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Non-perturbative definition/evaluation
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Not good for numerical evaluation



Non-perturbative definition/evaluation
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Non-perturbative definition/evaluation

Good for numerical evaluation if 
SE is real
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one point function:

related by  
analytic continuation 

(numerically unstable)

two point function:

From euclidean to Minkowski



This approach fails if: 

• SE is not real (finite density, …) 

• real time observable (transport coefficients, 
parton distribution functions, …)
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Central idea: deform the contour into the complex 
plane:

Z
dxe�(z�i20)2 =

p
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“sign problem”
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Cristoforetti, DiRenzo, Scorzato, ‘12

Central idea: deform the contour into the complex 
plane:

Z
dxe�(z�i20)2 =

p
⇡

“no sign problem”
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gradient flow  
of SR , 

keeps integral 
well defined

hamiltonian 
flow of SI, 

keeps phase fixed
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How to find good deformations ?

(real) field space

new integration 
manifold



How to find good deformations ?

(real) field space

new integration 
manifold

The flow approaches the 
“thimbles” 

(multidimensional stationary 
phase/steepest descent 

manifolds)
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How to find good deformations ?

SR under the flow

SR
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How to find good deformations ?

SR grows under the flow

relevant region 
before flow

SR
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How to find good deformations ?

if this integral exists, so does that

1) homology class preserved by the flow

SR
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relevant region 
after flow

SR grows under the flow 
SI stays constant

How to find good deformations ?

SR
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2) sign fluctuations are reduced
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this is the expensive part
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The algorithm

our algorithm 
= 

Metropolis in the real space, 
action Seff and 

reweighted phase ei Im(ln J)-i Im(S)
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Case study: massive Thirring model
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sign problem

Wilson, 10 x10 lattice, NF=2, amf=0.3



Case study: massive Thirring model
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improved

Wilson, 10 x10 lattice, NF=2, amf=0.3
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Case study: massive Thirring model

flow done with estimators for the jacobian 
(difference reweighted) 

no sign problem

Wilson, 10 x10 lattice, NF=2, amf=0.3



Case study: massive Thirring model
Staggered, NF=2, amf=0.265

cold limit
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calculation



Staggered, NF=2, T/mf=0.302, mfL=3.31
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Case study: massive Thirring model

continuum limit



Case study: massive Thirring model
Staggered, NF=2, T/mf=0.302

Nt×Nx=10×10

Nt×Nx=10×20
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Application: Real Time Dynamics

Real time, thermal equilibrium:

h�(t)�(t0)i� =
1

Z
Tr(e��H�(t)�(t0)) =

1

Z

Z
D� eiSc[�]�(t)�(t0)

Tmax-iβ
Schwinger-Keldysh 

contour 
(works also out of equilibrium)



Real Time: The Mother of All Sign Problems

field at a point in the real 
axis does not contribute to 
the damping factor in eiSc

heiIm(iSc)i = 0

-iβ Tmax



1+1D  φ4:   nt=10, nx=10, nβ=2, λ=0.1
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Application: Real Time Dynamics

• Currently limited to small times : t< 5/T 

• Cost increases sharply with t 

• More efficient algorithms/choice of 
manifolds are necessary 

• No reason why other observables (light cone 
quantities) would be any different.
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Bypassing the flow: machine learning
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LT=(rough?) interpolation of  points of MT

Bypassing the flow: machine learning
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sin(Re(A0))

cos(Re(A0))

sin(Re(A1))

cos(Re(A1))

Im(A0)

Im(A1)

feed-forward neural net  
(supervised training)

Bypassing the flow: machine learning

inputs: 
Re Aµ(x)

outputs: 
Im Aµ(0)



sin(Re(A0))

cos(Re(A0))

sin(Re(A1))

cos(Re(A1))

Im(A0)

Im(A1)

inputs: 
Re Aµ(x)

outputs: 
Im Aµ(0)

�(xiwi + b) = y

Bypassing the flow: machine learning



feed-forward neural net  
(supervised training)

sin(Re(A0))

cos(Re(A0))

sin(Re(A1))

cos(Re(A1))

Im(A0)

Im(A1)

flowed configurations >> training >> sampling
Cost:

Bypassing the flow: machine learning
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Wilson, 20 x10 lattice, NF=2, amf=0.3
Bypassing the flow: machine learning

•  It finds the shift to tangent plane in the 1st minute; then it finds a 
better “renormalized tangent plane”. Then a curved manifold. 

•  It doesn’t get terribly better fast



Bypassing the flow entirely: SOMME

�̃(x) = �R(x) + itf(�R(x))
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Maximize the average sign:

in the space of manifolds. A short sign-problem free 
Monte Carlo at every step

hei↵i =
R
d� e�iSI [�]e�SR[�]

R
d� e�SR[�]
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simple ansatz:



Thirring model in a 6x6x6 lattice:
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Thirring model in a 6x6x6 lattice:
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• Deforming the integration on complex space is a good 
thing 

• Thimbles are just one possibility; insight, by humans or 
machines, will give other the possibilities 

• Jacobians are expensive: estimators, “Grady-style” 
algorithm, ansatze, alternative flows, machine learned 
manifolds, … 

• Progress is being made at a pace of one dimension/year. 
1+1 D QED is coming out.

To take home:



Bypassing the flow: machine learning
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isolated modes: trapping



Bypassing the flow: machine learning

no trapping

continuous map 
between manifolds:

% €H ⇒
.

x€
f )̃
� = �+ iNetwork[�]
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