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experiment factor of 6 more precise
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Challenges in applying lattice QCD to nucleon structure 
(and nuclear physics in general) 

An unconventional method 

gA - details of the calculation and analysis

A percent-level determination of  the nucleon axial coupling from QCD



LQCD Systematics
continuum limit

infinite volume limit 

physical 
pion masses 

exponentially bad signal-
to-noise problem
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Slide adapted from E. Berkowitz



LQCD Challenges for NP
The most difficult challenge in applying LQCD to NP is an 
exponentially bad signal-to-noise problem for nucleons

each quark propagator carries information 
about pions and nucleons  
(conversations with David Kaplan)
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<latexit sha1_base64="jtOBwlEP6dP3AwOI0FYNOwSwERM=">AAAB/3icbVBNS8NAFHzxs9avqkcvwSJUkJKIoN6KXjxWMLbQxLLZbNqlm82yuymU0ou/wquePIlXf4oH/4vbNAdtHVgYZubx9k0oGFXacb6speWV1bX10kZ5c2t7Z7eyt/+g0kxi4uGUpbIdIkUY5cTTVDPSFpKgJGSkFQ5upn5rSKSiKb/XI0GCBPU4jSlG2kiPPjPRCHV9QWv6pFupOnUnh71I3IJUoUCzW/n2oxRnCeEaM6RUx3WEDsZIaooZmZT9TBGB8AD1SMdQjhKiTqMhFSqnwTg/YGIfGzOy41Sax7Wdq7+HxyhRapSEJpkg3Vfz3lT8z+tkOr4MxpSLTBOOZ4vijNk6tadt2BGVBGs2MgRhSc23bdxHEmFtOiubPtz56xeJd1a/qrt359XGdVFMCQ7hCGrgwgU04Baa4AEGCc/wAq/Wk/VmvVsfs+iSVcwcwB9Ynz9RCpaY</latexit><latexit sha1_base64="jtOBwlEP6dP3AwOI0FYNOwSwERM=">AAAB/3icbVBNS8NAFHzxs9avqkcvwSJUkJKIoN6KXjxWMLbQxLLZbNqlm82yuymU0ou/wquePIlXf4oH/4vbNAdtHVgYZubx9k0oGFXacb6speWV1bX10kZ5c2t7Z7eyt/+g0kxi4uGUpbIdIkUY5cTTVDPSFpKgJGSkFQ5upn5rSKSiKb/XI0GCBPU4jSlG2kiPPjPRCHV9QWv6pFupOnUnh71I3IJUoUCzW/n2oxRnCeEaM6RUx3WEDsZIaooZmZT9TBGB8AD1SMdQjhKiTqMhFSqnwTg/YGIfGzOy41Sax7Wdq7+HxyhRapSEJpkg3Vfz3lT8z+tkOr4MxpSLTBOOZ4vijNk6tadt2BGVBGs2MgRhSc23bdxHEmFtOiubPtz56xeJd1a/qrt359XGdVFMCQ7hCGrgwgU04Baa4AEGCc/wAq/Wk/VmvVsfs+iSVcwcwB9Ynz9RCpaY</latexit><latexit sha1_base64="jtOBwlEP6dP3AwOI0FYNOwSwERM=">AAAB/3icbVBNS8NAFHzxs9avqkcvwSJUkJKIoN6KXjxWMLbQxLLZbNqlm82yuymU0ou/wquePIlXf4oH/4vbNAdtHVgYZubx9k0oGFXacb6speWV1bX10kZ5c2t7Z7eyt/+g0kxi4uGUpbIdIkUY5cTTVDPSFpKgJGSkFQ5upn5rSKSiKb/XI0GCBPU4jSlG2kiPPjPRCHV9QWv6pFupOnUnh71I3IJUoUCzW/n2oxRnCeEaM6RUx3WEDsZIaooZmZT9TBGB8AD1SMdQjhKiTqMhFSqnwTg/YGIfGzOy41Sax7Wdq7+HxyhRapSEJpkg3Vfz3lT8z+tkOr4MxpSLTBOOZ4vijNk6tadt2BGVBGs2MgRhSc23bdxHEmFtOiubPtz56xeJd1a/qrt359XGdVFMCQ7hCGrgwgU04Baa4AEGCc/wAq/Wk/VmvVsfs+iSVcwcwB9Ynz9RCpaY</latexit><latexit sha1_base64="jtOBwlEP6dP3AwOI0FYNOwSwERM=">AAAB/3icbVBNS8NAFHzxs9avqkcvwSJUkJKIoN6KXjxWMLbQxLLZbNqlm82yuymU0ou/wquePIlXf4oH/4vbNAdtHVgYZubx9k0oGFXacb6speWV1bX10kZ5c2t7Z7eyt/+g0kxi4uGUpbIdIkUY5cTTVDPSFpKgJGSkFQ5upn5rSKSiKb/XI0GCBPU4jSlG2kiPPjPRCHV9QWv6pFupOnUnh71I3IJUoUCzW/n2oxRnCeEaM6RUx3WEDsZIaooZmZT9TBGB8AD1SMdQjhKiTqMhFSqnwTg/YGIfGzOy41Sax7Wdq7+HxyhRapSEJpkg3Vfz3lT8z+tkOr4MxpSLTBOOZ4vijNk6tadt2BGVBGs2MgRhSc23bdxHEmFtOiubPtz56xeJd1a/qrt359XGdVFMCQ7hCGrgwgU04Baa4AEGCc/wAq/Wk/VmvVsfs+iSVcwcwB9Ynz9RCpaY</latexit>

�
<latexit sha1_base64="TUwgnFTq91JAaHs/kRDAu1marpQ=">AAAB9HicbZDNSsNAFIVv/K31r+rSzWARXEhJRFB3RTcuKxpbaEOZTCbp0MkkzEwqJfQR3OrKlbj1fVz4Lk7TLLT1wsDHOfdy7xw/5Uxp2/6ylpZXVtfWKxvVza3tnd3a3v6jSjJJqEsSnsiOjxXlTFBXM81pJ5UUxz6nbX94M/XbIyoVS8SDHqfUi3EkWMgI1ka670VRv1a3G3ZRaBGcEupQVqtf++4FCcliKjThWKmuY6fay7HUjHA6qfYyRVNMhjiiXYMCx1SdBiOWqgK9vLh6go6NGaAwkeYJjQr193COY6XGsW86Y6wHat6biv953UyHl17ORJppKshsUZhxpBM0jQAFTFKi+dgAJpKZsxEZYImJNkFVTR7O/O8XwT1rXDWcu/N687oMpgKHcAQn4MAFNOEWWuACgQie4QVerSfrzXq3PmatS1Y5cwB/yvr8AX7Okj4=</latexit><latexit sha1_base64="TUwgnFTq91JAaHs/kRDAu1marpQ=">AAAB9HicbZDNSsNAFIVv/K31r+rSzWARXEhJRFB3RTcuKxpbaEOZTCbp0MkkzEwqJfQR3OrKlbj1fVz4Lk7TLLT1wsDHOfdy7xw/5Uxp2/6ylpZXVtfWKxvVza3tnd3a3v6jSjJJqEsSnsiOjxXlTFBXM81pJ5UUxz6nbX94M/XbIyoVS8SDHqfUi3EkWMgI1ka670VRv1a3G3ZRaBGcEupQVqtf++4FCcliKjThWKmuY6fay7HUjHA6qfYyRVNMhjiiXYMCx1SdBiOWqgK9vLh6go6NGaAwkeYJjQr193COY6XGsW86Y6wHat6biv953UyHl17ORJppKshsUZhxpBM0jQAFTFKi+dgAJpKZsxEZYImJNkFVTR7O/O8XwT1rXDWcu/N687oMpgKHcAQn4MAFNOEWWuACgQie4QVerSfrzXq3PmatS1Y5cwB/yvr8AX7Okj4=</latexit><latexit sha1_base64="TUwgnFTq91JAaHs/kRDAu1marpQ=">AAAB9HicbZDNSsNAFIVv/K31r+rSzWARXEhJRFB3RTcuKxpbaEOZTCbp0MkkzEwqJfQR3OrKlbj1fVz4Lk7TLLT1wsDHOfdy7xw/5Uxp2/6ylpZXVtfWKxvVza3tnd3a3v6jSjJJqEsSnsiOjxXlTFBXM81pJ5UUxz6nbX94M/XbIyoVS8SDHqfUi3EkWMgI1ka670VRv1a3G3ZRaBGcEupQVqtf++4FCcliKjThWKmuY6fay7HUjHA6qfYyRVNMhjiiXYMCx1SdBiOWqgK9vLh6go6NGaAwkeYJjQr193COY6XGsW86Y6wHat6biv953UyHl17ORJppKshsUZhxpBM0jQAFTFKi+dgAJpKZsxEZYImJNkFVTR7O/O8XwT1rXDWcu/N687oMpgKHcAQn4MAFNOEWWuACgQie4QVerSfrzXq3PmatS1Y5cwB/yvr8AX7Okj4=</latexit><latexit sha1_base64="TUwgnFTq91JAaHs/kRDAu1marpQ=">AAAB9HicbZDNSsNAFIVv/K31r+rSzWARXEhJRFB3RTcuKxpbaEOZTCbp0MkkzEwqJfQR3OrKlbj1fVz4Lk7TLLT1wsDHOfdy7xw/5Uxp2/6ylpZXVtfWKxvVza3tnd3a3v6jSjJJqEsSnsiOjxXlTFBXM81pJ5UUxz6nbX94M/XbIyoVS8SDHqfUi3EkWMgI1ka670VRv1a3G3ZRaBGcEupQVqtf++4FCcliKjThWKmuY6fay7HUjHA6qfYyRVNMhjiiXYMCx1SdBiOWqgK9vLh6go6NGaAwkeYJjQr193COY6XGsW86Y6wHat6biv953UyHl17ORJppKshsUZhxpBM0jQAFTFKi+dgAJpKZsxEZYImJNkFVTR7O/O8XwT1rXDWcu/N687oMpgKHcAQn4MAFNOEWWuACgQie4QVerSfrzXq3PmatS1Y5cwB/yvr8AX7Okj4=</latexit>

�N (t)
<latexit sha1_base64="ffQNe+FaWim4sYml5+lZH1gPVrk=">AAAB/XicbVBNS8NAFNz4WetX1aOXxSJUkJKIoN6KXjxJBWMLTSibzaZdukmW3ZdCKQV/hVc9eRKv/hYP/he3aQ7aOrAwzMzjvZ1ACq7Btr+speWV1bX10kZ5c2t7Z7eyt/+o00xR5tJUpKodEM0ET5gLHARrS8VIHAjWCgY3U781ZErzNHmAkWR+THoJjzglYCTPEyYaku5dDU66lapdt3PgReIUpIoKNLuVby9MaRazBKggWnccW4I/Jgo4FWxS9jLNJKED0mMdQxMSM30aDrnUOfXH+fkTfGzMEEepMi8BnKu/h8ck1noUByYZE+jreW8q/ud1Mogu/TFPZAYsobNFUSYwpHjaBQ65YhTEyBBCFTdnY9onilAwjZVNH8787xeJe1a/qjv359XGdVFMCR2iI1RDDrpADXSLmshFFEn0jF7Qq/VkvVnv1scsumQVMwfoD6zPH5WrlZ0=</latexit><latexit sha1_base64="ffQNe+FaWim4sYml5+lZH1gPVrk=">AAAB/XicbVBNS8NAFNz4WetX1aOXxSJUkJKIoN6KXjxJBWMLTSibzaZdukmW3ZdCKQV/hVc9eRKv/hYP/he3aQ7aOrAwzMzjvZ1ACq7Btr+speWV1bX10kZ5c2t7Z7eyt/+o00xR5tJUpKodEM0ET5gLHARrS8VIHAjWCgY3U781ZErzNHmAkWR+THoJjzglYCTPEyYaku5dDU66lapdt3PgReIUpIoKNLuVby9MaRazBKggWnccW4I/Jgo4FWxS9jLNJKED0mMdQxMSM30aDrnUOfXH+fkTfGzMEEepMi8BnKu/h8ck1noUByYZE+jreW8q/ud1Mogu/TFPZAYsobNFUSYwpHjaBQ65YhTEyBBCFTdnY9onilAwjZVNH8787xeJe1a/qjv359XGdVFMCR2iI1RDDrpADXSLmshFFEn0jF7Qq/VkvVnv1scsumQVMwfoD6zPH5WrlZ0=</latexit><latexit sha1_base64="ffQNe+FaWim4sYml5+lZH1gPVrk=">AAAB/XicbVBNS8NAFNz4WetX1aOXxSJUkJKIoN6KXjxJBWMLTSibzaZdukmW3ZdCKQV/hVc9eRKv/hYP/he3aQ7aOrAwzMzjvZ1ACq7Btr+speWV1bX10kZ5c2t7Z7eyt/+o00xR5tJUpKodEM0ET5gLHARrS8VIHAjWCgY3U781ZErzNHmAkWR+THoJjzglYCTPEyYaku5dDU66lapdt3PgReIUpIoKNLuVby9MaRazBKggWnccW4I/Jgo4FWxS9jLNJKED0mMdQxMSM30aDrnUOfXH+fkTfGzMEEepMi8BnKu/h8ck1noUByYZE+jreW8q/ud1Mogu/TFPZAYsobNFUSYwpHjaBQ65YhTEyBBCFTdnY9onilAwjZVNH8787xeJe1a/qjv359XGdVFMCR2iI1RDDrpADXSLmshFFEn0jF7Qq/VkvVnv1scsumQVMwfoD6zPH5WrlZ0=</latexit><latexit sha1_base64="ffQNe+FaWim4sYml5+lZH1gPVrk=">AAAB/XicbVBNS8NAFNz4WetX1aOXxSJUkJKIoN6KXjxJBWMLTSibzaZdukmW3ZdCKQV/hVc9eRKv/hYP/he3aQ7aOrAwzMzjvZ1ACq7Btr+speWV1bX10kZ5c2t7Z7eyt/+o00xR5tJUpKodEM0ET5gLHARrS8VIHAjWCgY3U781ZErzNHmAkWR+THoJjzglYCTPEyYaku5dDU66lapdt3PgReIUpIoKNLuVby9MaRazBKggWnccW4I/Jgo4FWxS9jLNJKED0mMdQxMSM30aDrnUOfXH+fkTfGzMEEepMi8BnKu/h8ck1noUByYZE+jreW8q/ud1Mogu/TFPZAYsobNFUSYwpHjaBQ65YhTEyBBCFTdnY9onilAwjZVNH8787xeJe1a/qjv359XGdVFMCR2iI1RDDrpADXSLmshFFEn0jF7Qq/VkvVnv1scsumQVMwfoD6zPH5WrlZ0=</latexit>

d̄�5u : C(t) = A⇡e
�m⇡t + · · ·

<latexit sha1_base64="W/UcuvEXbPuk23xRhOt3t0Yy930="></latexit><latexit sha1_base64="W/UcuvEXbPuk23xRhOt3t0Yy930="></latexit><latexit sha1_base64="W/UcuvEXbPuk23xRhOt3t0Yy930="></latexit><latexit sha1_base64="W/UcuvEXbPuk23xRhOt3t0Yy930="></latexit>

(uTC�5d)u : C(t) = ANe�mN t + · · ·
<latexit sha1_base64="yRTzB/FdSsxQ1+WahDbq+wccD1s="></latexit><latexit sha1_base64="yRTzB/FdSsxQ1+WahDbq+wccD1s="></latexit><latexit sha1_base64="yRTzB/FdSsxQ1+WahDbq+wccD1s="></latexit><latexit sha1_base64="yRTzB/FdSsxQ1+WahDbq+wccD1s="></latexit>

For the nucleon - the large pion eigenvalues must cancel to 
expose the small nucleon eigenvalues

exponential noise 
power-law statistics⇠
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<latexit sha1_base64="D8TQLtjxSyXg/ghU3hkYXbiWgyo=">AAACEHicbZDLSsNAFIYn9VbrLepSF4NFcCElEUGXRTeupKK9QBPKZDpph85MwsykUEI2PoJP4VZX7sStb+DCd3GaZqGtPwx8nP8czpw/iBlV2nG+rNLS8srqWnm9srG5tb1j7+61VJRITJo4YpHsBEgRRgVpaqoZ6cSSIB4w0g5G11O/PSZS0Ug86ElMfI4GgoYUI21KPfvQCyXCqSc5vKcDgViW821EFcl6dtWpObngIrgFVEGhRs/+9voRTjgRGjOkVNd1Yu2nSGqKGckqXqJIjPAIDUjXoECcqNP+mMYqRz/ND8rgsTH7MIykeULDvPp7OEVcqQkPTCdHeqjmvWnxP6+b6PDST6mIE00Eni0KEwZ1BKfpwD6VBGs2MYCwpObbEA+RSUibDCsmD3f++kVondVcp+benVfrV0UyZXAAjsAJcMEFqIMb0ABNgMEjeAYv4NV6st6sd+tj1lqyipl98EfW5w8Mrp1l</latexit><latexit sha1_base64="D8TQLtjxSyXg/ghU3hkYXbiWgyo=">AAACEHicbZDLSsNAFIYn9VbrLepSF4NFcCElEUGXRTeupKK9QBPKZDpph85MwsykUEI2PoJP4VZX7sStb+DCd3GaZqGtPwx8nP8czpw/iBlV2nG+rNLS8srqWnm9srG5tb1j7+61VJRITJo4YpHsBEgRRgVpaqoZ6cSSIB4w0g5G11O/PSZS0Ug86ElMfI4GgoYUI21KPfvQCyXCqSc5vKcDgViW821EFcl6dtWpObngIrgFVEGhRs/+9voRTjgRGjOkVNd1Yu2nSGqKGckqXqJIjPAIDUjXoECcqNP+mMYqRz/ND8rgsTH7MIykeULDvPp7OEVcqQkPTCdHeqjmvWnxP6+b6PDST6mIE00Eni0KEwZ1BKfpwD6VBGs2MYCwpObbEA+RSUibDCsmD3f++kVondVcp+benVfrV0UyZXAAjsAJcMEFqIMb0ABNgMEjeAYv4NV6st6sd+tj1lqyipl98EfW5w8Mrp1l</latexit><latexit sha1_base64="D8TQLtjxSyXg/ghU3hkYXbiWgyo=">AAACEHicbZDLSsNAFIYn9VbrLepSF4NFcCElEUGXRTeupKK9QBPKZDpph85MwsykUEI2PoJP4VZX7sStb+DCd3GaZqGtPwx8nP8czpw/iBlV2nG+rNLS8srqWnm9srG5tb1j7+61VJRITJo4YpHsBEgRRgVpaqoZ6cSSIB4w0g5G11O/PSZS0Ug86ElMfI4GgoYUI21KPfvQCyXCqSc5vKcDgViW821EFcl6dtWpObngIrgFVEGhRs/+9voRTjgRGjOkVNd1Yu2nSGqKGckqXqJIjPAIDUjXoECcqNP+mMYqRz/ND8rgsTH7MIykeULDvPp7OEVcqQkPTCdHeqjmvWnxP6+b6PDST6mIE00Eni0KEwZ1BKfpwD6VBGs2MYCwpObbEA+RSUibDCsmD3f++kVondVcp+benVfrV0UyZXAAjsAJcMEFqIMb0ABNgMEjeAYv4NV6st6sd+tj1lqyipl98EfW5w8Mrp1l</latexit><latexit sha1_base64="D8TQLtjxSyXg/ghU3hkYXbiWgyo=">AAACEHicbZDLSsNAFIYn9VbrLepSF4NFcCElEUGXRTeupKK9QBPKZDpph85MwsykUEI2PoJP4VZX7sStb+DCd3GaZqGtPwx8nP8czpw/iBlV2nG+rNLS8srqWnm9srG5tb1j7+61VJRITJo4YpHsBEgRRgVpaqoZ6cSSIB4w0g5G11O/PSZS0Ug86ElMfI4GgoYUI21KPfvQCyXCqSc5vKcDgViW821EFcl6dtWpObngIrgFVEGhRs/+9voRTjgRGjOkVNd1Yu2nSGqKGckqXqJIjPAIDUjXoECcqNP+mMYqRz/ND8rgsTH7MIykeULDvPp7OEVcqQkPTCdHeqjmvWnxP6+b6PDST6mIE00Eni0KEwZ1BKfpwD6VBGs2MYCwpObbEA+RSUibDCsmD3f++kVondVcp+benVfrV0UyZXAAjsAJcMEFqIMb0ABNgMEjeAYv4NV6st6sd+tj1lqyipl98EfW5w8Mrp1l</latexit>



2-point correlation function
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Effective mass of Pion 2-point correlation function 
red and black “data” are from different choices of overlap operators 
 
Noise is constant in time - can determine very clean ground state (blue band)

LQCD Challenges for NP
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<latexit sha1_base64="ircctJaoXOuZpMJR+p13Yu2Vo4w=">AAACHHicbZDPSsNAEMY3/q3xX9Wjl8UiKGhJRFAPgiiCRwVrhbaGzWZal242YXdSqKHP4CP4FF715Em8Ch58F7e1B60ODPz4vhl25wtTKQx63oczNj4xOTVdmHFn5+YXFotLy1cmyTSHCk9koq9DZkAKBRUUKOE61cDiUEI1bJ/0/WoHtBGJusRuCo2YtZRoCs7QSkFx82QDN+khdesmiwPl3gWK2r6pR6zVAu3CTb59ajXsBcWSV/YGRf+CP4QSGdZ5UPysRwnPYlDIJTOm5nspNnKmUXAJPbeeGUgZb7MW1CwqFoPZijoiNQNs5IPrenTdmhFtJtq2QjpQfy7nLDamG4d2MmZ4a0a9vvifV8uwud/IhUozBMW/H2pmkmJC+1HRSGjgKLsWGNfCfpvyW6YZRxuoa/PwR6//C5Wd8kHZv9gtHR0PgymQVbJGNohP9sgROSPnpEI4uSeP5Ik8Ow/Oi/PqvH2PjjnDnRXyq5z3L6jXoEI=</latexit><latexit sha1_base64="ircctJaoXOuZpMJR+p13Yu2Vo4w=">AAACHHicbZDPSsNAEMY3/q3xX9Wjl8UiKGhJRFAPgiiCRwVrhbaGzWZal242YXdSqKHP4CP4FF715Em8Ch58F7e1B60ODPz4vhl25wtTKQx63oczNj4xOTVdmHFn5+YXFotLy1cmyTSHCk9koq9DZkAKBRUUKOE61cDiUEI1bJ/0/WoHtBGJusRuCo2YtZRoCs7QSkFx82QDN+khdesmiwPl3gWK2r6pR6zVAu3CTb59ajXsBcWSV/YGRf+CP4QSGdZ5UPysRwnPYlDIJTOm5nspNnKmUXAJPbeeGUgZb7MW1CwqFoPZijoiNQNs5IPrenTdmhFtJtq2QjpQfy7nLDamG4d2MmZ4a0a9vvifV8uwud/IhUozBMW/H2pmkmJC+1HRSGjgKLsWGNfCfpvyW6YZRxuoa/PwR6//C5Wd8kHZv9gtHR0PgymQVbJGNohP9sgROSPnpEI4uSeP5Ik8Ow/Oi/PqvH2PjjnDnRXyq5z3L6jXoEI=</latexit><latexit sha1_base64="ircctJaoXOuZpMJR+p13Yu2Vo4w=">AAACHHicbZDPSsNAEMY3/q3xX9Wjl8UiKGhJRFAPgiiCRwVrhbaGzWZal242YXdSqKHP4CP4FF715Em8Ch58F7e1B60ODPz4vhl25wtTKQx63oczNj4xOTVdmHFn5+YXFotLy1cmyTSHCk9koq9DZkAKBRUUKOE61cDiUEI1bJ/0/WoHtBGJusRuCo2YtZRoCs7QSkFx82QDN+khdesmiwPl3gWK2r6pR6zVAu3CTb59ajXsBcWSV/YGRf+CP4QSGdZ5UPysRwnPYlDIJTOm5nspNnKmUXAJPbeeGUgZb7MW1CwqFoPZijoiNQNs5IPrenTdmhFtJtq2QjpQfy7nLDamG4d2MmZ4a0a9vvifV8uwud/IhUozBMW/H2pmkmJC+1HRSGjgKLsWGNfCfpvyW6YZRxuoa/PwR6//C5Wd8kHZv9gtHR0PgymQVbJGNohP9sgROSPnpEI4uSeP5Ik8Ow/Oi/PqvH2PjjnDnRXyq5z3L6jXoEI=</latexit><latexit sha1_base64="ircctJaoXOuZpMJR+p13Yu2Vo4w=">AAACHHicbZDPSsNAEMY3/q3xX9Wjl8UiKGhJRFAPgiiCRwVrhbaGzWZal242YXdSqKHP4CP4FF715Em8Ch58F7e1B60ODPz4vhl25wtTKQx63oczNj4xOTVdmHFn5+YXFotLy1cmyTSHCk9koq9DZkAKBRUUKOE61cDiUEI1bJ/0/WoHtBGJusRuCo2YtZRoCs7QSkFx82QDN+khdesmiwPl3gWK2r6pR6zVAu3CTb59ajXsBcWSV/YGRf+CP4QSGdZ5UPysRwnPYlDIJTOm5nspNnKmUXAJPbeeGUgZb7MW1CwqFoPZijoiNQNs5IPrenTdmhFtJtq2QjpQfy7nLDamG4d2MmZ4a0a9vvifV8uwud/IhUozBMW/H2pmkmJC+1HRSGjgKLsWGNfCfpvyW6YZRxuoa/PwR6//C5Wd8kHZv9gtHR0PgymQVbJGNohP9sgROSPnpEI4uSeP5Ik8Ow/Oi/PqvH2PjjnDnRXyq5z3L6jXoEI=</latexit>
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For pions, need to consider leading 
finite temperature effects



Two examples of nucleon effective mass  
 
Noise is growing in time - can not simply go 
to the long-time limit without exponentially 
increasing the amount of statistics needed
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Correlated late-time fluctuations… what is the 
ground state? 
 
Need sophisticated analysis to ensure you are 
not susceptible to correlated fluctuations  
 
This problem is exacerbated with 2+ nucleons 
and form-factor calculations (gA)

LQCD Challenges for NP
2-point correlation function



Nucleon axial charge - S. Collins - Lattice 2016 Plenary

gA is an important 
benchmark quantity  
very challenging for 
LQCD to get under 
control
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FIG. 8. The 2-state fit to the unrenormalized axial charge gu�d
A data for the seven ensembles at di↵erent values of the lattice

spacing and pion mass. The grey error band and the solid line within it is the tsep ! 1 estimate obtained using the 2-state
fit. The result of the fit for each individual tsep is shown by a solid line with the same color as the data points. Note that the
data with tsep = 16 in the two a06 ensembles are not used in the fit.

up to n excited states are included in the fit Ansatz). Our
additional tests on the a06 ensembles discussed in Sec. VI
show that increasing the smearing size � over the range
simulated reduces A1/A0 and the excited-state contami-
nation, most notably in the axial and scalar charges. On
the other hand, beyond a certain size �, the statistical
errors based on a given number of gauge configurations
start to increase. Also, when calculating the form fac-
tors, one expects the optimal � to decrease with increas-
ing momentum. Thus, one has to compromise between
obtaining a good statistical signal and reducing excited-
state contamination in both the charges and the form
factors, when all these quantities are being calculated
with a single choice of the smearing parameters.

The data in Tables III and IV show an increase in the
ratio A1/A0 as the lattice spacing is decreased. This
suggests that the smearing parameter � (see Table II)

should have been scaled with the lattice spacing a. The
dependence of the ratio on the two choices of tmin used
in the fits (estimates in Table III versus Table IV) and
between the HP and AMA estimates for each choice is
much smaller. Based on these trends and additional tests
discussed in Sec. VI, a better choice for the smearing pa-
rameters when calculating the matrix elements at zero-
momentum transfer is estimated to be {5, 70}, {7, 120}
and {9, 200} for the a = 0.12, 0.09 and 0.06 fm ensem-
bles, respectively. In physical units, a rule-of-thumb es-
timate for tuning the smearing size is �a ⇡ 0.55 fm.

To extract the three matrix elements h0|O�|0i,
h1|O�|0i and h1|O�|1i, for each operator O� = OA,S,T,V ,
from the 3-point functions, we make one overall fit using
the data at all values of the operator insertion time ⌧ and
the various source-sink separations tsep using Eq (10).
From such fits we extract the tsep ! 1 estimates un-

typical calculation

in long-time (tsep) limit - should be flat

LQCD Challenges for NP

O(tO)
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0tsep

tsep     fm 
14      1.22 
12      1.05 
10      0.875



Phys. Rev. D96 (2017)

Take the Feynman-Hellmann (FH) Theorem as a starting point: 
conceptually very simple and straightforward 
applying the FH Theorem to the effective mass directly leads to the method we use 

relates matrix elements to functional derivatives of the partition function 

reduces the dependence on two time variables (operator insertion time, 𝜏, and 
source/sink separation time, t) to a single variable, t 
allows for demonstrable control of excited state systematics, reduced sensitivity 
to correlated fluctuations & the extraction of the signal early in Euclidean time 
(exponentially smaller relative noise)

@�En = hn|H�|ni

An unconventional method



Phys. Rev. D96 (2017)

No time to discuss details  
cartoon explanation

An unconventional method
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0t

0t

standard 2-point function

“Feynman-Hellmann”  
correlation function
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“Feynman-Hellmann”  
propagator
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FIG. 8. The 2-state fit to the unrenormalized axial charge gu�d
A data for the seven ensembles at di↵erent values of the lattice

spacing and pion mass. The grey error band and the solid line within it is the tsep ! 1 estimate obtained using the 2-state
fit. The result of the fit for each individual tsep is shown by a solid line with the same color as the data points. Note that the
data with tsep = 16 in the two a06 ensembles are not used in the fit.

up to n excited states are included in the fit Ansatz). Our
additional tests on the a06 ensembles discussed in Sec. VI
show that increasing the smearing size � over the range
simulated reduces A1/A0 and the excited-state contami-
nation, most notably in the axial and scalar charges. On
the other hand, beyond a certain size �, the statistical
errors based on a given number of gauge configurations
start to increase. Also, when calculating the form fac-
tors, one expects the optimal � to decrease with increas-
ing momentum. Thus, one has to compromise between
obtaining a good statistical signal and reducing excited-
state contamination in both the charges and the form
factors, when all these quantities are being calculated
with a single choice of the smearing parameters.

The data in Tables III and IV show an increase in the
ratio A1/A0 as the lattice spacing is decreased. This
suggests that the smearing parameter � (see Table II)

should have been scaled with the lattice spacing a. The
dependence of the ratio on the two choices of tmin used
in the fits (estimates in Table III versus Table IV) and
between the HP and AMA estimates for each choice is
much smaller. Based on these trends and additional tests
discussed in Sec. VI, a better choice for the smearing pa-
rameters when calculating the matrix elements at zero-
momentum transfer is estimated to be {5, 70}, {7, 120}
and {9, 200} for the a = 0.12, 0.09 and 0.06 fm ensem-
bles, respectively. In physical units, a rule-of-thumb es-
timate for tuning the smearing size is �a ⇡ 0.55 fm.

To extract the three matrix elements h0|O�|0i,
h1|O�|0i and h1|O�|1i, for each operator O� = OA,S,T,V ,
from the 3-point functions, we make one overall fit using
the data at all values of the operator insertion time ⌧ and
the various source-sink separations tsep using Eq (10).
From such fits we extract the tsep ! 1 estimates un-
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element we are interested in, summed over all time in-
sertions. For 0 < t0 < t, this is in fact the quantity
R(t) defined in the summation method summed over all

time insertions and the other time regions will contribute
systematic contaminations.
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The FHT relates matrix elements to derivatives of the
spectrum. The e↵ective mass is a derived quantity which
asymptotes to the ground state mass in the long Eu-
clidean time limit,
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Consider the derivative of the e↵ective mass in the pres-
ence of the external current
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From Eq. (6), we observe the term proportional to the
vacuum matrix element exactly cancels in the di↵erence
in Eq. (9) even for scalar currents, leaving us with terms
only proportional to the matrix elements of interest
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FIG. 8. The 2-state fit to the unrenormalized axial charge gu�d
A data for the seven ensembles at di↵erent values of the lattice

spacing and pion mass. The grey error band and the solid line within it is the tsep ! 1 estimate obtained using the 2-state
fit. The result of the fit for each individual tsep is shown by a solid line with the same color as the data points. Note that the
data with tsep = 16 in the two a06 ensembles are not used in the fit.

up to n excited states are included in the fit Ansatz). Our
additional tests on the a06 ensembles discussed in Sec. VI
show that increasing the smearing size � over the range
simulated reduces A1/A0 and the excited-state contami-
nation, most notably in the axial and scalar charges. On
the other hand, beyond a certain size �, the statistical
errors based on a given number of gauge configurations
start to increase. Also, when calculating the form fac-
tors, one expects the optimal � to decrease with increas-
ing momentum. Thus, one has to compromise between
obtaining a good statistical signal and reducing excited-
state contamination in both the charges and the form
factors, when all these quantities are being calculated
with a single choice of the smearing parameters.

The data in Tables III and IV show an increase in the
ratio A1/A0 as the lattice spacing is decreased. This
suggests that the smearing parameter � (see Table II)

should have been scaled with the lattice spacing a. The
dependence of the ratio on the two choices of tmin used
in the fits (estimates in Table III versus Table IV) and
between the HP and AMA estimates for each choice is
much smaller. Based on these trends and additional tests
discussed in Sec. VI, a better choice for the smearing pa-
rameters when calculating the matrix elements at zero-
momentum transfer is estimated to be {5, 70}, {7, 120}
and {9, 200} for the a = 0.12, 0.09 and 0.06 fm ensem-
bles, respectively. In physical units, a rule-of-thumb es-
timate for tuning the smearing size is �a ⇡ 0.55 fm.

To extract the three matrix elements h0|O�|0i,
h1|O�|0i and h1|O�|1i, for each operator O� = OA,S,T,V ,
from the 3-point functions, we make one overall fit using
the data at all values of the operator insertion time ⌧ and
the various source-sink separations tsep using Eq (10).
From such fits we extract the tsep ! 1 estimates un-
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element we are interested in, summed over all time in-
sertions. For 0 < t0 < t, this is in fact the quantity
R(t) defined in the summation method summed over all

time insertions and the other time regions will contribute
systematic contaminations.

Z
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The FHT relates matrix elements to derivatives of the
spectrum. The e↵ective mass is a derived quantity which
asymptotes to the ground state mass in the long Eu-
clidean time limit,
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Consider the derivative of the e↵ective mass in the pres-
ence of the external current
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From Eq. (6), we observe the term proportional to the
vacuum matrix element exactly cancels in the di↵erence
in Eq. (9) even for scalar currents, leaving us with terms
only proportional to the matrix elements of interest
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Key features of this method 
The correlation function is given by  
excited state contamination is demonstrably controlled 
we can access very early Euclidean time, allowing the use of 
exponentially more precise numerical points 
No background field is used - the FH-theorem is used to “derive” our 
“Feynman-Hellmann Correlation function” analytically
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element we are interested in, summed over all time in-
sertions. For 0 < t0 < t, this is in fact the quantity
R(t) defined in the summation method summed over all

time insertions and the other time regions will contribute
systematic contaminations.
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From Eq. (6), we observe the term proportional to the
vacuum matrix element exactly cancels in the di↵erence
in Eq. (9) even for scalar currents, leaving us with terms
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derivative of e↵ective mass

Implementation:

Systematics:

An application: the nucleon axial charge:

Conclusions:
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An unconventional method

Key features of this method 
The correlation function is given by  
excited state contamination is demonstrably controlled 
we can access very early Euclidean time, allowing the use of 
exponentially more precise numerical points 
No background field is used - the FH-theorem is used to “derive” our 
“Feynman-Hellmann Correlation function” analytically

Subtract excited state
contribution

0t+1

our unconventional method

0t+1

0t

0t

@�m
eff
� (t, ⌧)

���
�=0

= g00 + ze�t�e.s.
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Numerical Implementation:

the “Feynman-Hellman” propagator is given by

= SFH(y, x) =
X

z

S(y, z)�(z)S(z, x)

S(z, x) standard quark propagator off some source at x, to all z

�(z) some bi-linear operator (can be constant)
e.g.,       for the vector current�4

�(z)S(z, x) treat like a source to invert off of
NOTE: this is the same equation as appears in de Divitiis, Petronzio, Tantalo, PLB718 (2012)
can be traced back to Maiani, Martinelli, Paciello and Taglienti Nucl. Phys. B293 (1987)

arXiv:1612.06963

Similar ideas in literature: 
Chambers et. al. Phys.Rev. D90 [arXiv:1405.3019]
Chambers et. al. Phys.Rev. D92 [arXiv:1508.06856]
Savage et. al. Phys.Rev.Lett. 119 [arXiv:1610.04545]

Already used for new processes!
Orginos, Radyushkin, Karpie, Zafeiropoulos

Phys.Rev. D96 [arXiv:1706.05373]

An unconventional method



Proton

5

proton creation and annihilation operators are given by

N̄
�

0(x) = ✏
i

0
j

0
k

0

⇣
ūi

0

↵

0(x)�src

↵

0
�

0 d̄
j

0

�

0(x)
⌘
P src

�

0
⇢

0 ūk

0

⇢

0 (x) ,

N
�

(y) = �✏
ijk

⇣
ui

↵

(y)�snk

↵�

dj
�

(y)
⌘
P snk

�⇢

uk

⇢

(y) , (36)

where u(x) and d(x) are up and down quark field oper-
ators at x. The �src, �snk, P src and P snk are spin pro-
jectors used to project onto the total spin of the proton.
For example, working in the Dirac basis, the dominant
spin-up local interpolating field can be constructed us-
ing [32, 33] (where the spinor indices are labeled 1,2,3,4)

P src = �
µ,1 , �src =

0

B@

0 1 0 0
�1 0 0 0
0 0 0 0
0 0 0 0

1

CA , (37)

and similar operators for the sink. Denoting the up and
down quark propagators as

U(y, x)ii
0

↵↵

0 = ui

↵

(y)ūi

0

↵

0(x) ,

D(y, x)ii
0

↵↵

0 = di
↵

(y)d̄i
0

↵

0(x) , (38)

the proton correlation function is given by

C
��

0 = ✏
ijk

P snk

�⇢

h
(�snkD)ii

0

↵�

0(U�src)jj
0

↵�

0U
kk

0

⇢⇢

0

+ (U�src)kk
0

⇢�

0U ii

0

↵⇢

0(�snkD)jj
0

↵�

0

i
P src

�

0
⇢

0✏
i

0
j

0
k

0 . (39)

The derivative correlation function (�@
�

C|
�=0) is triv-

ially determined. Applying the partial derivative in
Eq. (10) at the level of the path integral, one immediately
observes the derivative correlation function is obtained
with the replacement of one of the quark propagators
in the two-point correlation function with a Feynman-
Hellmann (FH) propagator, summed over all possible in-
sertions, where the FH propagator is simply a sequential
propagator which is also summed over the current inser-
tion time

S�(y, x) =
X

z=(tz,z)

S(y, z)�S(z, x) . (40)

This extra sum leads to an O(T ) stochastic enhancement
of the resulting derivative correlation function as com-
pared to the standard method with a sequential prop-
agator. The idea of using this propagator in a two-
point function can be traced back to Ref. [34], where the
equivalent of Eq. (15) is approximated with its long-time
limit and computed for various hadronic matrix elements.
This idea has been extended recently in Refs. [35, 36]
with an application to derivatives with respect to Q2 of
mesonic structure functions in Ref. [35].

For our present example, the proton derivative correla-
tion function with a current insertion on the down-quark
is given by D ! D�

C�d
��

0 = ✏
ijk

P snk

�⇢

h
(�snkD�)ii

0

↵�

0(U�src)jj
0

↵�

0U
kk

0

⇢⇢

0

+ (U�src)kk
0

⇢�

0U ii

0

↵⇢

0(�snkD�)jj
0

↵�

0

i
P src

�

0
⇢

0✏
i

0
j

0
k

0 , (41)

while for a current insertion on the up-quark, one has

C�u
��

0 = ✏
ijk

P snk

�⇢

h
(�snkD)ii

0

↵�

0(U��src)jj
0

↵�

0U
kk

0
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0

+ (�snkD)ii
0
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0(U�src)jj
0
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0U
�,kk0
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0

+ (U��src)kk
0

⇢�

0U ii

0
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0(�snkD)jj
0

↵�

0

+ (U�src)kk
0
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0U
�,ii0
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0 (�snkD)jj
0

↵�

0

i
P src

�

0
⇢

0✏
i

0
j

0
k

0 . (42)

These correlators are functions of the source-sink separa-
tion time in contrast to the fixed source-sink separation
time dependence of the standard three-point correlators
constructed with sequential propagators. It is trivial to
generalize this construction to an arbitrary correlation
function with the successive replacement of each quark
propagator with its respective FH propagator.
For scalar current matrix elements, one must also con-

sider contributions from disconnected diagrams. While
disconnected diagrams are stochastically noisier, we can
improve upon the general method as we have the freedom
to compute the disconnected quark loop as a function of
Euclidean time. Instead of summing over all time as in
Eq. (11), we can explicitly choose to only sum over the
time window 0 < t0 < t, thus including only the contri-
butions of interest, Eq. (25).

III. AN APPLICATION TO THE NUCLEON
AXIAL CHARGE

We demonstrate the use of this method by computing
the nucleon isovector axial charge on one of the publicly
available 2+1+1 HISQ [37] ensembles from the MILC
Collaboration [38], with a ' 0.15 fm, m

⇡

' 310 MeV
and a lattice volume of 163 ⇥ 48. The present work uti-
lizes 1960 configurations with 6 sources per configura-
tion. The HISQ configurations are first gradient-flowed
to smear out the UV fluctuations. Möbius Domain-Wall
fermion (MDWF) [39] propagators are then solved with
the QUDA library [40] with multi-GPU support [41]. The
valence quark mass is tuned such that the MDWF pion
mass matches the taste-5 HISQ pion mass within 1%.
We then construct the isovector nucleon two-point and
derivative FH correlation functions. We further double
our statistics by including the time-reversed correlation
functions constructed with negative parity nucleon oper-
ators. The calculation requires solving both the regular
and the FH propagator for each source. The motivation
and advantages of such a mixed-action are described in
Ref. [42]. This action has also been used to compute the
⇡� ! ⇡+ matrix element relevant to 0⌫�� (neutrinoless
double beta-decay) [43].

A. Fit strategy

We extract the isovector nucleon charge by applying
two analysis strategies: we apply a standard Frequentist

creation/annihilation
operators

quark propagators

h⌦|N�(y)N̄�0(x)|⌦i

h⌦|N�(y)N̄�0(x)|⌦i

arXiv:1612.06963

N� = ✏ijkP�⇢ ui
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Proton - with FH propagator h⌦|N�(y)N̄�0(x)|⌦i

down-quark

up-quark

NOTE: this method does NOT require any actual background field.  
Instead, we have analytically determined the linear-response correlation 
function

arXiv:1612.06963
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Correlation function analysis 
Simultaneous fit to 6 correlation functions, 2-point, 
gA, gV (SS and PS) 
Complete 2-state fit (g.s. and 1 excited state, 
including transitions) 
Bayesian constrained fit as a pre-conditioner for 
unconstrained non-linear regression 
Stability analysis is performed varying min and max 
time in the correlator analysis 
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SS: excited-state subtracted
PS: excited-state subtracted

early time has excited state contamination 
late time susceptible to correlated 
fluctuations 
excited state subtracted results are 
constant in fit region 
resulting bootstrap distributions 
(Nbs=5000) are Gaussian and show no 
outliers

1 fm
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Renormalization 
The currents used in the calculation must be 
renormalized to match physical currents 
By definition  
 

The renormalized value of  the axial coupling  
 
 

Our action uses (Möbius) Domain-Wall 
fermions, which have very good chiral 
symmetry properties 
Using the RI/SMOM non-perturbative 
renormalization scheme, we find 
 
                           to 1 part in 104 
 
 

a confirmation that our action respects chiral 
symmetry to a good degree.
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A percent-level determination of  the nucleon axial coupling from QCD



Dimensionless parameters: 
lattice spacing, volume, pion mass

• ChiPT: EFT expanding around       = 0

• best hope for model-independent extrapolation

• not guaranteed to converge around       = 135 MeV

• Mild      ,a dependence

• Taylor expansion works well for extrapolation/interpolation 
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convergence of  the chiral expansion…
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convergence of  the chiral expansion…
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can we trust extrapolation of  quantities  
with chiraly-enhanced behavior? 
if  the single nucleon is not converging, would you 
trust chiral extrapolations of  two or more nucleons?

m⇡ ⇠ 130 MeV
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A percent-level determination of  the nucleon axial coupling from QCD
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statistical 0.81%

chiral extrapolation 0.31%

a ! 0 0.12%

L ! 1 0.15%

isospin 0.03%

model selection 0.43%

total 0.99%
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experiment factor of 6 more precise

Lattice QCD Team 
Glasgow:               Chris Bouchard 
INT:                       Chris Monahan 
JLab:                      Balint Jóo 
Jülich:                    Evan Berkowitz 
LBL/UCB:             David Brantley, Chia Cheng (Jason) Chang, T. Kurth (NERSC), Henry Monge-Camacho, AWL 
LLNL:                    Pavlos Vranas 
Liverpool:              Nicolas Garron 
NVIDIA:                Kate Clark 
RIKEN/BNL:         Enrico Rinaldi 
UNC:                      Amy Nicholson 
William and Mary: Kostas Orginos

plus a few 
friends

gQCD
A = 1.2711(103)s(39)�(15)a(19)V (04)I(55)M

= 1.2711(126)
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gUCNA
A = 1.2772(020)
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DOE Topical Collaboration 
Double Beta Decay

The success of this result was enabled through a few features of the calculation: 
an unconventional strategy that can exploit exponentially more precise data 
at early time and has demonstrable control of excited state contributions  
an action with improved stochastic behavior, a very mild continuum 
extrapolation, highly suppressed chiral symmetry breaking 
access to a set of ensembles (MILC) that allowed for control over all standard 
lattice systematics (physical pion mass, continuum and infinite volume limits) 
ludicrously fast GPU code
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flavor changing currents 
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multiple current insertions 
multi-nucleon systems
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Double Beta Decay

The method is readily extended to  
flavor changing currents 
non-zero momentum transfer 
multiple current insertions 
multi-nucleon systems

The era of precision applications of LQCD to Nuclear 
Physics is now upon us! (at least for single nucleons)
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