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•  	Observables	

	
	

	
	
	
•  Theory	objects:	Specific	correlation	functions:	

–  E.g.,	parton	distributions,	fragmentation	functions,	TMDs,	fracture	functions	
etc…	
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Figure 2.2: Connections between di↵erent quantities describing the distribution of partons
inside the proton. The functions given here are for unpolarized partons in an unpolarized proton;
analogous relations hold for polarized quantities.

tum, and specific TMDs and GPDs quan-
tify the orbital angular momentum carried
by partons in di↵erent ways.

The theoretical framework we have
sketched is valid over a wide range of mo-
mentum fractions x, connecting in particular
the region of valence quarks with the one of
gluons and the quark sea. While the present
chapter is focused on the nucleon, the con-
cept of parton distributions is well adapted
to study the dynamics of partons in nuclei, as
we will see in Sec. 3.3. For the regime of small
x, which is probed in collisions at the highest
energies, a di↵erent theoretical description is
at our disposal. Rather than parton distribu-
tions, a basic quantity in this approach is the
amplitude for the scattering of a color dipole
on a proton or a nucleus. The joint distri-
bution of gluons in x and in kT or bT can
be derived from this dipole amplitude. This
high-energy approach is essential for address-
ing the physics of high parton densities and
of parton saturation, as discussed in Sec. 3.2.
On the other hand, in a regime of moder-
ate x, around 10�3 for the proton and higher

for heavy nuclei, the theoretical descriptions
based on either parton distributions or color
dipoles are both applicable and can be re-
lated to each other. This will provide us with
valuable flexibility for interpreting data in a
wide kinematic regime.

The following sections highlight the
physics opportunities in measuring PDFs,
TMDs and GPDs to map out the quark-
gluon structure of the proton at the EIC.
An essential feature throughout will be the
broad reach of the EIC in the kinematic
plane of the Bjorken variable x (see the Side-
bar on page 18) and the invariant momentum
transfer Q

2 to the electron. While x deter-
mines the momentum fraction of the partons
probed, Q2 specifies the scale at which the
partons are resolved. Wide coverage in x

is hence essential for going from the valence
quark regime deep into the region of gluons
and sea quarks, whereas a large lever arm in
Q

2 is the key for unraveling the information
contained in the scale evolution of parton dis-
tributions.
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+ Ā2

✓
⇤
2

Q2

◆2

+ · · ·O
 ✓

⇤
2

Q2

◆N
!

(452)

B0 ↵s(Q)
0
+B1 ↵s(Q)

1
+B2 ↵s(Q)

2
+ · · ·O(↵s(Q)

N
) (453)

C0 ↵s(PT)
0
+ C1 ↵s(PT)

1
+ C2 ↵s(PT)

2
+ · · ·O(↵s(PT)

N
) (454)

D0

✓
P 2

T

Q2

◆0

+D1

✓
P 2

T

Q2

◆1

+D2

✓
P 2

T

Q2

◆2

+ · · ·O
 ✓

P 2

T

Q2

◆N
!

(455)

E0

✓
⇤
2

P 2

T

◆0

+ E1

✓
⇤
2

P 2

T

◆1

+ E2

✓
⇤
2

P 2

T

◆2

+ · · ·O
 ✓

⇤
2

P 2

T

◆N
!

(456)

F0 + F1 (e
yH )

1
+ · · ·O(eyHN

) (457)

G0 +G1

�
e�yH

�1
+ · · ·O(e�yH

N

) (458)

H0 ↵
0

em
+H1 ↵

1

em
+H2 ↵

2

em
+ · · ·O(↵N

em
) (459)

 
Factorization for inclusive DIS 

Partonic degrees of 
freedom? Target/
Hadron masses? 

Begin Classification/Analysis  
Of Theory Objects 



5	

H	
H	

H	

Current  Target (or remnant)  

Soft/Central  

Deeply Inelastic Region:  
Sub-Regions 



6	

PT	h	

yh	-yh	

29

W (qT, Q) =

Z
d
2bT

(2⇡)2
eiqT·bTW̃OPE

(b⇤(bT), Q)e�gA(xA,bT;bmax)�gB(xB ,bT;bmax)�2gK(bT;bmax) ln(Q/Q0) (477)

e�gA(xA,bT;bmax)�gB(xB ,bT;bmax) ⌘ W̃ (bT, Q0)

W̃OPE(b⇤(bT), Q0)
. (478)

e�gA(xA,bT;bmax)�gB(xB ,bT;bmax) ⌘ W̃ (bT, Q0)

W̃OPE(b⇤(bT), Q0)
. (479)

d

dbmax

W (qT, Q) = 0 (480)

E0 d�(Q,m)

d3l0
=

Z  
E0 d�̂(Q,µ/Q;↵s(µ))

d3l0

(0)

+ E0 d�̂(Q,µ/Q;↵s(µ)))

d3l0

(1)

+ E0 d�̂(Q,µ/Q;↵s(µ)))

d3l0

(2)

+ · · ·
!
⇥

⇥
 
f (0)

(µ/m;↵s(µ)) + f (1)
(µ/m;↵s(µ)) + f (2)

(µ/m;↵s(µ)) + · · ·
!

=

Z
E0 d�̂(Q,µ/Q;↵s(µ)))

d3l0
f(µ/m;↵s(µ)) (481)

Wµ⌫

SIDIS
=

X

f
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⇥
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E0 d�̂(Q,µ/Q;↵s(µ)))
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✓
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Combining Results in TMD 
Factorization, order ≈ αs

3 
(Drell-Yan) 

4
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+ suppressed corrections, (6)

where the hard scattering factor HDY
j|̄

is normalized so that its lowest order term is e2
j
. The scale argument of

H is set to µQ to avoid large logarithms. The last two arguments of the parton densities, fj/H(x, bT;Q2, µQ), are
normally written as ⇣ and µ, and these arguments refer to e↵ective cuto↵s on rapidity and transverse momentum as
implemented by the definitions in [4].

Predictions are obtained with the aid of evolution equations and the small-bT OPE of the TMD parton densities:
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Analogous equations apply to fragmentation functions in
processes like semi-inclusive deeply inelastic scattering
(SIDIS) and e+e� annihilation, with the same K̃, �j ,
and �K functions. (Equality of K̃ and �K between the
processes was proved in Ref. [4]; equality of �j will be
proved in our Sec. VII.) Note the DY label on the hard
part, HDY

j|̄
(Q,µQ, as(µQ)), to indicate that this hard part

is specific to the Drell-Yan scattering process. We have
used the notation C̃PDF to indicate that the correspond-
ing coe�cients will be di↵erent for fragmentation func-
tions.

D. The mismatches between CSS1 and the new
methods

In all the methods, the primary idea is to extract the
leading power behavior in an expansion where masses

and qT are small relative to Q. By far the simplest form
of the results for factorization is when the leading-power
expansion is used strictly; terms of non-leading power
tend to be more complicated. A problem is that when a
strict leading power expansion is done, one obtains indi-
vidual terms that have UV and rapidity divergences not
present in the original amplitudes. So at intermediate
stages of derivations and calculations, cuto↵s (or regula-
tors) are applied to the divergences. All the methods are
in agreement to deal with UV divergences by renormal-
ization, after which the UV cuto↵ can be removed. The
di↵erences between the methods concern the treatment
of rapidity divergences.

The rapidity divergences are associated with the light-
like Wilson lines that arise when the operators in the
factors are defined in the natural gauge-invariant way
that arises from the leading-power expansion, or some
equivalent property.

Sudakov	Form	Factor:	(Moch,Vermaseren	(2005),		
Vogt,	Gehrmann	et	al	(2014))		

Ex:	Konychev,	Nadolsky	(2006)	
ResBos	extractions	(and	others)			

αs
2	Wilson	Coefficients	from	Collinear		

Factorization:	(Catani	et	al,	(2012)),	
and	SCET	(Echevarria,	Scimemi,	Vladimirov	(2016))	

From		
Sudakov	Form	Factor:	(Moch,Vermaseren	(2005),		
Vogt,	Gehrmann	et	al	(2014))		

Li,	Zhu	(2017)		
Vladimirov	(2017)	
	

See	L.	Gamberg	talk	
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Figure 1: Lowest order SIDIS graphs corresponding to (a) the current region (b) the target region and (c) the soft region. The faded zigzag lines represent
non-perturbative interactions (e.g. hadronization) between the outgoing parton and the target jet.
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Figure 2: Simple parton-model graph for SIDIS with detected hadron in current-fragmentation region.

paper since we are interested in the boundaries between regions.
We stress that “current-region fragmentation” has a very

specific meaning in the context of this paper: It is the kine-
matical region where factorization theorems with fragmentation
functions apply. Specifically, it is the limit of Q

2 � ⇤2
QCD, with

fixed xbj and large but fixed zh. As zh decreases, one enters two
other regions, in a Q-dependent way.

First, if the produced hadron moves in nearly the same di-
rection as the target, then the hadron is said to be in the tar-
get fragmentation region. In this region, the relevant factoriza-
tion theorem uses non-perturbative correlation functions called
fracture functions, that keep the hadron associated with the tar-
get [9–14], as illustrated in Fig. 1(b).

Second, the hadron might also move with a rapidity that is
roughly central relative to the current and target fragmentation
regions. In this case, the hadron cannot be definitively associ-
ated with either the target hadron or the struck quark directions.
Instead, it is produced by soft QCD radiation with rapidities
between that of the incoming partons and the struck parton, as
illustrated in Fig. 1(c). Another factorization theorem should
apply to this “soft” region, although we do not currently know
of a detailed derivation.

In this classification of regions, the boundaries are not sharp.
Indeed, the string model suggests a continuity of the physical
phenomena. The most prototypical current and target fragmen-
tation regions correspond to the ends of the string. At lower
values of Q, such as those typical of many SIDIS measure-
ments, the range of rapidity is not great, so the clear separation
between regions starts to fade, as we will illustrate. We will
thus argue that a more unified treatment of the current, soft, and
target fragmentation regions is needed if the underlying non-
perturbative mechanisms of SIDIS are to be clearly understood.

We will leave detailed questions about the boundary of dif-

ferent regions to future work. In this paper we address what the
allowable values of zh must be to firmly establish that hadrons
are produced in the current region. In fact, we find that the value
of zh by itself is not enough to determine the proximity to the
current region.

Direct estimates of this boundary are complicated by the
interplay of kinematical variables zh, xbj, PhT and Q. Indeed, we
will argue that it is preferable to demarcate regions according
to rapidity rather than the commonly chosen variable zh.

There are two separate issues that a↵ect the applicability
of factorization. First is whether the relative rapidity of the in-
coming and outgoing quarks is large enough to allow for clearly
separate and distinct rapidity regions, and hence that a parton-
model-like picture is possible. Second, given a su�cient rapid-
ity separation of the quarks, is whether the detected hadron is to
be considered in the current fragmentation region or not. Quan-
titatively estimating the adequacy of the fragmentation formu-
lation requires greater knowledge of intrinsic non-perturbative
properties of partons than currently exists. One purpose of this
paper is to demonstrate that the question can nevertheless be
approached systematically.

Discussions about the relevant range of zh for SIDIS often
involve the “Berger criterion” [15] for identifying the current
fragmentation region. In this approach, one estimates that a
rapidity separation of �y ⇡ 2 is large enough for clusters of
hadrons to be regarded as uncorrelated. The final state phase
space accommodates a rapidity range that grows like ⇠ ln W

2,
where W is the invariant mass of the hadronic final state. When
W & 3 GeV, it is estimated that there is enough phase space
to accommodate a hadron moving with large rapidity relative
to the target and other hadrons. Mulders elaborated on this in
Ref. [16] by defining two rapidities which he then compared
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hadrons. We have defined the Breit frame momentum fractions and Breit frame x̂N, ẑN analogous to xN and xBj:

k
+

i
⌘ ⇠P

+

b
, P

�
B,b ⌘ ⇣k

�
f
, x̂N ⌘ �

q
+

b

k
+

i,b

=
xN

⇠
, ẑN ⌘

k
�
f,b

q
�
b

=
zN

⇣
. (70)

For fixed x̂N, ẑN and q
2

T
, k2

X
is calculable from momentum conservation,

k
2

X
= (ki + q � kf)

2
. (71)

It will also be useful to define a momentum variable,

k ⌘ kf � q . (72)

The standard approximations one normally makes with partons are

k
2

i
/Q

2 ! 0 k
2

f
/Q

2 ! 0 . (73)

On top of these, other approximations are normally made. For instance, in the current region it is assumed that kf
is exactly aligned with the final state hadron and

kf · PB, ! 0 . (74)

Beyond these very basic approximations, di↵erent approximations apply to di↵erent specific partonic subprocesses.
First, in the 2 ! 1 process of Fig. 4(a), kX ! 0 and ki ! k. For a hard 2 ! 2 process shown in Fig. 4(b), |k2| ⇠ Q

2

while k
2

X
/Q

2 ! 0. If both k
2 and k

2

X
are large, then at least three partons (e.g., Fig. 4(c)) are produced at wide

angles in the hard collision.
For fixed xN, zN, Q2, and P

B,T, only certain ki and kf are consistent with any one of the above types of approxi-
mations.

For example, say that we wish to interpret a particular event with a partonic configuration like Fig. 4(a), corre-
sponding to the current fragmentation region. For a partonic description to hold, we need at a minimum for ratios
like Eq. (73) to be very small. So define a ratio

General Hardness Ratio = R0 ⌘ max

✓����
k
2

i

Q2

���� ,
����
k
2

f

Q2

���� ,
����
�k

2

T

Q2

����

◆
. (75)

and impose the constraint that it be less than a certain numerical size. Next, since scattering is assumed to be in the
current region, the ratio

R1 ⌘ PB · kf
PB · ki

, (76)

must also be small. Finally, the 2 ! 1 partonic kinematics only apply if k2/Q2 ⇡ 0, so define one more ratio

Transverse Hardness Ratio = R2 ⌘ |k2|
Q2

. (77)

A constraint needs to be imposed limiting the size of R2 as well. Insisting that R0, R1, and R2 all be small constrains
the possible ki and kf .

If we instead assume that the event corresponds to 2 ! 2 kinematics, then R2 must be constrained to be large
rather than small. However, then the ratio k

2

X
/Q

2 must be small since there is only one unobserved parton. So define
one more ratio,

R3 ⌘ xN

1� xN

|k2
X
|

Q2
. (78)

Imposing large R2, but small R3, gives 2 ! 2 parton kinematics. Di↵erent combinations of sizes of R-ratios are
needed for other regions. For example, the target fragmentation region corresponds to small R0, small R2, but large
R1.

Our main point is that, fixed external kinematics xN, zN, Q2, and P
B,T, combined with constraints on the acceptable

ranges of R0, R1, R2, and R3 translates into constraints on the components of ki and kf . Formulating acceptable
ranges for the R-ratios requires at least some assumptions about the underlying dynamics.
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Quantify proximity to 
current fragmentation 

•  Need	estimates	of	non-perturbative	scales:	
	

negative as to be in the current fragmentation region. As zh is
reduced, yh becomes less negative, then goes through zero, and
then becomes positive. In this last case, the fragmentation idea
is clearly inappropriate. The value of zh where yh = 0 is

zh(yh = 0) =
MhT

Q

1 + x
2
nM

2
p
/Q2

1 � x
2
nM2

p
/Q2
. (24)

At this value, the hadron is neither a left-mover nor a right-
mover in the Breit frame.

Data is often presented with plots of a distribution in PhT
with fixed bins of zh. Since we will find it convenient to take
yh instead of zh as an independent variable, it will be useful to
show where the fixed-zh plots populate the plane of PhT and
yh—Fig. 3 below. To get these, we need PhT in terms of yh and
zh:

PhT = Q

vt
z

2
h(Q2 � x

2
nM2

p
)2

x
2
nM2

p
Q2 (eyp�yh + eyh�yp )2 �

M
2
h

Q2

= Q

vt
z

2
he2yh (Q2 � x

2
nM2

p
)2

(Q2 + x
2
ne2yh M2

p
)2
�

M
2
h

Q2

= Q

vuuut
z

2
he2yh

⇣
1 � x

2
nM2

p
/Q2
⌘2

⇣
1 + e2yh x

2
nM2

p
/Q2
⌘2 �

M
2
h

Q2 . (25)

3.2. Quark rapidity

As shown above, one source of error in factorization is gov-
erned by the rapidities of the quarks, yi and yf . To estimate
these, we need realistic estimates of the M

2
iT and M

2
fT to use

in Eqs. (11,12); these are needed in a non-perturbative region.
Unfortunately, theoretically motivated constraints are currently
sparse. Therefore, when we show example calculations in Sec.
3.5, we will use a range of values motivated by models used in
event generators that are fit to data.

There are several recent direct fits. In Ref. [18], values
of hk2

Ti = 0.57 ± 0.08 GeV2 and hp2
Ti = 0.12 ± 0.01 GeV2

are found for the Gaussian widths of the TMD PDF and frag-
mentation functions respectively. In Ref. [19], Gaussian widths
are found with various conditions imposed, with typical widths
for PDFs being hk2

Ti ⇡ 0.3 GeV2 and for fragmentation func-
tions hP2

Ti ⇡ 0.18 GeV2. Studies performed with the Lund
string model in DIS tend to prefer values for non-perturbative
transverse momentum between around k

2
T ⇡ 0.44 GeV2 and

k
2
T ⇡ 0.88 GeV2 [20]. Bag models give bound state energies to

massless quarks of roughly 0.3 GeV, consistent with the con-
stituent quark mass [21]. Studies using chiral solitons give a
typical quark o↵shellness of about 0.7 GeV2 [22]. We will as-
sume transverse masses that span roughly this range of values
and estimate

M
2
iT = M

2
fT = 0.5 ± 0.3 GeV2 . (26)

Future theoretical e↵orts should seek to improve on the esti-
mates. For now we will use Eq. (26).

3.3. Locating current fragmentation

To locate where consideration of current and target frag-
mentation is appropriate, we give two kinds of plot in Fig. 3.

In the top row, we have plotted the relationship in Eq. (25)
between the hadron’s transverse momentum PhT and its rapid-
ity, for several values of zh. (Note that plots of distributions in
PhT from HERMES and COMPASS are made at fixed zh.) We
show results for Q

2 = 2, 10, 1000 GeV2 corresponding to the
typical JLab, COMPASS/HERMES and HERA kinematics re-
spectively at a common xbj = 0.1. We use the pion with mass
Mh ⇡ 0.14 GeV as the detected final state hadron mass. Verti-
cal colored bands display the ranges of rapidities for yi and yf
spanned by Eqs. (26).

The top row of Fig. 3 illustrates the interplay between zh and
PhT in determining the proximity to the current region. If zh is
small, PhT needs to be very small for the produced hadron to
move with a rapidity close to that of the outgoing struck quark.
At Q

2 = 2 GeV2, the quark rapidity bands are not much more
than a unit of rapidity apart so that hadron rapidity switches
easily between the di↵erent quark rapidity bands and the cen-
tral region with only small changes in PhT. The small rapid-
ity di↵erence yi � yf also indicates that the applicability of the
hard-scattering picture is quite marginal. When zh ⇡ 0.8, yh is
a unit or more negative for PhT up to about half a GeV, show-
ing that there is a significant range of PhT where the hadron is
collinear to the outgoing quark. By contrast, when zh ⇡ 0.2 and
Q

2 = 2 GeV2, yh and the purple yf -band are almost completely
non-overlapping. Furthermore, varying PhT by a few hundred
MeVs causes yh to shift rapidly between the current and tar-
get regions. Similar trends still appear, though to a much less
severe extent, for Q

2 = 10 GeV2.
The results are rather di↵erent for the much larger value of

Q
2 = 103 GeV2. Here the quark rapidity bands are separated

by nearly eight units of rapidity. Even for zh = 0.2 and PhT ⇡
1 GeV, yh is more than a unit to the left of yh = 0 and more
than five units to the left of yi. At very large Q, there is a much
broader range of yh that can be clearly labeled as current region.

Notice, from the lower kinematic limit in (22), that when
PhT is comparable to Q, yh cannot be in the current fragmenta-
tion region. This is the case even though zh can be large in this
case.

3.4. Errors at small and large Q

In this section, we quantify the applicability of collinear
kinematics by defining a quantity we call collinearity, and plot
samples of its values in the bottom row of Fig. 3.

The error estimates in Eq. (17) involve the quark and hadron
rapidities. It is instructive to find a single quantity that quanti-
fies to what extent Ph is in a current or target fragmentation
region. To this end, we note from Eqs. (8–12) that, for Ph in the
current region, we have Ph ·kf ⌧ Ph ·ki. Likewise, if the hadron
is collinear to the incoming quark, then we have Ph ·ki ⌧ Ph ·kf .
We therefore define the ratio

R(yh, zh, xbj,Q) ⌘ Ph · kf

Ph · ki
, (27)
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Fig. 3. The relationship between PhT, the collinearity parameter R , and the produced hadron’s rapidity yh in the Breit frame. Each column shows a typical kinematical 
configuration: JLab-like (left), HERMES/COMPASS-like (middle), HERA-like (right). In each panel, the dark/purple (light/pink) band on the left (right) represents the ranges 
of rapidities spanned by Eq. (26), for the outgoing (incoming) quark. Top panels: PhT versus yh for three different values of zh, as indicated in the legend. Bottom panels: 
The collinearity |R| (filled band) and its inverse |R|−1 (hashed bands), corresponding to the ranges of Eq. (26). In the HERA-like kinematics (right panels), the current 
fragmentation region is very easily identifiable since for most yh ! 0, R is small. The picture is less clear at the HERMES/COMPASS-like kinematics (middle panels). For the 
JLab-like kinematics (left panels), the distinction of the current region starts to fade. (For interpretation of the references to color in this figure legend, the reader is referred 
to the web version of this article.)

yh becomes less negative, then goes through zero, and then be-
comes positive. In this last case, the fragmentation idea is clearly 
inappropriate. The value of zh where yh = 0 is

zh(yh = 0) = MhT

Q

1 + xn
2M2

p/Q 2

1 − xn2M2
p/Q 2

. (24)

At this value, the hadron is neither a left-mover nor a right-mover 
in the Breit frame.

Data is often presented with plots of a distribution in Ph T with 
fixed bins of zh. Since we will find it convenient to take yh instead 
of zh as an independent variable, it will be useful to show where 
the fixed-zh plots populate the plane of PhT and yh—Fig. 3. To get 
these, we need PhT in terms of yh and zh:

PhT = Q

√√√√ zh
2(Q 2 − xn2M2

p)2

xn2M2
p Q 2

(
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1 + e2yh xn2M2
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)2 − M2

h

Q 2 . (25)

3.2. Quark rapidity

As shown above, one source of error in factorization is gov-
erned by the rapidities of the quarks, yi and yf . To estimate these, 
we need realistic estimates of the M2

iT and M2
fT to use in Eqs. (11), 

(12); these are needed in a non-perturbative region. Unfortunately, 
theoretically motivated constraints are currently sparse. Therefore, 
when we show example calculations in Sec. 3.5, we will use a 

range of values motivated by models used in event generators that 
are fit to data.

There are several recent direct fits. In Ref. [19], values of ⟨k2
T⟩ =

0.57 ± 0.08 GeV2 and ⟨p2
T⟩ = 0.12 ± 0.01 GeV2 are found for the 

Gaussian widths of the TMD PDF and fragmentation functions re-
spectively. In Ref. [20], Gaussian widths are found with various 
conditions imposed, with typical widths for PDFs being ⟨k2

T⟩ ≈
0.3 GeV2 and for fragmentation functions ⟨P 2

hT⟩ ≈ 0.18 GeV2. Stud-
ies performed with the Lund string model in DIS tend to prefer val-
ues for non-perturbative transverse momentum between around 
k2

T ≈ 0.44 GeV2 and k2
T ≈ 0.88 GeV2 [21]. Bag models give bound 

state energies to massless quarks of roughly 0.3 GeV, consistent 
with the constituent quark mass [22]. Studies using chiral solitons 
give a typical quark offshellness of about 0.7 GeV2 [23]. We will 
assume transverse masses that span roughly this range of values 
and estimate

M2
iT = M2

fT = 0.5 ± 0.3 GeV2 . (26)

Future theoretical efforts should seek to improve on the estimates. 
For now we will use Eq. (26).

3.3. Locating current fragmentation

To locate where consideration of current and target fragmenta-
tion is appropriate, we give two kinds of plot in Fig. 3.

In the top row, we have plotted the relationship in Eq. (25)
between the hadron’s transverse momentum PhT and its rapidity, 
for several values of zh. (Note that plots of distributions in PhT
from HERMES and COMPASS are made at fixed zh.) We show re-
sults for Q 2 = 2, 10, 1000 GeV2 corresponding to the typical JLab, 
COMPASS/HERMES and HERA kinematics respectively at a common 
xbj = 0.1. We use the pion with mass Mh ≈ 0.14 GeV as the de-
tected final state hadron mass. Vertical colored bands display the 
ranges of rapidities for yi and yf spanned by Eqs. (26).
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Fig. 3. The relationship between PhT, the collinearity parameter R , and the produced hadron’s rapidity yh in the Breit frame. Each column shows a typical kinematical 
configuration: JLab-like (left), HERMES/COMPASS-like (middle), HERA-like (right). In each panel, the dark/purple (light/pink) band on the left (right) represents the ranges 
of rapidities spanned by Eq. (26), for the outgoing (incoming) quark. Top panels: PhT versus yh for three different values of zh, as indicated in the legend. Bottom panels: 
The collinearity |R| (filled band) and its inverse |R|−1 (hashed bands), corresponding to the ranges of Eq. (26). In the HERA-like kinematics (right panels), the current 
fragmentation region is very easily identifiable since for most yh ! 0, R is small. The picture is less clear at the HERMES/COMPASS-like kinematics (middle panels). For the 
JLab-like kinematics (left panels), the distinction of the current region starts to fade. (For interpretation of the references to color in this figure legend, the reader is referred 
to the web version of this article.)

yh becomes less negative, then goes through zero, and then be-
comes positive. In this last case, the fragmentation idea is clearly 
inappropriate. The value of zh where yh = 0 is

zh(yh = 0) = MhT

Q

1 + xn
2M2

p/Q 2

1 − xn2M2
p/Q 2

. (24)

At this value, the hadron is neither a left-mover nor a right-mover 
in the Breit frame.

Data is often presented with plots of a distribution in Ph T with 
fixed bins of zh. Since we will find it convenient to take yh instead 
of zh as an independent variable, it will be useful to show where 
the fixed-zh plots populate the plane of PhT and yh—Fig. 3. To get 
these, we need PhT in terms of yh and zh:

PhT = Q

√√√√ zh
2(Q 2 − xn2M2

p)2

xn2M2
p Q 2

(
e yp−yh + e yh−yp

)2 − M2
h

Q 2

= Q

√
zh

2e2yh(Q 2 − xn2M2
p)2

(Q 2 + xn2e2yh M2
p)2

− M2
h

Q 2

= Q

√√√√ zh
2e2yh

(
1 − xn2M2

p/Q 2
)2

(
1 + e2yh xn2M2

p/Q 2
)2 − M2

h

Q 2 . (25)

3.2. Quark rapidity

As shown above, one source of error in factorization is gov-
erned by the rapidities of the quarks, yi and yf . To estimate these, 
we need realistic estimates of the M2

iT and M2
fT to use in Eqs. (11), 

(12); these are needed in a non-perturbative region. Unfortunately, 
theoretically motivated constraints are currently sparse. Therefore, 
when we show example calculations in Sec. 3.5, we will use a 

range of values motivated by models used in event generators that 
are fit to data.

There are several recent direct fits. In Ref. [19], values of ⟨k2
T⟩ =

0.57 ± 0.08 GeV2 and ⟨p2
T⟩ = 0.12 ± 0.01 GeV2 are found for the 

Gaussian widths of the TMD PDF and fragmentation functions re-
spectively. In Ref. [20], Gaussian widths are found with various 
conditions imposed, with typical widths for PDFs being ⟨k2

T⟩ ≈
0.3 GeV2 and for fragmentation functions ⟨P 2

hT⟩ ≈ 0.18 GeV2. Stud-
ies performed with the Lund string model in DIS tend to prefer val-
ues for non-perturbative transverse momentum between around 
k2

T ≈ 0.44 GeV2 and k2
T ≈ 0.88 GeV2 [21]. Bag models give bound 

state energies to massless quarks of roughly 0.3 GeV, consistent 
with the constituent quark mass [22]. Studies using chiral solitons 
give a typical quark offshellness of about 0.7 GeV2 [23]. We will 
assume transverse masses that span roughly this range of values 
and estimate

M2
iT = M2

fT = 0.5 ± 0.3 GeV2 . (26)

Future theoretical efforts should seek to improve on the estimates. 
For now we will use Eq. (26).

3.3. Locating current fragmentation

To locate where consideration of current and target fragmenta-
tion is appropriate, we give two kinds of plot in Fig. 3.

In the top row, we have plotted the relationship in Eq. (25)
between the hadron’s transverse momentum PhT and its rapidity, 
for several values of zh. (Note that plots of distributions in PhT
from HERMES and COMPASS are made at fixed zh.) We show re-
sults for Q 2 = 2, 10, 1000 GeV2 corresponding to the typical JLab, 
COMPASS/HERMES and HERA kinematics respectively at a common 
xbj = 0.1. We use the pion with mass Mh ≈ 0.14 GeV as the de-
tected final state hadron mass. Vertical colored bands display the 
ranges of rapidities for yi and yf spanned by Eqs. (26).
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FIG. 3. Momentum labeling in the partonic subprocess.
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FIG. 4. .

and there is at least one particle kf That hadronizes. The kX momentum labels the total momentum of all other
unobserved partons. We are interested in the kinematics of the ki + q ! kf + kX subprocess and how it matches the
overall P + q ! PB+X subprocess under very general assumptions. Specific realizations of the subprocess are shown
in Fig. 4. As far as the partonic subprocess is concerned, it is only the relative transverse momentum of ki and kf

that matters. So, without loss of generality, we may analyze the subprocess in the Breit frame of the target parton ki

and write

k
b

i
=

✓
Q

x̂N

p
2
,
x̂Nk

2

ip
2Q

,0T

◆
, k

b

f
=

 
k2

f,b,T + k
2

fp
2ẑNQ

,
ẑNQp

2
,kf,b,T

!
. (67)

The b superscript indicates the partonic Breit frame. We will write the transverse momentum as

kf,b,T = �ẑNqT + �kT . (68)

In the hadron frame, Eq. (31) gives

kf,H,T = �kT + Power Suppressed , (69)

so �kT is good for characterizing an intrinsic relative transverse momentum; in Eq. (67) intrinsic transverse momentum
is �kT when qT = 0. When �kT = 0, the partons are, up to power suppressed corrections, exactly aligned with the

Parton Region Mapping 
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ki
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kX

FIG. 1. Momentum labeling in the partonic subprocess.

Part 2: Partonic Picture

V. KINEMATICAL MAP OF SIDIS

A. Partonic Momentum

In all discussions below, it is assumed that scattering result from single photon scattering o↵ a small virtuality target
constituent particle, after which it emits some unknown number of unobserved particles, and ends with a small mass
final state particle that eventually decays into the observed hadron. The subamplitude for the partonic subprocess is
shown in Fig. Fig. 1. The momentum ki is the incoming struck parton momentum, and there is at least one particle
kf at large angle to ki. The kX momentum labels the total momentum of any other unobserved partons.

A general parametrization of partonic momenta (ki and kf) requires knowledge not just of xN and zN, but also k
2
i ,

k
2
f , ki,T and kf,T. Since the partonic subprocess can always be analyzed in a frame rotated slightly so that ki = 0,

we can analyze subprocess kinematics with ki = 0 without loss of generality. The parametrizations for momenta for
ki and kf can thus be conveniently written as

k
b
i =

✓
Q

x̂N

p
2
,
x̂Nk

2
i

p
2Q

,0T

◆
, k

b
f =

 
k

2
f,b,T + k

2
f

p
2ẑNQ

,
ẑNQ
p

2
,kf,b,T

!
, (109)

where

kf,b,T = �ẑNqT + �kT . (110)

In the hadron frame, Eq. (50) gives

kf,H,T = �kT + Power Suppressed , (111)

so �kT is a good parametrization of intrinsic transverse momentum induced by final state hadronization; in Eq. (109)
intrinsic transverse momentum is �kT when qT = 0 (no initial state radiation). We have defined the Breit frame
momentum fractions,

k
+
i ⌘ ⇠P

+
b , P

�
B,b ⌘ ⇣k

�
f , x̂N ⌘ �q

+
b /k

+
i,b = xN/⇠ , ẑN ⌘ k

�
f,b/q

�
b = zN/⇣ . (112)

Define

k ⌘ kf � q . (113)

H	
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Then,

k
+ k+<k+

o=
Q
�
��2

� x̂Nk
2
X + k

2
f x̂N + (x̂N + 1)

�
k

2
i x̂N + Q

2
��

2
p

2x̂N (k2
i x̂N + Q2)

=
Q
p

2

✓
1 +

k
2
T + k

2
f

Q2
+ O

⇣ 1

Q4

⌘◆
(114)

k
� k�>k�

o=
��2 + x̂N

�
k

2
X � k

2
f + k

2
i (x̂N � 1)

�
� Q

2(x̂N � 1)

2
p

2Q(x̂N � 1)
=

x̂N

�
k

2
T + k

2
i (x̂N � 1) + k

2
X

�
p

2Q(x̂N � 1)
+ O

⇣ 1

Q3

⌘
(115)

k
+ k+>k+

o=
Q
�
�2

� x̂Nk
2
X + k

2
f x̂N + (x̂N + 1)

�
k

2
i x̂N + Q

2
��

2
p

2x̂N (k2
f x̂N + Q2)

=
Q
p

2

✓
1

x̂N
�

k
2
T + k

2
X

Q2
+
⇣ 1

Q4

⌘◆
(116)

k
� k�<k�

o=
�2 + x̂N

�
k

2
X � k

2
f + k

2
i (x̂N � 1)

�
+ Q

2(�(x̂N � 1))

2
p

2Q(x̂N � 1)
= �

Q
p

2

 
1 +

x̂N

�
k

2
T + k

2
f

�

Q2(x̂N � 1)
+
⇣ 1

Q4

⌘!
, (117)

kT = kf,b,T . (118)

where

�4 = x̂Nk
2
X

�
x̂Nk

2
X � 2k

2
f x̂N + 2k

2
i (x̂N � 1)x̂N + 2Q

2(x̂N � 1)
�

+ 2Q
2(x̂N � 1)x̂N

�
2k

2
T + k

2
f + k

2
i (x̂N � 1)

�

+ x̂
2
N

�
k

2
i (x̂N � 1)

�
4k

2
T + k

2
i (x̂N � 1)

�
+ k

4
f + 2k

2
f k

2
i (x̂N � 1)

�
+ Q

4(x̂N � 1)2 . (119)

Conservation of four-momentum is

ki + q = kf + kX . (120)

The components Eqs. (114)–(115) correspond to a solution with large ẑN and the components Eqs. (116)–(117)
correspond to small ẑN. ko = (k+

o , k
�
o ,kf,b,T) is where � = 0 and ẑN is at the boundary between its large and small

values.
In the above, k

2
X is calculable in terms of x̂N, ẑN and q

2
T from Eq. (109) and

k
2
X = (ki + q � kf)

2
. (121)

B. Regions and Approximations

Note that, in the limit that kX ! 0, k is just the struck quark momentum in the 2 ! 1 parton model. If
|kX,T| = |kf,T| is large, with k

2
X small, then k

2 is the Mandelstam t for 2 ! 2 massless partonic hard scattering. If
any sort of pQCD is going to be possible, then ↵s(Q) must be small (so Q & 1 GeV) and Q

2 must be much larger
than k

2
i , k

2
f , and �k

2
T. In the subamplitude, order Q

2 terms are from either the virtual photon or from large transverse
momentum, while ki, kf and �k

2
T are all order m. So define

General Hardness Ratio = H0 ⌘ max

✓����
k

2
i

Q2

���� ,
����
k

2
f

Q2

���� ,
����
�k

2
T

Q2

����

◆
. (122)

Then, pQCD requires H0 ⌧ 1, independently of k
2, ẑN, x̂N, etc.

Next, consider the region of small kX ⇡ 0. (By this it is meant that all components of kX are of order or less than
m.) Then, propagators in the subamplitude (beyond zeroth order in pQCD) are of the form

⇠
1

k2 + O (m2) + O (Q2)
=

1

Q2

✓
1 + O

⇣
k

2

Q2

⌘
+ O

⇣
m

2

Q2

⌘◆
, (123)

As long as |k
2
| ⌧ Q

2 and H0 ⌧ 1, the k
2 and m

2 terms can be dropped in the propagator denominators. The size of
k

2 is determined primarily by the transverse momentum of k, so this approximation is good for the small transverse
momentum region where TMD factorization applies. Thus define a transverse momentum hardness parameter

Transverse Hardness Ratio = H1 ⌘
|k

2
|

Q2
, (124)

with k
2 calculated from Eqs. (114)–(118). The coe�cients in power expansions like Eq. (123) are numerical factors

typically of size 1, so the ratios in the correction terms are reasonable proxies for the percentage error incurred by
dropping them. When |k

2
| ⇠ m

2, small H1 is small and small transverse momentum approximations are good,

10

hadrons. We have defined the Breit frame momentum fractions and Breit frame x̂N, ẑN analogous to xN and xBj:

k
+

i
⌘ ⇠P

+

b
, P

�
B,b ⌘ ⇣k

�
f
, x̂N ⌘ �

q
+

b

k
+

i,b

=
xN

⇠
, ẑN ⌘

k
�
f,b

q
�
b

=
zN

⇣
. (70)

For fixed x̂N, ẑN and q
2

T
, k2

X
is calculable from momentum conservation,

k
2

X
= (ki + q � kf)

2
. (71)

It will also be useful to define a momentum variable,

k ⌘ kf � q . (72)

The standard approximations one normally makes with partons are

k
2

i
/Q

2 ! 0 k
2

f
/Q

2 ! 0 . (73)

On top of these, other approximations are normally made. For instance, in the current region it is assumed that kf
is exactly aligned with the final state hadron and

kf · PB, ! 0 . (74)

Beyond these very basic approximations, di↵erent approximations apply to di↵erent specific partonic subprocesses.
First, in the 2 ! 1 process of Fig. 4(a), kX ! 0 and ki ! k. For a hard 2 ! 2 process shown in Fig. 4(b), |k2| ⇠ Q

2

while k
2

X
/Q

2 ! 0. If both k
2 and k

2

X
are large, then at least three partons (e.g., Fig. 4(c)) are produced at wide

angles in the hard collision.
For fixed xN, zN, Q2, and P

B,T, only certain ki and kf are consistent with any one of the above types of approxi-
mations.

For example, say that we wish to interpret a particular event with a partonic configuration like Fig. 4(a), corre-
sponding to the current fragmentation region. For a partonic description to hold, we need at a minimum for ratios
like Eq. (73) to be very small. So define a ratio

General Hardness Ratio = R0 ⌘ max

✓����
k
2

i

Q2

���� ,
����
k
2

f

Q2

���� ,
����
�k

2

T

Q2

����

◆
. (75)

and impose the constraint that it be less than a certain numerical size. Next, since scattering is assumed to be in the
current region, the ratio

R1 ⌘ PB · kf
PB · ki

, (76)

must also be small. Finally, the 2 ! 1 partonic kinematics only apply if k2/Q2 ⇡ 0, so define one more ratio

Transverse Hardness Ratio = R2 ⌘ |k2|
Q2

. (77)

A constraint needs to be imposed limiting the size of R2 as well. Insisting that R0, R1, and R2 all be small constrains
the possible ki and kf .

If we instead assume that the event corresponds to 2 ! 2 kinematics, then R2 must be constrained to be large
rather than small. However, then the ratio k

2

X
/Q

2 must be small since there is only one unobserved parton. So define
one more ratio,

R3 ⌘ xN

1� xN

|k2
X
|

Q2
. (78)

Imposing large R2, but small R3, gives 2 ! 2 parton kinematics. Di↵erent combinations of sizes of R-ratios are
needed for other regions. For example, the target fragmentation region corresponds to small R0, small R2, but large
R1.

Our main point is that, fixed external kinematics xN, zN, Q2, and P
B,T, combined with constraints on the acceptable

ranges of R0, R1, R2, and R3 translates into constraints on the components of ki and kf . Formulating acceptable
ranges for the R-ratios requires at least some assumptions about the underlying dynamics.

relevant Lorentz invariant measure of the size of transverse momentum. Calculating it in

terms of ẑ, q2T and Q2, ����
k2

Q2

���� = (1� ẑ) + ẑ
q2T
Q2

. (22)

For current fragmentation, the integral over ⇣ is assumed to be dominated by the region

where ẑ ⇡ 1, and so the size of q2T/Q
2 determines the size of |k2/Q2

|.

For the leading order ↵s large transverse momentum cross section, the partonic process

is 2 ! 2 with all partons massless and on-shell (Fig. 1(b)). Thus, k2
X = 0. To examine the

reasonableness of this for a particular set of external kinematics, consider again |k2/Q2
| but

now in terms of k2
X and x̂ instead of ẑ.

k2

Q2
= �

r
2(x̂�1)x̂(2k2T+k2X)

Q2 +
k4X x̂2

Q4 + (x̂� 1)2 +
k2X
Q2 (1� 2x̂)x̂� (1� x̂)

2(x̂� 1)x̂

= �
1

2x̂

 
1�

s

1�
4x̂k2

T

Q2(1� x̂)

!
+

k2
X

2Q2(1� x̂)

0

@1� 2x̂�
1q

1�
4x̂k2T

Q2(1�x̂)

1

A+O

✓
k4
X

Q4

◆
.

(23)

Thus, it is valid to set k2
X = 0 in the blob of Fig. 1 if k2

X/Q
2
⌧ 1. Otherwise, higher orders

in ↵s are necessary to generate the non-zero k2
X . In terms of x̂, ẑ and Q2,

k2
X

Q2
=

(1� x̂)(1� ẑ)

x̂
� ẑ

q2T
Q2

. (24)

Typical x̂ and ẑ are ultimately determined by the distributions in longitudinal momentum

fraction in the pdfs and fragmentations functions. If it turns out that they are mostly peaked

around ẑ ⇡ 1 and moderate values of x̂, then the k2
X/Q

2
⌧ 1 criterion is not di�cult to

satisfy for at least some range of qT ⇠ Q. Then, the leading order in ↵s should be expected

to dominate the behavior at large transverse momentum. If, however, the distribution and

fragmentation functions favor average x̂ and ẑ that are significantly smaller than 1, then they

e↵ectively enforce a large typical k2
X . The result can be that the large transverse momentum

cross section has its first significant contribution at order ↵2
s. Indeed, it is easy to check

that most actual pdfs and fragmentation functions imply that this latter situation is closer

to reality.

Another interesting feature of large transverse momentum behavior is that it is especially

8
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factor found in the previous section, what suggests the
onset of a physical mechanism different to leading or
next-to-leading-order DGLAP dynamics.

However, several non-negligible effects are present at
the particularly interesting kinematical regime of the ex-
periment, which are responsible for a large difference
between the LO and NLO estimates. The first one is the
stringent cut on the pion production angle in H1 data,
which suppresses LO and NLO contributions in a different
way. The suppression of LO configurations is proportion-
ally bigger than for NLO, implying an effective K-factor
much larger than the one found for the cross section
without cuts. The second important feature is the rather
low value of the scales involved (pT and Q2) which en-
hance the uncertainty due to the particular choice for the
factorization scale, even in the NLO calculation, as it has
been pointed in [7]. This is particularly significant for the
lowest Q2 bins. Finally, there is also a large uncertainty
factor in the theoretical prediction coming from fragmen-
tation functions. Although fragmentation functions repro-
duce fairly well e!e" annihilation into hadrons, they show
large differences when they are used to compute deep
inelastic semi-inclusive cross sections.

In Figs. 3 and 4 we show the LO and NLO predictions
for the electroproduction of neutral pions as a function of
xB and pT , respectively, in the kinematical range of the H1
experiment, together with the most recent data for the
range pT # 3:5 GeV. The cross sections are computed as
described in the previous sections, applying H1 cuts and

using MRST02 parton densities [19]. Similar results are
found using other sets of modern PDFs. For the input
fragmentation functions, we use two different sets, the
ones from reference [3] denoted as KKP and those from
[4] referenced as K. We set the renormalization and facto-
rization scales as in Eq. (27) and we compute !s at
NLO(LO) fixing !QCD as in the MRST analysis, such
that !s$MZ% & 0:1197$0:130%.

The plots clearly show some of the features mentioned
above. On the one hand, the NLO cross sections are much
larger than the LO ones, even by the required order of
magnitude in certain kinematical regions, once the forward
"0 selection applied by H1 is implemented. The position of
the maximum for the xB distribution is also shifted to lower
xB values, agreeing nicely with the experimental shape.
Cross sections differential in pT show similar features,
however the difference between LO and NLO decreases
as pT increases.

The uncertainty due to the choice of a fragmentation
functions set is also quite noticeable; this fact driven by the
different gluon content of the two sets considered here.
Low Q2 bins seem to prefer KKP set, which have a larger
gluon-fragmentation content, whereas for larger Q2 both
sets agree with the data within errors. LO estimates show a
much smaller sensitivity on the choice of fragmentation
functions, since gluon-fragmentation does not contribute
significantly to the cross section at this order.

As mentioned, the dependence of the cross section in the
choice for the renormalization and factorization scale is
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FIG. 3 (color online). LO and NLO cross sections, including
experimental cuts as explained in the text, as a function of xB. H1
data [20] for the range pT # 3:5GeV are also shown.
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FIG. 1. Momentum labeling in amplitudes for 2 ! N partonic scattering. The dashed lines
represent partons of unspecified flavor. The dot on the end of k1 is to indicate that this is the
parton that decays into a detected hadron. The other momenta are integrated in SIDIS. (a) is a
general 2 ! N amplitude. For perturbatively large PHT, N � 1 and the lowest order contribution
is ↵s(Q), corresponding to the 2 ! 2 kinematics in (b). In this paper, we consider in addition the
2 ! 3 kinematics in (c), which appear at order ↵2
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Then, the cross section is
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These expressions all apply to the limit that hadron masses are negligible.

In calculations, it is convenient to work with Lorentz invariant structure function extrac-

tion tensors: with Pµ⌫
� ,� 2 {g, PP} where

Pµ⌫
g = gµ⌫ , Pµ⌫

PP = P µP ⌫ . (7)

Then,

F1 = Pµ⌫
1 Wµ⌫ , F2 = Pµ⌫
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Kinematical Corrections 
•  Old	(1970s)	methods	of	DIS	mass	corrections	not	
based	on	factorization	logic.	
	

•  Lightcone	fractions	versus	x	and	z:		

•  Final	state	hadron	mass	corrections		

3

following kinematical variables:

Q
2 = �q

2 = �(l � l
0)2, xBj =

Q
2

2P · q , xN = � q
+

P+
=

2xBj

1 +
q

1 +
4x2

BjM
2

Q2

, (10)

y =
P · q
P · l , zh =

P · PB

P · q = 2xBj

P · PB

Q2
, s = (l + P )2, (11)

W
2 = (q + P )2 , xh =

q · PB

P · q zN =
P

�
B

q�
. (12)

In the above light-cone ratios that define xN and zN, momentum components q
±, P

+ and P
�
B

are defined in a
photon frame, where the incoming proton is in the positive z-direction with no transverse momentum and the virtual
photon is the the negative z-direction with no transverse momentum. (See the discussion of frames below.) xN is the
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where the approximation symbol shows the limit of zero hadron masses for the solution corresponding to the current
fragmentation region. Note that Eq. (14) fixes xN to be defined by Eq. (10).

The angles  and � are the azimuthal angles of the final state lepton and produced hadron respectively in a photon
frame.

Note that ratios of plus and minus components are independent of boosts in the z-direction, and so are the same
in all photon frames.
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