperconformal Quantum Mechanics 
Light-Front Holography

Universal slopes in n, L
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⇢�� superpartner trajectories

Dosch, de Teramond, sjb L (Orbital Angular Momentum)
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[qq̄]
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[qqq]
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Fit to the slope of Regge trajectories, 
including radial excitations

Same Regge Slope for Meson, Baryons:  
Supersymmetric feature of hadron physics

mu = md = 46 MeV, ms = 357 MeV

From ↵g1(Q2)
Deur

� = 2 de Tèramond, Dosch, Lorce’, sjb



Dosch, de Teramond, sjb

Supersymmetry across the light and heavy-light spectrum



Dosch, de Teramond, sjb

Supersymmetry across the light and heavy-light spectrum

Heavy charm quark mass does not break supersymmetry



M. NielsenNew Organization of the Hadron Spectrum
Meson Baryon        Tetraquark



a


a

Superpartners for states with one c quark

predictions             beautiful agreement!



Superconformal Algebra
2X2 Hadronic Multiplets: 4-Plet

&%
'$ue &%

'$e ee
�M , LB + 1  B+, LB

-R
†
�

&%
'$e ee
 B�, LB + 1

&%
'$e eu u
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Figure 1: The supersymmetric quadruplet {�M , B+, B�,�T }. Open circles represent
quarks, full circles antiquarks. The tetraquark has the same mass as its baryon partner in the
multiplet. Notice that the LF angular momentum of the negative-chirality component wave
function of a baryon  B� is one unit higher than that of the positive-chirality (leading-twist)
component  B+.

spinor wavefunction  B+ and  B�, plus two bosonic wave functions, namely the meson

�B and the tetraquark �T . These states can be arranged as a 2⇥ 2 matrix:

 
�M(LM = LB + 1)  B�(LB + 1)

 B+(LB) �T (LT = LB)

!
, (21)

on which the symmetry generators (1) and the Hamiltonian (17) operate 9.

According to this analysis, the lowest-lying light-quark tetraquark is a partner of

the b1(1235) and the nucleon; it has quantum numbers I, J
P = 0, 0+. The partners of

the a2(1320) and the �(1233) have the quantum numbers I = 0, JP = 1+. Candidates

for these states are the f0(980) and a1(1260), respectively.

2.4 Inclusion of quark masses and comparison with experiment

We have argued in [11] that the natural way to include light quark masses in the

hadron mass spectrum is to leave the LF potential unchanged as a first approximation

and add the additional term of the invariant mass �m
2 =

P
n

i=1
m

2
i

xi
to the LF kinetic

energy. The resulting LF wave function is then modified by the factor e
� 1

2��m
2
, thus

providing a relativistically invariant form for the hadronic wave functions. The e↵ect of

the nonzero quark masses for the squared hadron masses is then given by the expectation

value of �m
2 evaluated using the modified wave functions. This prescription leads to

9It is interesting to note that in Ref. [20] mesons, baryons and tetraquarks are also hadronic states
within the same multiplet.

12

Meson Baryon

TetraquarkBaryon

Bosons, Fermions with Equal Mass!

Proton: |u[ud]> Quark + Scalar Diquark
Equal Weight: L=0, L=1

R†
� q ! [q̄q̄]

3C ! 3C

R†
� q̄ ! [qq]

3̄C ! 3̄C

Guy de Tèramond,  Hans Günter Dosch, sjb



Fermionic Modes and Baryon Spectrum
[Hard wall model: GdT and S. J. Brodsky, PRL 94, 201601 (2005)]

[Soft wall model: GdT and S. J. Brodsky, (2005), arXiv:1001.5193]

From Nick Evans

• Nucleon LF modes

⇤+(�)n,L = ⇥2+L

⌅
2n!

(n + L)!
�3/2+Le�⇥2�2/2LL+1

n

�
⇥2�2

⇥

⇤�(�)n,L = ⇥3+L 1⇤
n + L + 2

⌅
2n!

(n + L)!
�5/2+Le�⇥2�2/2LL+2

n

�
⇥2�2

⇥

• Normalization ⇤
d� ⇤2

+(�) =
⇤

d� ⇤2
�(�) = 1

• Eigenvalues

M2
n,L,S=1/2 = 4⇥2 (n + L + 1)

• “Chiral partners”
MN(1535)

MN(940)
=
⇤

2

LC 2011 2011, Dallas, May 23, 2011 Page 13

Quark Chiral 
Symmetry of 
Eigenstate!

Nucleon: Equal Probability for L=0,1

R1
0 d⇣

R 1
0 dx 2

+(⇣
2, x) =

R1
0 d⇣

R 1
0 dx 2

�(⇣
2, x) = 1

2



Space-Like Dirac Proton Form Factor

• Consider the spin non-flip form factors

F+(Q2) = g+

⇤
d� J(Q, �)|⇥+(�)|2,

F�(Q2) = g�

⇤
d� J(Q, �)|⇥�(�)|2,

where the effective charges g+ and g� are determined from the spin-flavor structure of the theory.

• Choose the struck quark to have Sz = +1/2. The two AdS solutions ⇥+(�) and ⇥�(�) correspond

to nucleons with Jz = +1/2 and�1/2.

• For SU(6) spin-flavor symmetry

F p
1 (Q2) =

⇤
d� J(Q, �)|⇥+(�)|2,

Fn
1 (Q2) = �1

3

⇤
d� J(Q, �)

�
|⇥+(�)|2 � |⇥�(�)|2

⇥
,

where F p
1 (0) = 1, Fn

1 (0) = 0.

Exploring QCD, Cambridge, August 20-24, 2007 Page 52



• Compute Dirac proton form factor using SU(6) flavor symmetry

F p
1 (Q2) = R4

⇧
dz

z4
V (Q, z)�2

+(z)

• Nucleon AdS wave function

�+(z) =
�2+L

R2

⌃
2n!

(n + L)!
z7/2+LLL+1

n

�
�2z2

⇥
e��2z2/2

• Normalization (F1
p(0) = 1, V (Q = 0, z) = 1)

R4

⇧
dz

z4
�2

+(z) = 1

• Bulk-to-boundary propagator [Grigoryan and Radyushkin (2007)]

V (Q, z) = �2z2

⇧ 1

0

dx

(1� x)2
x

Q2

42 e��2z2x/(1�x)

• Find

F p
1 (Q2) =

1⇤
1 + Q2

M2
⇢

⌅⇤
1 + Q2

M2
⇢0

⌅

withM⇥
2
n ⇤ 4�2(n + 1/2)

LC 2011 2011, Dallas, May 23, 2011 Page 20



Using SU(6) flavor symmetry and normalization to static quantities
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5 Non-Perturbative QCD Coupling From LF Holography
With A. Deur and S. J. Brodsky

• Consider five-dim gauge fields propagating in AdS5 space in dilaton background ⇧(z) = ⇤2z2

S = �1
4

�
d4x dz

⇧
g e⇥(z) 1

g2
5

G2

• Flow equation
1

g2
5(z)

= e⇥(z) 1
g2
5(0)

or g2
5(z) = e��2z2

g2
5(0)

where the coupling g5(z) incorporates the non-conformal dynamics of confinement

• YM coupling �s(⇥) = g2
Y M (⇥)/4⌅ is the five dim coupling up to a factor: g5(z)⌅ gY M (⇥)

• Coupling measured at momentum scale Q

�AdS
s (Q) ⇤

� ⇥

0
⇥d⇥J0(⇥Q)�AdS

s (⇥)

• Solution

�AdS
s (Q2) = �AdS

s (0) e�Q2/4�2
.

where the coupling �AdS
s incorporates the non-conformal dynamics of confinement

Hadron 2009, FSU, Tallahassee, December 1, 2009 Page 27

Running Coupling from  Modified AdS/QCD
Deur,  de Teramond, sjb

e�(z) = e+2z2



•Can be used as standard QCD coupling

•Well measured

•Asymptotic freedom at large Q2

•Computable at large Q2 in any pQCD 
scheme

•Universal  β0,  β1

Bjorken sum rule defines effective charge ↵g1(Q2)
Z 1

0
dx[gep

1 (x,Q2)� gen
1 (x,Q2)] ⌘ ga

6
[1� ↵g1(Q2)

⇡
]



�AdS
s (Q)/⇥ = e�Q2/4�2

�s(Q)
⇥

Deur,  de Teramond, sjb
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FIG. 2. Solid (blue) curve: predicted process-independent
RGI running-coupling !αPI(k2), Eq. (6). The shaded (blue)
band bracketing this curve combines a 95% confidence-level
window based on existing lattice-QCD results for the gluon
two-point function with an error of 10% in the continuum
extraction of the RGI product LF in Eqs. (1). World data
on αg1

[55–80]. The shaded (yellow) band on k > 1GeV
represents αg1

obtained from the Bjorken sum by using QCD
evolution [81–83] to extrapolate high-k2 data into the depicted
region, following Refs. [55, 56]; and, for additional context, the
dashed (red) curve is the light-front holographic model of αg1

canvassed in Ref. [45].

charge αg1(k
2) are depicted in Fig. 2 and therein com-

pared with our prediction for the process-independent
RGI running-coupling !αPI(k2). Owing to asymptotic
freedom, all reasonable definitions of a QCD effective
charge must agree on k2 ! 1GeV2 and our approach
guarantees this connection. To be specific, in terms of
the widely-used MS running coupling [3]:

αg1(k
2) = α

MS
(k2)(1 + 1.14α

MS
(k2) + . . .) , (8a)

!αPI(k
2) = α

MS
(k2)(1 + 1.09α

MS
(k2) + . . .) , (8b)

where Eq. (8a) may be built from, e.g. Refs. [84, 85].
Significantly, there is also near precise agreement with

data on the IR domain, k2 " m2
0, and complete accord

on k2 ≥ m2
0. Fig. 1 makes plain that any agreement on

k2 ∈ [0.01, 1]GeV2 is non-trivial because ghost-gluon in-
teractions produce as much as 40% of !αPI(k2) on this
domain: if these effects were omitted from the gluon
vacuum polarisation, then αg1 and !αPI would differ by
roughly a factor of two on the critical domain of transi-
tion between strong and perturbative QCD.

5: Conclusions.—We have defined and calculated a
process-independent running-coupling for QCD, !αPI(k2)
[Eq. (6), Fig. 1]. This is a new type of effective charge,
which is an analogue of the Gell-Mann–Low effective cou-
pling in QED, being completely determined by the gauge-
boson two-point function. Our prediction for !αPI(k2) is

parameter-free, being obtained by combining the self-
consistent solution of a set of Dyson-Schwinger equa-
tions with results from lattice-QCD; and it smoothly uni-
fies the nonperturbative and perturbative domains of the
strong-interaction theory. This process-independent run-
ning coupling is known to unify a vast array of observ-
ables, e.g. the pion mass and decay constant, and the
light meson spectrum [86]; the parton distribution am-
plitudes of light- and heavy-mesons [87–89], associated
elastic and transition form factors [90, 91], etc.
Finally, and perhaps surprisingly at first sight, !αPI(k2)

is almost pointwise identical at infrared momenta to the
process-dependent effective charge, αg1 , defined via the
Bjorken sum rule, one of the most basic constraints on
our knowledge of nucleon spin structure, and in com-
plete agreement on the domain of perturbative momenta
[Fig. 2]. Equivalence on the perturbative domain is guar-
anteed for any two reasonable definitions of QCD’s ef-
fective charge, but here the subleading terms differ by
just 4% [Eqs. (8)]. An excellent match at infrared mo-
menta, i.e. below the scale at which perturbation theory
would locate the Landau pole, is non-trivial; and crucial
to this agreement is the careful treatment and incorpo-
ration of a special class of gluon-ghost scattering effects.
One is naturally compelled to ask how these two appar-
ently unrelated definitions of a QCD effective charge can
be so similar? We attribute this outcome to a physi-
cally useful feature of the Bjorken sum rule, viz. it is
an isospin non-singlet relation and hence contributions
from many hard-to-compute processes are suppressed,
and these same processes are omitted in our computa-
tion of !αPI(k2).
The analysis herein unifies two vastly different ap-

proaches to understanding the infrared behaviour of
QCD, one essentially phenomenological and the other de-
liberately computational, embedded within QCD. There
is no Landau pole in our predicted running coupling.
In fact, there is an inflection point at

√
k2 = 0.7GeV,

marking a transition wall at which, as momenta de-
creasing from the ultraviolet promote growth in the cou-
pling, that coupling turns away from the Landau pole,
the growth slows, and finally the coupling saturates:
!αPI(k2 = 0) ≈ 0.9π [Fig. 2]. This unification identifies
the Bjorken sum rule as a near direct means by which to
gain empirical insight into a QCD analogue of the Gell-
Mann–Low effective charge.
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Process-independent strong running coupling
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We unify two widely different approaches to understanding the infrared behaviour of quantum
chromodynamics (QCD), one essentially phenomenological, based on data, and the other computa-
tional, realised via quantum field equations in the continuum theory. Using the latter, we explain
and calculate a process-independent running-coupling for QCD, a new type of effective charge that
is an analogue of the Gell-Mann–Low effective coupling in quantum electrodynamics. The result is
almost identical to the process-dependent effective charge defined via the Bjorken sum rule, which
provides one of the most basic constraints on our knowledge of nucleon spin structure. This re-
veals the Bjorken sum to be a near direct means by which to gain empirical insight into QCD’s
Gell-Mann–Low effective charge.

1: Introduction.— In quantum gauge field theories de-
fined in four spacetime dimensions, the Lagrangian cou-
plings and masses do not remain constant. Instead, ow-
ing to the need for ultraviolet (UV) renormalisation, they
come to depend on a mass scale, which can often be re-
lated to the energy or momentum at which a given pro-
cess occurs. The archetype is quantum electrodynamics
(QED), for which a sensible perturbation theory can be
defined [1]. Within this framework, owing to the Ward
identity [2], there is a single running coupling, measur-
ing the strength of the photon–charged-fermion vertex,
which can be obtained by summing the collection of vir-
tual processes that change the bare photon into a dressed
object, viz. by computing the photon vacuum polarisa-
tion. QED’s running coupling is known to great accuracy
[3] and the running has been observed directly [4, 5].

A new coupling appears when electromagnetism is
combined with weak interactions to produce the Stan-
dard Electroweak Model [6]. It may be characterised by
sin2 θW , where θW is a scale-dependent angle which spec-
ifies the particular mixing between the model’s defining
neutral gauge bosons that produces the observed photon
and Z0-boson. A perturbation theory can also be de-
fined for the electroweak theory [7] so that sin2 θW can
be computed and compared with precise experiments [3].

At first sight, the addition of quantum chromodynam-
ics (QCD) [8] to the Standard Model does not quali-
tatively change anything, despite the presence of four
possibly distinct strong-interaction vertices (gluon-ghost,
three-gluon, four-gluon and gluon-quark) in the renor-
malised theory. An array of Slavnov-Taylor identities
(STIs) [9, 10], implementing BRST symmetry [11, 12]
(a generalisation of non-Abelian gauge invariance for the
quantised theory) ensures that a single running coupling
characterises all four interactions on the domain within
which perturbation theory is valid. The difference here
is that whilst QCD is asymptotically free and extant ev-

idence suggests that perturbation theory is valid at large
momentum scales, all dynamics is nonperturbative at
those scales typical of everyday strong-interaction phe-
nomena, e.g. ζ ! mp, where mp is the proton’s mass.

The questions that arise are how many distinct run-
ning couplings exist in nonperturbative QCD, and how
can they be computed? Given that there are four individ-
ual, apparently UV-divergent interaction vertices in the
perturbative treatment of QCD, there could be as many
as four distinct couplings at infrared (IR) momenta. (Of
course, if nonperturbatively there are two or more cou-
plings, they must all become equivalent on the perturba-
tive domain.) In our view, nonperturbatively, too, QCD
possesses a unique running coupling. The alternative ad-
mits the possibility of a different renormalisation-group-
invariant (RGI) intrinsic mass-scale for each coupling and
no guarantee of a connection between them. In such cir-
cumstances, BRST symmetry would likely be irreparably
broken by nonperturbative dynamics and one would be
pressed to conclude that QCD was non-renormalisable
owing to IR dynamics. There is no empirical evidence
to support such a conclusion: QCD does seem to be a
well-defined theory at all momentum scales, owing to the
dynamical generation of gluon [13–18] and quark masses
[19–21], which are large at IR momenta.

2: Process-independent running coupling.—Poincaré co-
variance is of enormous importance in modern physics,
e.g. it places severe limitations on the nature and number
of those independent amplitudes that are required to fully
specify any one of a gauge theory’s n-point Schwinger
functions (Euclidean Green functions). Analyses and
quantisation procedures that violate Poincaré covariance
lead to a rapid proliferation in the number of such func-
tions. For example, the gluon 2-point function (propaga-
tor, Dµν) is completely specified by one scalar function
in the class of linear covariant gauges; but, in the class of
axial gauges, two unconnected functions are required and
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LC2018 Hadron Dynamics, Spectroscopy  and Vacuum Structure 
from Light-Front Holography and Superconformal Algebra

Features of LF Holographic QCD
• Color Confinement, Analytic form of confinement potential 

• Massless pion bound state in chiral limit 

• QCD coupling at all scales 

• Connection of perturbative and nonperturbative mass scales 

• Poincare’ Invariant 

•Hadron Spectroscopy-Regge Trajectories with universal slopes in n, L 

•Supersymmetric 4-Plet:  Meson-Baryon  Tetraquark Symmetry 

•Light-Front Wavefunctions 

•Form Factors, Structure Functions, Hadronic Observables 

•Constituent Counting Rules 

•Hadronization at the Amplitude Level 

•Analytic First Approximation to QCD 

•Systematically improvable:  Basis LF Quantization (BLFQ)

Many phenomenological tests
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Underlying Principles

• Poincarè Invariance: Independent of the observer’s Lorentz frame  

• Quantization at Fixed Light-Front Time 

• Causality: Information within causal horizon 

• Light-Front Holography: AdS5 = LF (3+1) 

• Single fundamental hadronic mass scale κ: but retains the 
Conformal Invariance of the Action (dAFF)!  

• Unique color-confining LF Potential! 

• Superconformal Algebra:  Mass Degenerate 4-Plet:

U(⇣2) = 4⇣2

Meson qq̄ $ Baryon q[qq] $ Tetraquark [qq][q̄q̄]

z $ ⇣ where ⇣2 = b2?x(1� x)

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

x (1� x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1� x)�b2⇥

z

z�

z0 = 1
⇥QCD

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

�2 = x(1� x)b2
�

⌧
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