
Progress on Calculation of Pion Valence Distribution  
    form Hadronic Lattice Cross Sections

Raza Sabbir Sufian
in Collaboration with

J. Karpie, C. Egerer, D. Richards, J.W. Qiu, B. Chakraborty, R. Edwards, K. Orginos



Why Pion Valence Distribution
Large-x behavior of pion valence distribution an unresolved problem

de Téramond, Liu, RSS, 
Dosch, Brodsky, Deur

PRL (2018)

See talk by Tianbo Liu 
(HLFHS Collaboration) 

Perturbative QCD, Dyson-Schwinger model                 fall-off (1� x)2

Nambu-Jona-Lasino (NJL) model, Duality arguments  (1� x)1 fall-off

C12-15-006 experiment (Tagged DIS) at JLab to explore large-x behavior

Lattice QCD can play vital role in understanding large x-behavior



Calculations of Parton Distributions on the Lattice
Quasi PDFs (X. Ji, PRL (2013))

Proposed 
Matching

Pseudo-PDFs (A. Radyushkin, PLB (2017))

See talk by Joseph Karpie 
(Pseudo PDFs) 

Beautiful feature  
  of canceling  

 UV divergence 
    as  ⇠2 ! 0

Power-law UV divergence from Wilson line in the non-local operator
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Hadronic tensor method (K. F. Liu, PRL 1994, PRD 200))

Compton amplitude / OPE without OPE 
(A. Chambers, et al PRL (2017))

Good Lattice Cross Sections 
(Y. Q. Ma, J.-W. Qiu, PRL 2018)

Requires four-point correlation function calculation on the lattice 

Collaboration between lattice QCD and perturbative QCD

Position-space correlators (V. M. Braun & D. Müller (2008) )

……….



Parton Distribution Functions (PDFs)
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What are Good Lattice “Cross Sections” (LCSs)

Single hadron matrix elements:

1. Calculable using lattice QCD with Euclidean time

2. Well defined continuum limit (          ), UV finitea ! 0

 4. Factorizable to PDFs with IR-safe hard coefficients  
     with controllable power corrections 

3. Share the same perturbative collinear divergences with PDFs

Ma & Qiu
PRL (2018)



            Lattice Calculable + Renormalizable + Factorizable

P and ⇠
 Collision 

Kinematics
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Perturbatively Calculable 
Hard Coefficients

Nonperturbative PDFs 
of flavor 

Factorization holds for any finite ! and P 2⇠2

if ⇠ is short distance

On
Dynamical Features 

of LCSs

a = q, g

fā(x, µ
2) = �fa(�x, µ

2)



! ⌘ P · ⇠, ⇠2 6= 0, ⇠0 = 0

Hadron matrix elements:

Current-current correlators

Different choices of currents

flavor changing current gluon distribution

�n(!, ⇠
2, P 2) = hP |T{On(⇠)}|P i

Zj  already known for the lattice ensembles being used



in the Qweak experiment arises from the G

s
M(Q2). A precise estimate of G

s
M(Q2) can lead to

more/higher precision in the estimated value of proton weak charge Q

p = (1 � 4 sin2
�W ) in the

Qweak experiment. It is very important to know the value of Q

p with greater precision because/as

this will constrain the possibility of Beyond Standard Model physics.

Discuss NuTeV anomaly from the second moment of the s(x) � s̄(x) asymmetry (from high-

lighted 10)

J1

J2
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Figure 1: A schematic diagram of the hadron correlation function, where T labels the sink
pion, or kaon, respectively, t the inversion time slice of the currents, and ~pi and ~

p

0 represent
the momenta at source and sink. The propagators joining the two currents J1, J2 can acquire
any momentum dependeing on the available phase space.

The hadronic matrix elements for two currents J1 and J2 separated in a Euclidean direction
by ⇠ is shown in Figure 1. In the case of the pion, and in terms of the quark propagators, D,
Figure 1 can be expressed as

h⇧(�p

0)|OJ1(x0)OJ2(⇠)|⇧(�p

0)i =

=
X

y,z

e

i(p0.z�p.y)hq̄ �⇧ q(z, T ) q̄ J2 q(x0 + ⇠, t) q̄ J1 q(x0, t) q̄ �⇧ q(y, 0)i

=
X

y,z

e

i(p0.z�p.y)tr[J2 D

�1(x0 + ⇠, t; x0, t) J1 D

�1(x0, t; y, 0) �⇧

⇥D

�1(y, 0; z, T )�⇧ D

�1(z, T ; x0 + ⇠, t)],

(5)

where we note that the auxiliary propagator between J1 and J2 can be computed for any
quark mass, including in particular that of a heavy quark. The use of a heavy mass reduces
the size of the phase space which in turn gives a cleaner signal-to-noise ratio in the four-point
correlation-function calculation.

For the case of the pion and kaon, but not for the nucleon, there is a straightforward
implementation of the well-known sequential-source method that enables us to insert spatial
momentum at both the source t = 0 and the sink t = T with a minimal number of propagator
computations. The momentum at the current time slice is then constrained by momentum
conservation. This computational simplicity is a further reason to focus on the pion and kaon
in this proposal. To reduce the cost of the computation, and to simplify the analysis, we place
the currents midway between the source and sink mesons so that T = 2t, but vary the temporal
separation T so as to determine a region over which the ground state meson is dominant. Whilst
it might appear that the kaon would be the computationally more economical system since

5

Analysis shown here on isoClover with 110 Configurations 
Lattice spacing ~ 0.127 fm, 0.09 fm  
m⇡ ⇡ 440, 400 MeV

(323 ⇥ 96, 323 ⇥ 64)

Lattice Calculation Setup

Projected calculation with  m⇡ ⇡ 170 MeV on 64

3 ⇥ 128 ensemble

⇠  possible  
on/off axis



(Very) Preliminary Lattice Results
Matrix element with currents: J1 =Vector,  J2 =Axial

Only 110 configurations and 1 random source used 

Momentum smearing to be used     
   for higher momentum

Gunnar S. Bali, et al
(PRD 2016))

T      Source-sink separation 

Pz= 1 (~0.3 GeV)

m⇡ ⇡ 440 MeV

a ⇡ 0.127 fm



(Very) Preliminary Lattice Results

No signal for  
imaginary part  

with P=3, 4 
from ~110 configs

We have ~ 30 times 
 more statistics 
being produced



Outlook
Many different LSCs with different currents are  

 being analyzed

�̃n =
X

a

fa ⌦ K̃a
n +O(⇤2

QCD/q2)

Momentum space matrix elements

�̃n(!̃, q
2, P 2) ⌘

Z
d⇠4

⇠4
eiq.⇠�n(!, ⇠

2, P 2)

x-dependence of pion valence distribution can be  
 obtained from 

!̃ = 1/x

Thank You
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Hadronic matrix elements in coordinate-space —

We consider single-hadron matrix elements of renormal-
ized nonlocal operators On(ξ),

σn(ω, ξ
2, P 2) = ⟨P |T {On(ξ)}|P ⟩, (1)

where the subscript n is a label for different operators, T
stands for time-ordering, P is the hadron momentum, ξ
with ξ2 ̸= 0 is the largest separation of all fields in the
operator On, the Lorentz scalar ω ≡ P · ξ, and renormal-
ization scale for On(ξ) is suppressed.
One choice for On(ξ) is the dimension-2 operators for

correlations of two currents with a separation ξ,

Oj1j2(ξ) ≡ ξdj1
+dj2

−2 Zj1 Zj2j1(ξ) j2(0) , (2)

where dj and Zj are the dimension and renormalization
constant of the current j, respectively, and the overall
dimensional factor is introduced so that the matrix ele-
ments in Eq. (1) is dimensionless with our normalization,
⟨P |P ′⟩ = (2EP )(2π)3δ3(P − P ′). With the scalar and
vector currents, for example, we could have,

OS(ξ) = ξ4Z2
S[ψqψq](ξ) [ψqψq](0) , (3a)

OV (ξ) = ξ2Z2
V [ψq/ξψq](ξ) [ψq/ξψq](0) , (3b)

O!V (ξ) = −
ξ4

2
Z2
V [ψqγνψq](ξ) [ψqγ

νψq](0) , (3c)

OV ′(ξ) = ξ2Z2
V ′ [ψq/ξψq′ ](ξ) [ψq′/ξψq](0) , . . . , (3d)

where ξ4 ≡ (ξ2)2, q = u, d, s, · · · stands for a quark with
a definite flavor and q′ for a quark with a different flavor,
the subscripts, S, V and V ′ refers to scalar, vector and
flavor-changing vector currents, respectively, and “. . . ”
indicates for other possible combinations of two currents
including the gluonic current, e.g., jµν ∝ FµρF ρ

ν . Ma-
trix elements constructed from operators in Eq. (3) sat-
isfy the relation

σ∗
n(ω, ξ

2, P 2) = σn(−ω, ξ
2, P 2). (4)

Instead of the correlation of two currents, the nonlo-
cal operator in Eq. (1) could also be made of the cor-
relation of gauge dependent field operators with proper
gauge link(s), e.g.,

Oq(ξ) =Zq(ξ
2)ψq(ξ) /ξΦ(ξ, 0)ψq(0) , (5)

where Φ(ξ, 0) = Pe−ig
"

1

0
ξ·A(λξ) dλ is the path ordered

gauge link, Zq(ξ2) is the renormalization constant of this
operator, depending on ξ2 [27], and matrix element con-
structed from which satisfies the relation

σ∗
n(ω, ξ

2, P 2) = −σn(−ω, ξ
2, P 2). (6)

Besides scalar operators constructed above, we can also
construct vector or tensor operators, e.g.,

Oµν(ξ) = ξ4Z2
V [ψqγµψq](ξ) [ψqγνψq](0) . (7)

To simply the discussion, we will consider only scalar
operators in the following, although tensor operators can
be studied following the same way.
Factorization — We show that σn defined in Eq. (1)
could be factorized into PDFs with perturbatively calcu-
lable coefficients so long as ξ2 is sufficiently small,

σn(ω, ξ
2,P 2) =

!

a

" 1

−1

dx

x
fa(x, µ

2)

×Ka
n(xω, ξ

2, x2P 2, µ2) +O(ξ2Λ2
QCD) ,

(8)

where µ is the factorization scale, Ka
n are perturba-

tively calculable hard coefficients, and fa is PDF of flavor
a = q, g with anti-quark PDFs expressed by quark PDFs
using the relation fā(x, µ2) = −fa(−x, µ2).
Let ξ2 be small but not vanishing, and applying oper-

ator product expansion (OPE) to the nonlocal operator
On(ξ) in Eq. (1) [37], we have

σn(ω, ξ
2, P 2) =

!

J=0

!

a

W (J,a)
n (ξ2, µ2) ξν1 · · · ξνJ

× ⟨P |O(J,a)
ν1···νJ (µ

2)|P ⟩ , (9)

where µ is the renormalization scale. The O(J,a)
ν1···νJ (µ

2) is
a local, symmetric and traceless operator of spin J with
“a” labeling different operators of the same spin, and

⟨P |O(J,a)
ν1···νJ (µ

2)|P ⟩ = 2A(J,a)(µ2)

× (Pν1 · · ·PνJ − traces) , (10)

where the scalar quantity A(J,a)(µ2) = ⟨P |O(J,a)(µ2)|P ⟩
is the reduced matrix element. Substituting Eq. (10) into
Eq. (9), we have

σn(ω, ξ
2, P 2) =

!

J=0

!

a

W (J,a)
n (ξ2, µ2) 2A(J,a)(µ2)

× ΣJ (ω, P
2ξ2) , (11)

where

ΣJ(ω, P
2ξ2) ≡ ξν1 · · · ξνJ (Pν1 · · ·PνJ − traces)

=

[J/2]!

i=0

Ci
J−i(ω)

J−2i
#
−P 2ξ2/4
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, (12)

where C is the binomial function and [J/2] is the great-
est integer less than or equal to J/2. Up to now, no
approximation has been made in deriving Eq. (11).
Since higher dimensional matrix element is relatively

smaller by powers of Λ2
QCDξ

2 when two reduced ma-
trix elements are compared, for the following discussion,
we ignore this power suppressed correction to keep only
terms with the lowest dimensional operators, which cor-
responds to keep the twist-2 operators in QCD [37]. Re-
duced matrix elements of these twist-2 operators can be
expressed as moments of PDFs,

A(J,a)(µ2) =
1

Sa

" 1

−1
dxxJ−1fa(x, µ

2) , (13)

2

Hadronic matrix elements in coordinate-space —

We consider single-hadron matrix elements of renormal-
ized nonlocal operators On(ξ),

σn(ω, ξ
2, P 2) = ⟨P |T {On(ξ)}|P ⟩, (1)

where the subscript n is a label for different operators, T
stands for time-ordering, P is the hadron momentum, ξ
with ξ2 ̸= 0 is the largest separation of all fields in the
operator On, the Lorentz scalar ω ≡ P · ξ, and renormal-
ization scale for On(ξ) is suppressed.
One choice for On(ξ) is the dimension-2 operators for

correlations of two currents with a separation ξ,

Oj1j2(ξ) ≡ ξdj1
+dj2

−2 Zj1 Zj2j1(ξ) j2(0) , (2)

where dj and Zj are the dimension and renormalization
constant of the current j, respectively, and the overall
dimensional factor is introduced so that the matrix ele-
ments in Eq. (1) is dimensionless with our normalization,
⟨P |P ′⟩ = (2EP )(2π)3δ3(P − P ′). With the scalar and
vector currents, for example, we could have,

OS(ξ) = ξ4Z2
S[ψqψq](ξ) [ψqψq](0) , (3a)

OV (ξ) = ξ2Z2
V [ψq/ξψq](ξ) [ψq/ξψq](0) , (3b)

O!V (ξ) = −
ξ4

2
Z2
V [ψqγνψq](ξ) [ψqγ

νψq](0) , (3c)

OV ′(ξ) = ξ2Z2
V ′ [ψq/ξψq′ ](ξ) [ψq′/ξψq](0) , . . . , (3d)

where ξ4 ≡ (ξ2)2, q = u, d, s, · · · stands for a quark with
a definite flavor and q′ for a quark with a different flavor,
the subscripts, S, V and V ′ refers to scalar, vector and
flavor-changing vector currents, respectively, and “. . . ”
indicates for other possible combinations of two currents
including the gluonic current, e.g., jµν ∝ FµρF ρ

ν . Ma-
trix elements constructed from operators in Eq. (3) sat-
isfy the relation

σ∗
n(ω, ξ

2, P 2) = σn(−ω, ξ
2, P 2). (4)

Instead of the correlation of two currents, the nonlo-
cal operator in Eq. (1) could also be made of the cor-
relation of gauge dependent field operators with proper
gauge link(s), e.g.,

Oq(ξ) =Zq(ξ
2)ψq(ξ) /ξΦ(ξ, 0)ψq(0) , (5)

where Φ(ξ, 0) = Pe−ig
"

1

0
ξ·A(λξ) dλ is the path ordered

gauge link, Zq(ξ2) is the renormalization constant of this
operator, depending on ξ2 [27], and matrix element con-
structed from which satisfies the relation

σ∗
n(ω, ξ

2, P 2) = −σn(−ω, ξ
2, P 2). (6)

Besides scalar operators constructed above, we can also
construct vector or tensor operators, e.g.,

Oµν(ξ) = ξ4Z2
V [ψqγµψq](ξ) [ψqγνψq](0) . (7)

To simply the discussion, we will consider only scalar
operators in the following, although tensor operators can
be studied following the same way.
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where µ is the factorization scale, Ka
n are perturba-

tively calculable hard coefficients, and fa is PDF of flavor
a = q, g with anti-quark PDFs expressed by quark PDFs
using the relation fā(x, µ2) = −fa(−x, µ2).
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Local, symmetric , traceless op


