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abstract 

LC2018 (JLab, 18 May 2018):  
 
Entanglement on the Light Front 
P.J. Mulders 
 
The importance and success of collinearity in QCD at high energies and its simple 
quantum mechanical interpretation on the light front in 3D can be combined in a 
larger picture of emergent symmetries for the standard model in which both leptons 
and quarks originate as non-equivalent maximally entangled states living in a tripartite 
space of 1D states. Even if at this stage it does not upset the present successful 
phenomenology or make striking predictions , the hope is that it could simplify the 
complexity and apparent arbitrariness of the standard model. 
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  (NOT) HAPPY WITH STANDARD MODEL 

  In spite of its success! 

  Three families, colors, space dimensions! 
  Left-right (a)symmetry? B-L? 
  Mass ranges in standard model? 
  Naturalness? Missing supersymmetry? 
  Confinement and collinearity in QCD             

(jets, PDFs, TMDs)? 



MULTIPARTITE STATES 

4 



QIT – entangled states and QCD 

  Parton-hadron duality in hard QCD scattering: PDFs x FFs 
  nucleon is pure state à ensemble of partons [Kharzeev & Levin 1702.03489]  
  Parton physics in essence good collinear d.o.f. 
  hard (short distance) process: partons à partons   
  emerging partons are pure state(s) à ensemble of hadron states 

 
  Entangled (pure) states |Φ> in                with a density matrix ρ = |Φ><Φ| lead 

to ensembles (non-pure state) in the reduced spaces. 
  EPR bipartite pure state leads to a 50% - 50% ensemble in both subspaces.   

  Conclusion: both hadrons and partons live in a multipartite Hilbert space ! 

  Possibly combined with a principle of maximal entanglement (MaxEnt), such as 
hinted at in Cervera-Lierta, Latorre, Rojo & Rottoli (1703.02989): maximally 
entangled chiral left/right two-particle states are consistent with QED (gA=0) & 
electroweak (gV=0), at least if sin ΘW = ½ 

 5 

H
A
⌦H

B
<latexit sha1_base64="+/aRcmNGSny5A1fubgM4xT3V5w0=">AAACBXicbVBNS8NAEN34WetX1KMeFovgqSRS0GPVS48V7Ac0sWy2m3bpJht2J0IJvXjxr3jxoIhX/4M3/43bNoi2Phh4vDfDzLwgEVyD43xZS8srq2vrhY3i5tb2zq69t9/UMlWUNagUUrUDopngMWsAB8HaiWIkCgRrBcPrid+6Z0pzGd/CKGF+RPoxDzklYKSufZR5lAhcG99dehJ4xDT+Ua66dskpO1PgReLmpIRy1Lv2p9eTNI1YDFQQrTuuk4CfEQWcCjYueqlmCaFD0mcdQ2Ni9vnZ9IsxPjFKD4dSmYoBT9XfExmJtB5FgemMCAz0vDcR//M6KYQXfsbjJAUW09miMBUYJJ5EgntcMQpiZAihiptbMR0QRSiY4IomBHf+5UXSPCu7Ttm9qZSqlTyOAjpEx+gUuegcVVEN1VEDUfSAntALerUerWfrzXqftS5Z+cwB+gPr4xt3t5fZ</latexit><latexit sha1_base64="+/aRcmNGSny5A1fubgM4xT3V5w0=">AAACBXicbVBNS8NAEN34WetX1KMeFovgqSRS0GPVS48V7Ac0sWy2m3bpJht2J0IJvXjxr3jxoIhX/4M3/43bNoi2Phh4vDfDzLwgEVyD43xZS8srq2vrhY3i5tb2zq69t9/UMlWUNagUUrUDopngMWsAB8HaiWIkCgRrBcPrid+6Z0pzGd/CKGF+RPoxDzklYKSufZR5lAhcG99dehJ4xDT+Ua66dskpO1PgReLmpIRy1Lv2p9eTNI1YDFQQrTuuk4CfEQWcCjYueqlmCaFD0mcdQ2Ni9vnZ9IsxPjFKD4dSmYoBT9XfExmJtB5FgemMCAz0vDcR//M6KYQXfsbjJAUW09miMBUYJJ5EgntcMQpiZAihiptbMR0QRSiY4IomBHf+5UXSPCu7Ttm9qZSqlTyOAjpEx+gUuegcVVEN1VEDUfSAntALerUerWfrzXqftS5Z+cwB+gPr4xt3t5fZ</latexit><latexit sha1_base64="+/aRcmNGSny5A1fubgM4xT3V5w0=">AAACBXicbVBNS8NAEN34WetX1KMeFovgqSRS0GPVS48V7Ac0sWy2m3bpJht2J0IJvXjxr3jxoIhX/4M3/43bNoi2Phh4vDfDzLwgEVyD43xZS8srq2vrhY3i5tb2zq69t9/UMlWUNagUUrUDopngMWsAB8HaiWIkCgRrBcPrid+6Z0pzGd/CKGF+RPoxDzklYKSufZR5lAhcG99dehJ4xDT+Ua66dskpO1PgReLmpIRy1Lv2p9eTNI1YDFQQrTuuk4CfEQWcCjYueqlmCaFD0mcdQ2Ni9vnZ9IsxPjFKD4dSmYoBT9XfExmJtB5FgemMCAz0vDcR//M6KYQXfsbjJAUW09miMBUYJJ5EgntcMQpiZAihiptbMR0QRSiY4IomBHf+5UXSPCu7Ttm9qZSqlTyOAjpEx+gUuegcVVEN1VEDUfSAntALerUerWfrzXqftS5Z+cwB+gPr4xt3t5fZ</latexit><latexit sha1_base64="+/aRcmNGSny5A1fubgM4xT3V5w0=">AAACBXicbVBNS8NAEN34WetX1KMeFovgqSRS0GPVS48V7Ac0sWy2m3bpJht2J0IJvXjxr3jxoIhX/4M3/43bNoi2Phh4vDfDzLwgEVyD43xZS8srq2vrhY3i5tb2zq69t9/UMlWUNagUUrUDopngMWsAB8HaiWIkCgRrBcPrid+6Z0pzGd/CKGF+RPoxDzklYKSufZR5lAhcG99dehJ4xDT+Ua66dskpO1PgReLmpIRy1Lv2p9eTNI1YDFQQrTuuk4CfEQWcCjYueqlmCaFD0mcdQ2Ni9vnZ9IsxPjFKD4dSmYoBT9XfExmJtB5FgemMCAz0vDcR//M6KYQXfsbjJAUW09miMBUYJJ5EgntcMQpiZAihiptbMR0QRSiY4IomBHf+5UXSPCu7Ttm9qZSqlTyOAjpEx+gUuegcVVEN1VEDUfSAntALerUerWfrzXqftS5Z+cwB+gPr4xt3t5fZ</latexit>

1
2�

��+ and g↵µT Aa
µ



QIT – pure and entangled states 

  A pure quantum state: density matrix ρ = |Φ><Φ| of rank 1 which is a projection 
operator ρ2 = ρ and Tr(ρ2) = Tr(ρ) = 1. 

  An ensemble of states is characterized by a (hermitean) density matrix 

     (for the next points |n> will be choosen orthogonal) 
  Measures for purity are among others the concurrence 

 
 
  or the von Neumann entropy (in case of set of probabilites Shannon entropy) 

 

 
  Entangled states live in a multipartite Hilbert space, e.g.                         and 

cannot be written as a direct product state  
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Essence of multipartite spaces is presence of decoupled bases for spaces: 
Alice-Bob-Eve, multi-particle, flavor-spin, ...  

pure = 

pure = = non-pure 

= non-pure 



QIT – signal of entangled states 

  For entangled pure states |Φ> in               the density matrix ρ = |Φ><Φ| leads 
to a non-pure reduced density matrix   
  Example: an entangled pure bipartite state can be Schmidt decomposed   

                                 with |an> and |bn> state-specific orthogonal bases.                     

  The reduced density matrix is                                               

  The state is entangled if matrix ρA is non-pure (has rank larger than one) 
  purity in subspace gives a measure for the entanglement, maximized for an 
equal partition of probabilities pn = 1/N. 

  For a general bipartite state built from qubit bases |R> and |L> given by w.f.  
             one has                                     . 

  Entangled multipartite states separate in equivalence classes (defined via 
Stochastic Local Operations and Classical Communication, SLOCC), where     
local refers to the subspace.  

  For bipartite states there is just a single class of maximally entangled Bell states 
represented by                                   (equivalently                 or                 )               

     Note that   
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<latexit sha1_base64="Vga4bMa/OYIn6m2ayBqaW97TPEw="></latexit><latexit sha1_base64="Vga4bMa/OYIn6m2ayBqaW97TPEw="></latexit><latexit sha1_base64="Vga4bMa/OYIn6m2ayBqaW97TPEw="></latexit><latexit sha1_base64="Vga4bMa/OYIn6m2ayBqaW97TPEw="></latexit>

⇢A ⌘ TrB(⇢) and ⇢B ⌘ TrA(⇢)
<latexit sha1_base64="6zGSsY+RT933FOvJHVo7L1jH5pw=">AAACM3icbVDLSgMxFM34rPVVdekmWIS6KTMi6LKtG3FVoS/olCGTpm1oHmOSKZah/+TGH3EhiAtF3PoPZtoutPVA4HDOudzcE0aMauO6r87K6tr6xmZmK7u9s7u3nzs4bGgZK0zqWDKpWiHShFFB6oYaRlqRIoiHjDTD4XXqN0dEaSpFzYwj0uGoL2iPYmSsFORufTWQQRn65D6mI5j4isOamgSVQmqc+dDnoXxIkOhOLE+zlaVseZYNcnm36E4Bl4k3J3kwRzXIPftdiWNOhMEMad323Mh0EqQMxYxMsn6sSYTwEPVJ21KBONGdZHrzBJ5apQt7UtknDJyqvycSxLUe89AmOTIDveil4n9eOza9q05CRRQbIvBsUS9m0EiYFgi7VBFs2NgShBW1f4V4gBTCxtactSV4iycvk8Z50XOL3t1FvnQ+ryMDjsEJKAAPXIISuAFVUAcYPIIX8A4+nCfnzfl0vmbRFWc+cwT+wPn+AYY9qio=</latexit><latexit sha1_base64="6zGSsY+RT933FOvJHVo7L1jH5pw=">AAACM3icbVDLSgMxFM34rPVVdekmWIS6KTMi6LKtG3FVoS/olCGTpm1oHmOSKZah/+TGH3EhiAtF3PoPZtoutPVA4HDOudzcE0aMauO6r87K6tr6xmZmK7u9s7u3nzs4bGgZK0zqWDKpWiHShFFB6oYaRlqRIoiHjDTD4XXqN0dEaSpFzYwj0uGoL2iPYmSsFORufTWQQRn65D6mI5j4isOamgSVQmqc+dDnoXxIkOhOLE+zlaVseZYNcnm36E4Bl4k3J3kwRzXIPftdiWNOhMEMad323Mh0EqQMxYxMsn6sSYTwEPVJ21KBONGdZHrzBJ5apQt7UtknDJyqvycSxLUe89AmOTIDveil4n9eOza9q05CRRQbIvBsUS9m0EiYFgi7VBFs2NgShBW1f4V4gBTCxtactSV4iycvk8Z50XOL3t1FvnQ+ryMDjsEJKAAPXIISuAFVUAcYPIIX8A4+nCfnzfl0vmbRFWc+cwT+wPn+AYY9qio=</latexit><latexit sha1_base64="6zGSsY+RT933FOvJHVo7L1jH5pw=">AAACM3icbVDLSgMxFM34rPVVdekmWIS6KTMi6LKtG3FVoS/olCGTpm1oHmOSKZah/+TGH3EhiAtF3PoPZtoutPVA4HDOudzcE0aMauO6r87K6tr6xmZmK7u9s7u3nzs4bGgZK0zqWDKpWiHShFFB6oYaRlqRIoiHjDTD4XXqN0dEaSpFzYwj0uGoL2iPYmSsFORufTWQQRn65D6mI5j4isOamgSVQmqc+dDnoXxIkOhOLE+zlaVseZYNcnm36E4Bl4k3J3kwRzXIPftdiWNOhMEMad323Mh0EqQMxYxMsn6sSYTwEPVJ21KBONGdZHrzBJ5apQt7UtknDJyqvycSxLUe89AmOTIDveil4n9eOza9q05CRRQbIvBsUS9m0EiYFgi7VBFs2NgShBW1f4V4gBTCxtactSV4iycvk8Z50XOL3t1FvnQ+ryMDjsEJKAAPXIISuAFVUAcYPIIX8A4+nCfnzfl0vmbRFWc+cwT+wPn+AYY9qio=</latexit><latexit sha1_base64="6zGSsY+RT933FOvJHVo7L1jH5pw=">AAACM3icbVDLSgMxFM34rPVVdekmWIS6KTMi6LKtG3FVoS/olCGTpm1oHmOSKZah/+TGH3EhiAtF3PoPZtoutPVA4HDOudzcE0aMauO6r87K6tr6xmZmK7u9s7u3nzs4bGgZK0zqWDKpWiHShFFB6oYaRlqRIoiHjDTD4XXqN0dEaSpFzYwj0uGoL2iPYmSsFORufTWQQRn65D6mI5j4isOamgSVQmqc+dDnoXxIkOhOLE+zlaVseZYNcnm36E4Bl4k3J3kwRzXIPftdiWNOhMEMad323Mh0EqQMxYxMsn6sSYTwEPVJ21KBONGdZHrzBJ5apQt7UtknDJyqvycSxLUe89AmOTIDveil4n9eOza9q05CRRQbIvBsUS9m0EiYFgi7VBFs2NgShBW1f4V4gBTCxtactSV4iycvk8Z50XOL3t1FvnQ+ryMDjsEJKAAPXIISuAFVUAcYPIIX8A4+nCfnzfl0vmbRFWc+cwT+wPn+AYY9qio=</latexit>

|�i = a|RRi+ b|RLi+ c|LRi+ d|LLi
<latexit sha1_base64="Y8FOjQHKtbwNbOIb/ejv8u6JSAo=">AAACRnicbZBLSwMxFIXv1Fetr1GXboJFEIQyUwTdCAU3LrqoxT6gM5RMmrahmcyQZIRS+uvcuHbnT3DjQhG3pu0Ua+uFwOE755LkBDFnSjvOq5VZW9/Y3Mpu53Z29/YP7MOjuooSSWiNRDySzQArypmgNc00p81YUhwGnDaCwe3EbzxSqVgkHvQwpn6Ie4J1GcHaoLbte8bVyKv0mSex6HGKbhCewWp1ji5QkKLyLyIzVF5IdVI0T7XtvFNwpoNWhZuKPKRTadsvXiciSUiFJhwr1XKdWPsjLDUjnI5zXqJojMkA92jLSIFDqvzRtIYxOjOkg7qRNEdoNKWLGyMcKjUMA5MMse6rZW8C//Naie5e+yMm4kRTQWYXdROOdIQmnaIOk5RoPjQCE8nMWxHpY4mJNs3nTAnu8pdXRb1YcJ2Ce3+ZLxXTOrJwAqdwDi5cQQnuoAI1IPAEb/ABn9az9W59Wd+zaMZKd47hz2TgB1hor9U=</latexit><latexit sha1_base64="Y8FOjQHKtbwNbOIb/ejv8u6JSAo=">AAACRnicbZBLSwMxFIXv1Fetr1GXboJFEIQyUwTdCAU3LrqoxT6gM5RMmrahmcyQZIRS+uvcuHbnT3DjQhG3pu0Ua+uFwOE755LkBDFnSjvOq5VZW9/Y3Mpu53Z29/YP7MOjuooSSWiNRDySzQArypmgNc00p81YUhwGnDaCwe3EbzxSqVgkHvQwpn6Ie4J1GcHaoLbte8bVyKv0mSex6HGKbhCewWp1ji5QkKLyLyIzVF5IdVI0T7XtvFNwpoNWhZuKPKRTadsvXiciSUiFJhwr1XKdWPsjLDUjnI5zXqJojMkA92jLSIFDqvzRtIYxOjOkg7qRNEdoNKWLGyMcKjUMA5MMse6rZW8C//Naie5e+yMm4kRTQWYXdROOdIQmnaIOk5RoPjQCE8nMWxHpY4mJNs3nTAnu8pdXRb1YcJ2Ce3+ZLxXTOrJwAqdwDi5cQQnuoAI1IPAEb/ABn9az9W59Wd+zaMZKd47hz2TgB1hor9U=</latexit><latexit sha1_base64="Y8FOjQHKtbwNbOIb/ejv8u6JSAo=">AAACRnicbZBLSwMxFIXv1Fetr1GXboJFEIQyUwTdCAU3LrqoxT6gM5RMmrahmcyQZIRS+uvcuHbnT3DjQhG3pu0Ua+uFwOE755LkBDFnSjvOq5VZW9/Y3Mpu53Z29/YP7MOjuooSSWiNRDySzQArypmgNc00p81YUhwGnDaCwe3EbzxSqVgkHvQwpn6Ie4J1GcHaoLbte8bVyKv0mSex6HGKbhCewWp1ji5QkKLyLyIzVF5IdVI0T7XtvFNwpoNWhZuKPKRTadsvXiciSUiFJhwr1XKdWPsjLDUjnI5zXqJojMkA92jLSIFDqvzRtIYxOjOkg7qRNEdoNKWLGyMcKjUMA5MMse6rZW8C//Naie5e+yMm4kRTQWYXdROOdIQmnaIOk5RoPjQCE8nMWxHpY4mJNs3nTAnu8pdXRb1YcJ2Ce3+ZLxXTOrJwAqdwDi5cQQnuoAI1IPAEb/ABn9az9W59Wd+zaMZKd47hz2TgB1hor9U=</latexit><latexit sha1_base64="Y8FOjQHKtbwNbOIb/ejv8u6JSAo=">AAACRnicbZBLSwMxFIXv1Fetr1GXboJFEIQyUwTdCAU3LrqoxT6gM5RMmrahmcyQZIRS+uvcuHbnT3DjQhG3pu0Ua+uFwOE755LkBDFnSjvOq5VZW9/Y3Mpu53Z29/YP7MOjuooSSWiNRDySzQArypmgNc00p81YUhwGnDaCwe3EbzxSqVgkHvQwpn6Ie4J1GcHaoLbte8bVyKv0mSex6HGKbhCewWp1ji5QkKLyLyIzVF5IdVI0T7XtvFNwpoNWhZuKPKRTadsvXiciSUiFJhwr1XKdWPsjLDUjnI5zXqJojMkA92jLSIFDqvzRtIYxOjOkg7qRNEdoNKWLGyMcKjUMA5MMse6rZW8C//Naie5e+yMm4kRTQWYXdROOdIQmnaIOk5RoPjQCE8nMWxHpY4mJNs3nTAnu8pdXRb1YcJ2Ce3+ZLxXTOrJwAqdwDi5cQQnuoAI1IPAEb/ABn9az9W59Wd+zaMZKd47hz2TgB1hor9U=</latexit>

|Belli = 1p
2
(|RRi+ |LLi)

<latexit sha1_base64="WhTr1nK5baUDiJqaPpR6Wk6uKxg="></latexit><latexit sha1_base64="WhTr1nK5baUDiJqaPpR6Wk6uKxg="></latexit><latexit sha1_base64="WhTr1nK5baUDiJqaPpR6Wk6uKxg="></latexit><latexit sha1_base64="WhTr1nK5baUDiJqaPpR6Wk6uKxg="></latexit>

|RRi± |LLi
<latexit sha1_base64="nDaW793cCu3l+M8aN2z0e1BCqEA=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZaYIuiy4cdFFLfYBnaFk0jttaJIZkoxQhn6AG3/FjQtF3PoB7vwb03YW2nogcDjnXG7uCRPOtHHdb2dtfWNza7uwU9zd2z84LB0dt3WcKgotGvNYdUOigTMJLcMMh26igIiQQycc38z8zgMozWJ5byYJBIIMJYsYJcZK/VLZt67BzaaviBxywH4i8EKr13PNptyKOwdeJV5OyihHo1/68gcxTQVIQznRuue5iQkyogyjHKZFP9WQEDomQ+hZKokAHWTzY6b43CoDHMXKPmnwXP09kRGh9USENimIGellbyb+5/VSE10HGZNJakDSxaIo5djEeNYMHjAF1PCJJYQqZv+K6YgoQo3tr2hL8JZPXiXtasVzK97dZblWzesooFN0hi6Qh65QDd2iBmohih7RM3pFb86T8+K8Ox+L6JqTz5ygP3A+fwDklZrS</latexit><latexit sha1_base64="nDaW793cCu3l+M8aN2z0e1BCqEA=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZaYIuiy4cdFFLfYBnaFk0jttaJIZkoxQhn6AG3/FjQtF3PoB7vwb03YW2nogcDjnXG7uCRPOtHHdb2dtfWNza7uwU9zd2z84LB0dt3WcKgotGvNYdUOigTMJLcMMh26igIiQQycc38z8zgMozWJ5byYJBIIMJYsYJcZK/VLZt67BzaaviBxywH4i8EKr13PNptyKOwdeJV5OyihHo1/68gcxTQVIQznRuue5iQkyogyjHKZFP9WQEDomQ+hZKokAHWTzY6b43CoDHMXKPmnwXP09kRGh9USENimIGellbyb+5/VSE10HGZNJakDSxaIo5djEeNYMHjAF1PCJJYQqZv+K6YgoQo3tr2hL8JZPXiXtasVzK97dZblWzesooFN0hi6Qh65QDd2iBmohih7RM3pFb86T8+K8Ox+L6JqTz5ygP3A+fwDklZrS</latexit><latexit sha1_base64="nDaW793cCu3l+M8aN2z0e1BCqEA=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZaYIuiy4cdFFLfYBnaFk0jttaJIZkoxQhn6AG3/FjQtF3PoB7vwb03YW2nogcDjnXG7uCRPOtHHdb2dtfWNza7uwU9zd2z84LB0dt3WcKgotGvNYdUOigTMJLcMMh26igIiQQycc38z8zgMozWJ5byYJBIIMJYsYJcZK/VLZt67BzaaviBxywH4i8EKr13PNptyKOwdeJV5OyihHo1/68gcxTQVIQznRuue5iQkyogyjHKZFP9WQEDomQ+hZKokAHWTzY6b43CoDHMXKPmnwXP09kRGh9USENimIGellbyb+5/VSE10HGZNJakDSxaIo5djEeNYMHjAF1PCJJYQqZv+K6YgoQo3tr2hL8JZPXiXtasVzK97dZblWzesooFN0hi6Qh65QDd2iBmohih7RM3pFb86T8+K8Ox+L6JqTz5ygP3A+fwDklZrS</latexit><latexit sha1_base64="nDaW793cCu3l+M8aN2z0e1BCqEA=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZaYIuiy4cdFFLfYBnaFk0jttaJIZkoxQhn6AG3/FjQtF3PoB7vwb03YW2nogcDjnXG7uCRPOtHHdb2dtfWNza7uwU9zd2z84LB0dt3WcKgotGvNYdUOigTMJLcMMh26igIiQQycc38z8zgMozWJ5byYJBIIMJYsYJcZK/VLZt67BzaaviBxywH4i8EKr13PNptyKOwdeJV5OyihHo1/68gcxTQVIQznRuue5iQkyogyjHKZFP9WQEDomQ+hZKokAHWTzY6b43CoDHMXKPmnwXP09kRGh9USENimIGellbyb+5/VSE10HGZNJakDSxaIo5djEeNYMHjAF1PCJJYQqZv+K6YgoQo3tr2hL8JZPXiXtasVzK97dZblWzesooFN0hi6Qh65QDd2iBmohih7RM3pFb86T8+K8Ox+L6JqTz5ygP3A+fwDklZrS</latexit>

|RLi± |LRi
<latexit sha1_base64="QwD0V3QJ6jr8D91EK5zVtIi/xDQ=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZaYIuiy4cdFFLfYBnaFk0jttaJIZkoxQhn6AG3/FjQtF3PoB7vwb03YW2nogcDjnXG7uCRPOtHHdb2dtfWNza7uwU9zd2z84LB0dt3WcKgotGvNYdUOigTMJLcMMh26igIiQQycc38z8zgMozWJ5byYJBIIMJYsYJcZK/VLZt67BzbqviBxywH4i8EKrN3PNptyKOwdeJV5OyihHo1/68gcxTQVIQznRuue5iQkyogyjHKZFP9WQEDomQ+hZKokAHWTzY6b43CoDHMXKPmnwXP09kRGh9USENimIGellbyb+5/VSE10HGZNJakDSxaIo5djEeNYMHjAF1PCJJYQqZv+K6YgoQo3tr2hL8JZPXiXtasVzK97dZblWzesooFN0hi6Qh65QDd2iBmohih7RM3pFb86T8+K8Ox+L6JqTz5ygP3A+fwDkHZrS</latexit><latexit sha1_base64="QwD0V3QJ6jr8D91EK5zVtIi/xDQ=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZaYIuiy4cdFFLfYBnaFk0jttaJIZkoxQhn6AG3/FjQtF3PoB7vwb03YW2nogcDjnXG7uCRPOtHHdb2dtfWNza7uwU9zd2z84LB0dt3WcKgotGvNYdUOigTMJLcMMh26igIiQQycc38z8zgMozWJ5byYJBIIMJYsYJcZK/VLZt67BzbqviBxywH4i8EKrN3PNptyKOwdeJV5OyihHo1/68gcxTQVIQznRuue5iQkyogyjHKZFP9WQEDomQ+hZKokAHWTzY6b43CoDHMXKPmnwXP09kRGh9USENimIGellbyb+5/VSE10HGZNJakDSxaIo5djEeNYMHjAF1PCJJYQqZv+K6YgoQo3tr2hL8JZPXiXtasVzK97dZblWzesooFN0hi6Qh65QDd2iBmohih7RM3pFb86T8+K8Ox+L6JqTz5ygP3A+fwDkHZrS</latexit><latexit sha1_base64="QwD0V3QJ6jr8D91EK5zVtIi/xDQ=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZaYIuiy4cdFFLfYBnaFk0jttaJIZkoxQhn6AG3/FjQtF3PoB7vwb03YW2nogcDjnXG7uCRPOtHHdb2dtfWNza7uwU9zd2z84LB0dt3WcKgotGvNYdUOigTMJLcMMh26igIiQQycc38z8zgMozWJ5byYJBIIMJYsYJcZK/VLZt67BzbqviBxywH4i8EKrN3PNptyKOwdeJV5OyihHo1/68gcxTQVIQznRuue5iQkyogyjHKZFP9WQEDomQ+hZKokAHWTzY6b43CoDHMXKPmnwXP09kRGh9USENimIGellbyb+5/VSE10HGZNJakDSxaIo5djEeNYMHjAF1PCJJYQqZv+K6YgoQo3tr2hL8JZPXiXtasVzK97dZblWzesooFN0hi6Qh65QDd2iBmohih7RM3pFb86T8+K8Ox+L6JqTz5ygP3A+fwDkHZrS</latexit><latexit sha1_base64="QwD0V3QJ6jr8D91EK5zVtIi/xDQ=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZaYIuiy4cdFFLfYBnaFk0jttaJIZkoxQhn6AG3/FjQtF3PoB7vwb03YW2nogcDjnXG7uCRPOtHHdb2dtfWNza7uwU9zd2z84LB0dt3WcKgotGvNYdUOigTMJLcMMh26igIiQQycc38z8zgMozWJ5byYJBIIMJYsYJcZK/VLZt67BzbqviBxywH4i8EKrN3PNptyKOwdeJV5OyihHo1/68gcxTQVIQznRuue5iQkyogyjHKZFP9WQEDomQ+hZKokAHWTzY6b43CoDHMXKPmnwXP09kRGh9USENimIGellbyb+5/VSE10HGZNJakDSxaIo5djEeNYMHjAF1PCJJYQqZv+K6YgoQo3tr2hL8JZPXiXtasVzK97dZblWzesooFN0hi6Qh65QDd2iBmohih7RM3pFb86T8+K8Ox+L6JqTz5ygP3A+fwDkHZrS</latexit>

⇢ = |BellihBell| =) ⇢A = 1
2 (|RihR|+ |LihL|)

<latexit sha1_base64="UpsFjTiMm2PP3tck0bvmwo3Woio="></latexit><latexit sha1_base64="UpsFjTiMm2PP3tck0bvmwo3Woio="></latexit><latexit sha1_base64="UpsFjTiMm2PP3tck0bvmwo3Woio="></latexit><latexit sha1_base64="UpsFjTiMm2PP3tck0bvmwo3Woio="></latexit>

� = 2|ad� bc| ! 2
p
p1p2

<latexit sha1_base64="TjqmTrYKp+OwFr5edpdY2jzSJpU=">AAACHnicbVDJSgNBFOxxjXEb9eilMQheDDNB0YsQ0IPHCGaBTBjedDpJk57F7jdKGPIlXvwVLx4UETzp39hZDppY0FBU1eP1qyCRQqPjfFsLi0vLK6u5tfz6xubWtr2zW9NxqhivsljGqhGA5lJEvIoCJW8kikMYSF4P+pcjv37PlRZxdIuDhLdC6EaiIxigkXz71LviEoFe0JJnckihfRywCfWU6PYQlIofjKvvFGaJ7yZ+aejbBafojEHniTslBTJFxbc/vXbM0pBHyCRo3XSdBFsZKBRM8mHeSzVPgPWhy5uGRhBy3crG5w3poVHatBMr8yKkY/X3RAah1oMwMMkQsKdnvZH4n9dMsXPeykSUpMgjNlnUSSXFmI66om2hOEM5MASYEuavlPVAAUPTaN6U4M6ePE9qpaLrFN2bk0K5NK0jR/bJATkiLjkjZXJNKqRKGHkkz+SVvFlP1ov1bn1MogvWdGaP/IH19QM8pKHp</latexit><latexit sha1_base64="TjqmTrYKp+OwFr5edpdY2jzSJpU=">AAACHnicbVDJSgNBFOxxjXEb9eilMQheDDNB0YsQ0IPHCGaBTBjedDpJk57F7jdKGPIlXvwVLx4UETzp39hZDppY0FBU1eP1qyCRQqPjfFsLi0vLK6u5tfz6xubWtr2zW9NxqhivsljGqhGA5lJEvIoCJW8kikMYSF4P+pcjv37PlRZxdIuDhLdC6EaiIxigkXz71LviEoFe0JJnckihfRywCfWU6PYQlIofjKvvFGaJ7yZ+aejbBafojEHniTslBTJFxbc/vXbM0pBHyCRo3XSdBFsZKBRM8mHeSzVPgPWhy5uGRhBy3crG5w3poVHatBMr8yKkY/X3RAah1oMwMMkQsKdnvZH4n9dMsXPeykSUpMgjNlnUSSXFmI66om2hOEM5MASYEuavlPVAAUPTaN6U4M6ePE9qpaLrFN2bk0K5NK0jR/bJATkiLjkjZXJNKqRKGHkkz+SVvFlP1ov1bn1MogvWdGaP/IH19QM8pKHp</latexit><latexit sha1_base64="TjqmTrYKp+OwFr5edpdY2jzSJpU=">AAACHnicbVDJSgNBFOxxjXEb9eilMQheDDNB0YsQ0IPHCGaBTBjedDpJk57F7jdKGPIlXvwVLx4UETzp39hZDppY0FBU1eP1qyCRQqPjfFsLi0vLK6u5tfz6xubWtr2zW9NxqhivsljGqhGA5lJEvIoCJW8kikMYSF4P+pcjv37PlRZxdIuDhLdC6EaiIxigkXz71LviEoFe0JJnckihfRywCfWU6PYQlIofjKvvFGaJ7yZ+aejbBafojEHniTslBTJFxbc/vXbM0pBHyCRo3XSdBFsZKBRM8mHeSzVPgPWhy5uGRhBy3crG5w3poVHatBMr8yKkY/X3RAah1oMwMMkQsKdnvZH4n9dMsXPeykSUpMgjNlnUSSXFmI66om2hOEM5MASYEuavlPVAAUPTaN6U4M6ePE9qpaLrFN2bk0K5NK0jR/bJATkiLjkjZXJNKqRKGHkkz+SVvFlP1ov1bn1MogvWdGaP/IH19QM8pKHp</latexit><latexit sha1_base64="TjqmTrYKp+OwFr5edpdY2jzSJpU=">AAACHnicbVDJSgNBFOxxjXEb9eilMQheDDNB0YsQ0IPHCGaBTBjedDpJk57F7jdKGPIlXvwVLx4UETzp39hZDppY0FBU1eP1qyCRQqPjfFsLi0vLK6u5tfz6xubWtr2zW9NxqhivsljGqhGA5lJEvIoCJW8kikMYSF4P+pcjv37PlRZxdIuDhLdC6EaiIxigkXz71LviEoFe0JJnckihfRywCfWU6PYQlIofjKvvFGaJ7yZ+aejbBafojEHniTslBTJFxbc/vXbM0pBHyCRo3XSdBFsZKBRM8mHeSzVPgPWhy5uGRhBy3crG5w3poVHatBMr8yKkY/X3RAah1oMwMMkQsKdnvZH4n9dMsXPeykSUpMgjNlnUSSXFmI66om2hOEM5MASYEuavlPVAAUPTaN6U4M6ePE9qpaLrFN2bk0K5NK0jR/bJATkiLjkjZXJNKqRKGHkkz+SVvFlP1ov1bn1MogvWdGaP/IH19QM8pKHp</latexit>



Maximizing entanglement for bipartite states 

  How can states become entangled? 
  Theorem (new) in simple two-state example: scattering increases entanglement 

  Assume scattering states                  are MaxEnt with    

                     on basis |RL> and |LR> 
  Then scattering increases entanglement!  

                                            
  
     

  This generalizes the result in Cervera-Lierta, Latorre, Rojo & Rottoli (1703.02989) 
and may lend support to their principle of maximal entanglement (MaxEnt)  
 

 
  

8 

|RLi± |LRi
<latexit sha1_base64="AnMBQ35o8l0CZrLaHj3Pu6Pqvc0=">AAACDXicbZDLSsNAFIYnXmu9RV26GayCq5IUQZcFNy66qMVeoAllMj1ph04mYWYilNAXcOOruHGhiFv37nwbp20EbT0w8PP953Dm/EHCmdKO82WtrK6tb2wWtorbO7t7+/bBYUvFqaTQpDGPZScgCjgT0NRMc+gkEkgUcGgHo+up374HqVgs7vQ4AT8iA8FCRok2qGefesbVuFHzJBEDDthLIjxntcYP69klp+zMCi8LNxcllFe9Z396/ZimEQhNOVGq6zqJ9jMiNaMcJkUvVZAQOiID6BopSATKz2bXTPCZIX0cxtI8ofGM/p7ISKTUOApMZ0T0UC16U/if1011eOVnTCSpBkHni8KUYx3jaTS4zyRQzcdGECqZ+SumQyIJ1SbAognBXTx5WbQqZdcpu7cXpWolj6OAjtEJOkcuukRVdIPqqIkoekBP6AW9Wo/Ws/Vmvc9bV6x85gj9KevjG0bMmvw=</latexit><latexit sha1_base64="AnMBQ35o8l0CZrLaHj3Pu6Pqvc0=">AAACDXicbZDLSsNAFIYnXmu9RV26GayCq5IUQZcFNy66qMVeoAllMj1ph04mYWYilNAXcOOruHGhiFv37nwbp20EbT0w8PP953Dm/EHCmdKO82WtrK6tb2wWtorbO7t7+/bBYUvFqaTQpDGPZScgCjgT0NRMc+gkEkgUcGgHo+up374HqVgs7vQ4AT8iA8FCRok2qGefesbVuFHzJBEDDthLIjxntcYP69klp+zMCi8LNxcllFe9Z396/ZimEQhNOVGq6zqJ9jMiNaMcJkUvVZAQOiID6BopSATKz2bXTPCZIX0cxtI8ofGM/p7ISKTUOApMZ0T0UC16U/if1011eOVnTCSpBkHni8KUYx3jaTS4zyRQzcdGECqZ+SumQyIJ1SbAognBXTx5WbQqZdcpu7cXpWolj6OAjtEJOkcuukRVdIPqqIkoekBP6AW9Wo/Ws/Vmvc9bV6x85gj9KevjG0bMmvw=</latexit><latexit sha1_base64="AnMBQ35o8l0CZrLaHj3Pu6Pqvc0=">AAACDXicbZDLSsNAFIYnXmu9RV26GayCq5IUQZcFNy66qMVeoAllMj1ph04mYWYilNAXcOOruHGhiFv37nwbp20EbT0w8PP953Dm/EHCmdKO82WtrK6tb2wWtorbO7t7+/bBYUvFqaTQpDGPZScgCjgT0NRMc+gkEkgUcGgHo+up374HqVgs7vQ4AT8iA8FCRok2qGefesbVuFHzJBEDDthLIjxntcYP69klp+zMCi8LNxcllFe9Z396/ZimEQhNOVGq6zqJ9jMiNaMcJkUvVZAQOiID6BopSATKz2bXTPCZIX0cxtI8ofGM/p7ISKTUOApMZ0T0UC16U/if1011eOVnTCSpBkHni8KUYx3jaTS4zyRQzcdGECqZ+SumQyIJ1SbAognBXTx5WbQqZdcpu7cXpWolj6OAjtEJOkcuukRVdIPqqIkoekBP6AW9Wo/Ws/Vmvc9bV6x85gj9KevjG0bMmvw=</latexit><latexit sha1_base64="AnMBQ35o8l0CZrLaHj3Pu6Pqvc0=">AAACDXicbZDLSsNAFIYnXmu9RV26GayCq5IUQZcFNy66qMVeoAllMj1ph04mYWYilNAXcOOruHGhiFv37nwbp20EbT0w8PP953Dm/EHCmdKO82WtrK6tb2wWtorbO7t7+/bBYUvFqaTQpDGPZScgCjgT0NRMc+gkEkgUcGgHo+up374HqVgs7vQ4AT8iA8FCRok2qGefesbVuFHzJBEDDthLIjxntcYP69klp+zMCi8LNxcllFe9Z396/ZimEQhNOVGq6zqJ9jMiNaMcJkUvVZAQOiID6BopSATKz2bXTPCZIX0cxtI8ofGM/p7ISKTUOApMZ0T0UC16U/if1011eOVnTCSpBkHni8KUYx3jaTS4zyRQzcdGECqZ+SumQyIJ1SbAognBXTx5WbQqZdcpu7cXpWolj6OAjtEJOkcuukRVdIPqqIkoekBP6AW9Wo/Ws/Vmvc9bV6x85gj9KevjG0bMmvw=</latexit>

S =


ei(�++��) 0

0 ei(�+���)

�

<latexit sha1_base64="no5xINSCZje09wWekkkTgvAkUPI="></latexit><latexit sha1_base64="no5xINSCZje09wWekkkTgvAkUPI="></latexit><latexit sha1_base64="no5xINSCZje09wWekkkTgvAkUPI="></latexit><latexit sha1_base64="no5xINSCZje09wWekkkTgvAkUPI="></latexit>

S = ei�+


cos �� i sin ��
i sin �� cos ��

�

<latexit sha1_base64="9EEmYoRr3IN0dUaH+NqKYHIbjvQ="></latexit><latexit sha1_base64="9EEmYoRr3IN0dUaH+NqKYHIbjvQ="></latexit><latexit sha1_base64="9EEmYoRr3IN0dUaH+NqKYHIbjvQ="></latexit><latexit sha1_base64="9EEmYoRr3IN0dUaH+NqKYHIbjvQ="></latexit>

|ini = p
p1|RLi+p

p2|LRi
<latexit sha1_base64="2QHojoaGCJa9ANDN12iHlrHQka4=">AAACMHicbZDLSgMxFIYzXmu9jbp0EyyCIJSZIuhGKLjQRRe12At0SsmkaRuayYzJGaEMfSQ3PopuFBRx61OYtqNo64HAz/+dw8n5/UhwDY7zYi0sLi2vrGbWsusbm1vb9s5uTYexoqxKQxGqhk80E1yyKnAQrBEpRgJfsLo/uBjz+h1TmofyBoYRawWkJ3mXUwLGatuXnqGAufQUkT3B8Dn29K2CJGq7oymrlL7Z8Q8rpKxUSVnbzjl5Z1J4XripyKG0ym370euENA6YBCqI1k3XiaCVEAWcCjbKerFmEaED0mNNIyUJmG4lk4NH+NA4HdwNlXkS8MT9PZGQQOth4JvOgEBfz7Kx+R9rxtA9ayVcRjEwSaeLurHAEOJxerjDFaMghkYQqrj5K6Z9oggFk3HWhODOnjwvaoW86+Td65NcsZDGkUH76AAdIRedoiK6QmVURRTdoyf0it6sB+vZerc+pq0LVjqzh/6U9fkFgTSpzw==</latexit><latexit sha1_base64="2QHojoaGCJa9ANDN12iHlrHQka4=">AAACMHicbZDLSgMxFIYzXmu9jbp0EyyCIJSZIuhGKLjQRRe12At0SsmkaRuayYzJGaEMfSQ3PopuFBRx61OYtqNo64HAz/+dw8n5/UhwDY7zYi0sLi2vrGbWsusbm1vb9s5uTYexoqxKQxGqhk80E1yyKnAQrBEpRgJfsLo/uBjz+h1TmofyBoYRawWkJ3mXUwLGatuXnqGAufQUkT3B8Dn29K2CJGq7oymrlL7Z8Q8rpKxUSVnbzjl5Z1J4XripyKG0ym370euENA6YBCqI1k3XiaCVEAWcCjbKerFmEaED0mNNIyUJmG4lk4NH+NA4HdwNlXkS8MT9PZGQQOth4JvOgEBfz7Kx+R9rxtA9ayVcRjEwSaeLurHAEOJxerjDFaMghkYQqrj5K6Z9oggFk3HWhODOnjwvaoW86+Td65NcsZDGkUH76AAdIRedoiK6QmVURRTdoyf0it6sB+vZerc+pq0LVjqzh/6U9fkFgTSpzw==</latexit><latexit sha1_base64="2QHojoaGCJa9ANDN12iHlrHQka4=">AAACMHicbZDLSgMxFIYzXmu9jbp0EyyCIJSZIuhGKLjQRRe12At0SsmkaRuayYzJGaEMfSQ3PopuFBRx61OYtqNo64HAz/+dw8n5/UhwDY7zYi0sLi2vrGbWsusbm1vb9s5uTYexoqxKQxGqhk80E1yyKnAQrBEpRgJfsLo/uBjz+h1TmofyBoYRawWkJ3mXUwLGatuXnqGAufQUkT3B8Dn29K2CJGq7oymrlL7Z8Q8rpKxUSVnbzjl5Z1J4XripyKG0ym370euENA6YBCqI1k3XiaCVEAWcCjbKerFmEaED0mNNIyUJmG4lk4NH+NA4HdwNlXkS8MT9PZGQQOth4JvOgEBfz7Kx+R9rxtA9ayVcRjEwSaeLurHAEOJxerjDFaMghkYQqrj5K6Z9oggFk3HWhODOnjwvaoW86+Td65NcsZDGkUH76AAdIRedoiK6QmVURRTdoyf0it6sB+vZerc+pq0LVjqzh/6U9fkFgTSpzw==</latexit><latexit sha1_base64="2QHojoaGCJa9ANDN12iHlrHQka4=">AAACMHicbZDLSgMxFIYzXmu9jbp0EyyCIJSZIuhGKLjQRRe12At0SsmkaRuayYzJGaEMfSQ3PopuFBRx61OYtqNo64HAz/+dw8n5/UhwDY7zYi0sLi2vrGbWsusbm1vb9s5uTYexoqxKQxGqhk80E1yyKnAQrBEpRgJfsLo/uBjz+h1TmofyBoYRawWkJ3mXUwLGatuXnqGAufQUkT3B8Dn29K2CJGq7oymrlL7Z8Q8rpKxUSVnbzjl5Z1J4XripyKG0ym370euENA6YBCqI1k3XiaCVEAWcCjbKerFmEaED0mNNIyUJmG4lk4NH+NA4HdwNlXkS8MT9PZGQQOth4JvOgEBfz7Kx+R9rxtA9ayVcRjEwSaeLurHAEOJxerjDFaMghkYQqrj5K6Z9oggFk3HWhODOnjwvaoW86+Td65NcsZDGkUH76AAdIRedoiK6QmVURRTdoyf0it6sB+vZerc+pq0LVjqzh/6U9fkFgTSpzw==</latexit>

� = 2
p
p1p2

<latexit sha1_base64="YcbBu59eBi1iQGN2JRQvOfBLme0=">AAACAXicbVBNS8NAEN34WetX1IvgZbEInkpSBL0IBT14rGA/oAlhs920SzfJujsRSqgX/4oXD4p49V9489+4bXPQ1gcDj/dmmJkXSsE1OM63tbS8srq2Xtoob25t7+zae/stnWaKsiZNRao6IdFM8IQ1gYNgHakYiUPB2uHwauK3H5jSPE3uYCSZH5N+wiNOCRgpsA+9ayaA4Etc8/S9glwGLpZBbRzYFafqTIEXiVuQCirQCOwvr5fSLGYJUEG07rqOBD8nCjgVbFz2Ms0koUPSZ11DExIz7efTD8b4xCg9HKXKVAJ4qv6eyEms9SgOTWdMYKDnvYn4n9fNILrwc57IDFhCZ4uiTGBI8SQO3OOKURAjQwhV3NyK6YAoQsGEVjYhuPMvL5JWreo6Vff2rFKvFXGU0BE6RqfIReeojm5QAzURRY/oGb2iN+vJerHerY9Z65JVzBygP7A+fwDDpJW/</latexit><latexit sha1_base64="YcbBu59eBi1iQGN2JRQvOfBLme0=">AAACAXicbVBNS8NAEN34WetX1IvgZbEInkpSBL0IBT14rGA/oAlhs920SzfJujsRSqgX/4oXD4p49V9489+4bXPQ1gcDj/dmmJkXSsE1OM63tbS8srq2Xtoob25t7+zae/stnWaKsiZNRao6IdFM8IQ1gYNgHakYiUPB2uHwauK3H5jSPE3uYCSZH5N+wiNOCRgpsA+9ayaA4Etc8/S9glwGLpZBbRzYFafqTIEXiVuQCirQCOwvr5fSLGYJUEG07rqOBD8nCjgVbFz2Ms0koUPSZ11DExIz7efTD8b4xCg9HKXKVAJ4qv6eyEms9SgOTWdMYKDnvYn4n9fNILrwc57IDFhCZ4uiTGBI8SQO3OOKURAjQwhV3NyK6YAoQsGEVjYhuPMvL5JWreo6Vff2rFKvFXGU0BE6RqfIReeojm5QAzURRY/oGb2iN+vJerHerY9Z65JVzBygP7A+fwDDpJW/</latexit><latexit sha1_base64="YcbBu59eBi1iQGN2JRQvOfBLme0=">AAACAXicbVBNS8NAEN34WetX1IvgZbEInkpSBL0IBT14rGA/oAlhs920SzfJujsRSqgX/4oXD4p49V9489+4bXPQ1gcDj/dmmJkXSsE1OM63tbS8srq2Xtoob25t7+zae/stnWaKsiZNRao6IdFM8IQ1gYNgHakYiUPB2uHwauK3H5jSPE3uYCSZH5N+wiNOCRgpsA+9ayaA4Etc8/S9glwGLpZBbRzYFafqTIEXiVuQCirQCOwvr5fSLGYJUEG07rqOBD8nCjgVbFz2Ms0koUPSZ11DExIz7efTD8b4xCg9HKXKVAJ4qv6eyEms9SgOTWdMYKDnvYn4n9fNILrwc57IDFhCZ4uiTGBI8SQO3OOKURAjQwhV3NyK6YAoQsGEVjYhuPMvL5JWreo6Vff2rFKvFXGU0BE6RqfIReeojm5QAzURRY/oGb2iN+vJerHerY9Z65JVzBygP7A+fwDDpJW/</latexit><latexit sha1_base64="YcbBu59eBi1iQGN2JRQvOfBLme0=">AAACAXicbVBNS8NAEN34WetX1IvgZbEInkpSBL0IBT14rGA/oAlhs920SzfJujsRSqgX/4oXD4p49V9489+4bXPQ1gcDj/dmmJkXSsE1OM63tbS8srq2Xtoob25t7+zae/stnWaKsiZNRao6IdFM8IQ1gYNgHakYiUPB2uHwauK3H5jSPE3uYCSZH5N+wiNOCRgpsA+9ayaA4Etc8/S9glwGLpZBbRzYFafqTIEXiVuQCirQCOwvr5fSLGYJUEG07rqOBD8nCjgVbFz2Ms0koUPSZ11DExIz7efTD8b4xCg9HKXKVAJ4qv6eyEms9SgOTWdMYKDnvYn4n9fNILrwc57IDFhCZ4uiTGBI8SQO3OOKURAjQwhV3NyK6YAoQsGEVjYhuPMvL5JWreo6Vff2rFKvFXGU0BE6RqfIReeojm5QAzURRY/oGb2iN+vJerHerY9Z65JVzBygP7A+fwDDpJW/</latexit>

|outi = S†|ini
<latexit sha1_base64="usD0pw0GuGE0Lz39gxiVFEZjVXg=">AAACFXicbZDLSgMxFIYz9VbrrerSTbAILqTMFEE3QsGNy4r2Ap1aMunpNDSTGZIzQil9CTe+ihsXirgV3Pk2phdBWw8Efv7vHE7OHyRSGHTdLyeztLyyupZdz21sbm3v5Hf3aiZONYcqj2WsGwEzIIWCKgqU0Eg0sCiQUA/6l2NevwdtRKxucZBAK2KhEl3BGVqrnT/xLUUap+hrpkIJ9ILe3PkdFoagp0yoH9TOF9yiOym6KLyZKJBZVdr5T78T8zQChVwyY5qem2BryDQKLmGU81MDCeN9FkLTSsUiMK3h5KoRPbJOh3ZjbZ9COnF/TwxZZMwgCmxnxLBn5tnY/I81U+yet4ZCJSmC4tNF3VRSjOk4ItoRGjjKgRWMa2H/SnmPacbRBpmzIXjzJy+KWqnouUXv+rRQLs3iyJIDckiOiUfOSJlckQqpEk4eyBN5Ia/Oo/PsvDnv09aMM5vZJ3/K+fgGIbGeug==</latexit><latexit sha1_base64="usD0pw0GuGE0Lz39gxiVFEZjVXg=">AAACFXicbZDLSgMxFIYz9VbrrerSTbAILqTMFEE3QsGNy4r2Ap1aMunpNDSTGZIzQil9CTe+ihsXirgV3Pk2phdBWw8Efv7vHE7OHyRSGHTdLyeztLyyupZdz21sbm3v5Hf3aiZONYcqj2WsGwEzIIWCKgqU0Eg0sCiQUA/6l2NevwdtRKxucZBAK2KhEl3BGVqrnT/xLUUap+hrpkIJ9ILe3PkdFoagp0yoH9TOF9yiOym6KLyZKJBZVdr5T78T8zQChVwyY5qem2BryDQKLmGU81MDCeN9FkLTSsUiMK3h5KoRPbJOh3ZjbZ9COnF/TwxZZMwgCmxnxLBn5tnY/I81U+yet4ZCJSmC4tNF3VRSjOk4ItoRGjjKgRWMa2H/SnmPacbRBpmzIXjzJy+KWqnouUXv+rRQLs3iyJIDckiOiUfOSJlckQqpEk4eyBN5Ia/Oo/PsvDnv09aMM5vZJ3/K+fgGIbGeug==</latexit><latexit sha1_base64="usD0pw0GuGE0Lz39gxiVFEZjVXg=">AAACFXicbZDLSgMxFIYz9VbrrerSTbAILqTMFEE3QsGNy4r2Ap1aMunpNDSTGZIzQil9CTe+ihsXirgV3Pk2phdBWw8Efv7vHE7OHyRSGHTdLyeztLyyupZdz21sbm3v5Hf3aiZONYcqj2WsGwEzIIWCKgqU0Eg0sCiQUA/6l2NevwdtRKxucZBAK2KhEl3BGVqrnT/xLUUap+hrpkIJ9ILe3PkdFoagp0yoH9TOF9yiOym6KLyZKJBZVdr5T78T8zQChVwyY5qem2BryDQKLmGU81MDCeN9FkLTSsUiMK3h5KoRPbJOh3ZjbZ9COnF/TwxZZMwgCmxnxLBn5tnY/I81U+yet4ZCJSmC4tNF3VRSjOk4ItoRGjjKgRWMa2H/SnmPacbRBpmzIXjzJy+KWqnouUXv+rRQLs3iyJIDckiOiUfOSJlckQqpEk4eyBN5Ia/Oo/PsvDnv09aMM5vZJ3/K+fgGIbGeug==</latexit><latexit sha1_base64="usD0pw0GuGE0Lz39gxiVFEZjVXg=">AAACFXicbZDLSgMxFIYz9VbrrerSTbAILqTMFEE3QsGNy4r2Ap1aMunpNDSTGZIzQil9CTe+ihsXirgV3Pk2phdBWw8Efv7vHE7OHyRSGHTdLyeztLyyupZdz21sbm3v5Hf3aiZONYcqj2WsGwEzIIWCKgqU0Eg0sCiQUA/6l2NevwdtRKxucZBAK2KhEl3BGVqrnT/xLUUap+hrpkIJ9ILe3PkdFoagp0yoH9TOF9yiOym6KLyZKJBZVdr5T78T8zQChVwyY5qem2BryDQKLmGU81MDCeN9FkLTSsUiMK3h5KoRPbJOh3ZjbZ9COnF/TwxZZMwgCmxnxLBn5tnY/I81U+yet4ZCJSmC4tNF3VRSjOk4ItoRGjjKgRWMa2H/SnmPacbRBpmzIXjzJy+KWqnouUXv+rRQLs3iyJIDckiOiUfOSJlckQqpEk4eyBN5Ia/Oo/PsvDnv09aMM5vZJ3/K+fgGIbGeug==</latexit>

� = 2|pp1p2 cos �� � i(p1 + p2) sin ��|
� 2

p
p1p2

<latexit sha1_base64="sUQsaL05BFgjReCWaPUNTvOmuAE="></latexit><latexit sha1_base64="sUQsaL05BFgjReCWaPUNTvOmuAE="></latexit><latexit sha1_base64="sUQsaL05BFgjReCWaPUNTvOmuAE="></latexit><latexit sha1_base64="sUQsaL05BFgjReCWaPUNTvOmuAE="></latexit>

2� = �+ ± ��
<latexit sha1_base64="YtypqPLxER+/B9vQuChdl/QWs6k=">AAACCHicbZBNS8MwGMfT+TbnW9WjB4NDEMTRDkEvwsCLxwnuBdZS0jTdwpK0JKkwyo5e/CpePCji1Y/gzW9jtlXQzT8Efvk/z0Py/MOUUaUd58sqLS2vrK6V1ysbm1vbO/buXlslmcSkhROWyG6IFGFUkJammpFuKgniISOdcHg9qXfuiVQ0EXd6lBKfo76gMcVIGyuwD+teRJhG8ArOIDiFXsp/LmeBXXVqzlRwEdwCqqBQM7A/vSjBGSdCY4aU6rlOqv0cSU0xI+OKlymSIjxEfdIzKBAnys+ni4zhsXEiGCfSHKHh1P09kSOu1IiHppMjPVDztYn5X62X6fjSz6lIM00Enj0UZwzqBE5SgRGVBGs2MoCwpOavEA+QRFib7ComBHd+5UVo12uuU3Nvz6uNehFHGRyAI3ACXHABGuAGNEELYPAAnsALeLUerWfrzXqftZasYmYf/JH18Q1pJZhB</latexit><latexit sha1_base64="YtypqPLxER+/B9vQuChdl/QWs6k=">AAACCHicbZBNS8MwGMfT+TbnW9WjB4NDEMTRDkEvwsCLxwnuBdZS0jTdwpK0JKkwyo5e/CpePCji1Y/gzW9jtlXQzT8Efvk/z0Py/MOUUaUd58sqLS2vrK6V1ysbm1vbO/buXlslmcSkhROWyG6IFGFUkJammpFuKgniISOdcHg9qXfuiVQ0EXd6lBKfo76gMcVIGyuwD+teRJhG8ArOIDiFXsp/LmeBXXVqzlRwEdwCqqBQM7A/vSjBGSdCY4aU6rlOqv0cSU0xI+OKlymSIjxEfdIzKBAnys+ni4zhsXEiGCfSHKHh1P09kSOu1IiHppMjPVDztYn5X62X6fjSz6lIM00Enj0UZwzqBE5SgRGVBGs2MoCwpOavEA+QRFib7ComBHd+5UVo12uuU3Nvz6uNehFHGRyAI3ACXHABGuAGNEELYPAAnsALeLUerWfrzXqftZasYmYf/JH18Q1pJZhB</latexit><latexit sha1_base64="YtypqPLxER+/B9vQuChdl/QWs6k=">AAACCHicbZBNS8MwGMfT+TbnW9WjB4NDEMTRDkEvwsCLxwnuBdZS0jTdwpK0JKkwyo5e/CpePCji1Y/gzW9jtlXQzT8Efvk/z0Py/MOUUaUd58sqLS2vrK6V1ysbm1vbO/buXlslmcSkhROWyG6IFGFUkJammpFuKgniISOdcHg9qXfuiVQ0EXd6lBKfo76gMcVIGyuwD+teRJhG8ArOIDiFXsp/LmeBXXVqzlRwEdwCqqBQM7A/vSjBGSdCY4aU6rlOqv0cSU0xI+OKlymSIjxEfdIzKBAnys+ni4zhsXEiGCfSHKHh1P09kSOu1IiHppMjPVDztYn5X62X6fjSz6lIM00Enj0UZwzqBE5SgRGVBGs2MoCwpOavEA+QRFib7ComBHd+5UVo12uuU3Nvz6uNehFHGRyAI3ACXHABGuAGNEELYPAAnsALeLUerWfrzXqftZasYmYf/JH18Q1pJZhB</latexit><latexit sha1_base64="YtypqPLxER+/B9vQuChdl/QWs6k=">AAACCHicbZBNS8MwGMfT+TbnW9WjB4NDEMTRDkEvwsCLxwnuBdZS0jTdwpK0JKkwyo5e/CpePCji1Y/gzW9jtlXQzT8Efvk/z0Py/MOUUaUd58sqLS2vrK6V1ysbm1vbO/buXlslmcSkhROWyG6IFGFUkJammpFuKgniISOdcHg9qXfuiVQ0EXd6lBKfo76gMcVIGyuwD+teRJhG8ArOIDiFXsp/LmeBXXVqzlRwEdwCqqBQM7A/vSjBGSdCY4aU6rlOqv0cSU0xI+OKlymSIjxEfdIzKBAnys+ni4zhsXEiGCfSHKHh1P09kSOu1IiHppMjPVDztYn5X62X6fjSz6lIM00Enj0UZwzqBE5SgRGVBGs2MoCwpOavEA+QRFib7ComBHd+5UVo12uuU3Nvz6uNehFHGRyAI3ACXHABGuAGNEELYPAAnsALeLUerWfrzXqftZasYmYf/JH18Q1pJZhB</latexit>



QIT – example of multipartite states 

  Look at multipartite spaces                        with basis of (pure) quantum states   
  Example: a 3D harmonic oscillator: states |nxnynz> or |nrlm> or |n>   

  3D HO is separable, has rotational [SO(3)] and more [SU(3)] symmetry. 
Symmetry eigenstates (involving ABC) are in general entangled states. 

   Bosons                                                     Fermions 
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H
A
⌦H

B
⌦H

C

E 

-1/2
-3/2

+3/2
+1/2

+7/2
+5/2

E 

-1/2
-3/2

+3/2
+1/2

+5/23 
1 1 

6 

3* 
3 
1 

10 

level degeneracy (nx, ny, nz) SO(3) (nr`) SU(3) (n)
0 1 (0,0,0) 0s 1

1 3 (1,0,0), . . . 0p 3

2 6 (2,0,0), (1,1,0), . . . 1s � 0d 6

3 10 (3,0,0), (2,1,0), (1,1,1), . . . 1p � 0f 10

4 15 . . . 2s � 1d � 0g 15s
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  For entangled bipartite states there is just 
     one class of entangled (Bell) states 

    

  For entangled tripartite states there are two classes  
     (Dur, Vidal, Cirac 2000) 

                                                      (fragile) 
                                                      (robust) 

 
Multipartites and R/L basis states relevant for symmetries of standard model: 
  1D field theory:                 with right- and left-movers (chirality states) 

 
  Tripartite states:  
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Leptons and partons as multipartite states  
 
Class: equivalence through 
local operators and 
classical communication 
(SLOCC) 
 
 

H = H
⌦x

H
A
⌦H

B
⌦H

C
space (3D): leptons, electroweak  
                 (GHZ-class) 
color: quarks in 1D, strong 
          (W-class) 

|GHZi = 1p
2
(|RRRi+ |LLLi)

|Wi = 1p
3
(|LRRi+ |RLRi+ |RRLi)

 
 
Class: for equivalence 
existence of local unitary  
transformations suffices 
 
 
 

U ⌦ U ⌦ . . .

|Belli = 1p
2
(|RLi+ |LRi) or 1p

2
(|RRi+ |LLi)
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A paradigm shift? 

  Start with less dimensions (1+3 à 1+1) advantageous 
  Convergence: d[φ] = (d-2)/2 à 0, d[ξ] = (d-1)/2 à½, naturalness, …      
[see Stojkovic – 1406.2696] 

  Appropriate quantum states in multipartite space: ontological basis                 
[see ‘t Hooft – 1405.1548] 
  3D HO with states |nxnynz> or |nrlm> or |n>; natural basis for spectroscopy 
of hadrons in quark model in multipartite space is the (nrlm) basis. 

 
  Chirality (R/L) corresponding in 1D to right- and left-movers, P+, P- eigenstates 

can lead to emergence of chiral structure of quarks and leptons in standard model 
and the full SU(3)C x [SU(2) x U(1)]EW symmetry (and even family structure). 
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N configuration SU(6) ⇥ O(3) multiplets

0 (0s)3 [56, 0+]
1 (0s)2(1p) (56, 1�) [70, 1�]
2 (0s)2(2s) (56, 0+) [70, 0+]

(0s)2(2d) (56, 2+) [70, 2+]
(0s)(1p)2 [56, 0+] [56, 2+] (70, 0+) (70, 1+) (70, 2+) [20, 1+]



A paradigm shift? 

  Tripartite space for quarks naturally has color dual to space/electroweak. 
  Can explain why color naturally is decoupled from electroweak interactions 
  Color invisible in 3D: local gauge invariance! No free quarks or gluons! 
  Global color visible in 3D via valence quarks, N vs 1/N, f x D (distribution x 
fragmentation), color flow (future and past pointing gauge links), … 
  has a role for Wilson loops generating (gluon) TMDs (1805.05219)   

  Natural arena for light-front approach with a ‘preferred’ space direction: 
quantization of good fields, dominating the OPE at high energies, these are 
asymptotic (free) fields (Kogut & Soper): 

  New ways to look at color-kinematic duality, soft collinear effective theory 
(SCET), .... 
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1
2�

��+ and g↵µT Aa
µ



EMERGENCE OF SPACE-TIME DEPENDENCE 
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All Possible Symmetries of the 8 Matrix*
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We prove a new theorem on the impossibility of combining space-time and internal symmetries in any
but a trivial way. The theorem is an improvement on known results in that it is applicable to infinite-param-
eter groups, instead of just to Lie groups. This improvement is gained by using information about the S
matrix; previous investigations used only information about the single-particle spectrum. We define a sym-
metry group of the Smatrix as a group of unitary operators which turn one-particle states into one-particle
states, transform many-particle states as if they were tensor products, and commute with the S matrix. Let
G be a connected symmetry group of the Smatrix, and let the following five conditions hold: (1) G contains
a subgroup locally isomorphic to the Poincare group. (2) For any M&0, there are only a finite number of
one-particle states with mass less than M. (3) Elastic scattering amplitudes are analytic functions of s and t,
in some neighborhood of the physical region. (4) The S matrix is nontrivial in the sense that any two one-
particle momentum eigenstates scatter (into something), except perhaps at isolated values of s. (5) The gen-
erators of G, written as integral operators in momentum space, have distributions for their kernels. Then,
we show that G is necessarily locally isomorphic to the direct product of an internal symmetry group and
the Poincard group.

I. INTRODUCTION
lNT&L a few years ago, most physicists believed
that the exact or approximate symmetry groups

of the world were (locally) isomorphic to direct products
of the Poincare group and compact Lie groups. This
world-view changed drastically with the publication of
the first papers on SU(6)'; these raised. the dazzling
possibility of a relativistic symmetry group which was
not simply such a direct product. Unfortunately, all
attempts to And such a group came to disastrous ends,
and the situation was finally settled by the discovery of
a set of theorems' which showed that, for a wide class
of Lie groups, any group which contained the Poincare
group and admitted supermultiplets containing finite
numbers of particles was necessarily a direct product.
However, although these theorems served their

polemic purposes, they are in many ways displeasing:
Their statements involve many unnatural and artificial
assumptions, typically concerning the normality of the
translation subgroup. Even worse, they are restricted
to Lie groups —this despite the fact that in6nite-
parameter groups have been proposed in the literature.
The theories based on these groups were destroyed not
by general theorems but by particular arguments.
Typically, these arguments showed that these groups
do not allow scattering except in the forward and back-
ward directions. ' Thus, if one accepts the usual dogma
on the analyticity of scattering amplitudes, they allow
no scattering at all.
The purpose of this paper is to tie up these loose ends.

We prove the following theorem: Let G be a connected

*Work supported in part by the U. S. Air Force Ofhce of
Scientific Research under Contract AF49 (638)—1380.
t Alfred P. Sloan Research Fellow.
$ National Science Foundation Postdoctoral Fellow.' B. Sakita, Phys. Rev. 136, B1756 (1964); F. Gursey and L.

Radicati, Phys. Rev. Letters 13, 299 (1964).
2 S. Coleman, Phys. Rev. 138, 81262 (1965);S.Weinberg, ibid.

139, 8597 (1965); L. Michel and 8. Sakita, Ann. Inst. Henri
Poincare 2, 167 (1965).

3 T. F. Jordan, Phys. Rev. 140, B766 (1965).

symmetry group of the S matrix, which contains the
Poincare group and which puts a finite number of
particles in a supermultiplet. Let the S matrix be non-
trivial and let elastic scattering amplitudes be analytic
functions of s and t in some neighborhood of the physical
region. Finally, let the generators of G be representable
as integral operators in momentum space, with kernels
that are distributions. Then 0 is locally isomorphic to
the direct product of the Poincare group and an in-
ternal symmetry group. (This is a loose statement of
the theorem; a more precise one follows below. )
We believe that all of the assumptions in this theorem

are physical, except for the last one, which, although
weak, is ugly. We hope that it can be eliminated with
suKciently careful analysis; to date we have been
unable to do so.
We emphasize that our theorem has application only

to groups which are symmetries of the S matrix. There-
fore it has nothing to say about symmetry groups arising
from the saturation of current commutators; these
groups generate symmetries of form factors only.
The remainder of this section contains a precise state-

ment of the theorem and some remarks about its impli-
cations. Section II contains the proof. Although at
times this attains mathematical levels of obscurity, we
make no claim for corresponding standards of rigor.

A. Statement of the Theorem

We begin by briefly reviewing some of the funda-
mental definitions of scattering theory. The Hilbert
space of scattering theory, K, is an infinite direct sum
of subspaces,

X=K"'Q+BC&'&Q+

X&"' is called the n-particle subspace. It is a subspace
(determined by the generalized exclusion principle) of
the direct product of e Hilbert spaces, each isomorphic
to R&'&. The S matrix S is a unitary operator on K.
A unitary operator U on X is said to be a symmetry
125i
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  Hilbert space 
 
  Supercharges 

  For boson and fermion fields 

 

  Implement symmetries via constraints F 
     ... and a nontrivial vacuum (not everything is for free!) 
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[a, a†] = 1, {b, b†} = 1{(a†)n|0i, b†|0i}

Basic symmetries including SUSY 

Q†
ik = bi a

†
k and Qik = b†iak

a†k
Qik�! b†i a†k

Q†
ik � b†i hamiltonian/number operators (i=j, k=l) 

                              & unitary rotations  

{Q†
ik, Qjl} = 1

2 �ij{a
†
l , ak}+

1
2 �kl[b

†
i , bj ]

' =
1p
2!

�
a+ a†

�
and ⇠ =

1p
2

�
b+ b†

�

iD = i@ + gA

[Q,'] = ⇠ {Q, ⇠} = {Q, [Q,']} = F = iD'

[Q,F ] = [Q, {Q, ⇠}] = iD⇠

Single (free) field 

unitary rotations 

Q =
p
!(a†b� b†a) F = [', H]

= iD' = i'̇
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�(t) = T exp

✓
�i

Z t

0
ds·D

◆
�
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Basic starting point 

  Right-Left symmetry  
Supersymmetry (Wess-Zumino structure) 

  Bosons: 
 
 

  Fermions: 

  Space-time structure via covariant derivatives and supercharges 
  Different ‘kinds’ of particles corresponding to SLOCC equivalence classes where 

the fun starts in tripartite space with the following basis:    

16 

�
p
2 = ei⇡/4�R + e�i⇡/4�L

= �S + i�P
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⇠
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2 =
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�i ⇠L

�
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-1/2 1/2 

1 

Y 

I3 

-1/2 1/2 
I3 

1 

Y 

φL
+

φL
− φL

0

φR
+φR

0

φR
−

-1/2 1/2 
I3 

1 

Y 

ξL
+

ξL
− ξL

0

-1/2 1/2 

1 

Y 

I3 

ξR
+ξR

0

ξR
−



  Real/Majorana: 
     

     (Wess-Zumino) 
 

 

 

Fields 
Generators 
Space-time     &    Internal 

  H 
  P+, P-             K, SU(3)      
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Emerging symmetries & space-time 

� ⇠ and h�i = 1
�R/L ⇠R/L and h�Ri = h�Li = 1/

p
2

U(1)R x U(1)L x SU(3) 



  Real/Majorana: 
     

     (Wess-Zumino à gauge theory) 
  1D:    

     
 

 

 

Fields 
Generators 
Space-time     &    Internal 

  H 
  P+, P-             K, SU(3)           

                                                Z(2) 
  H, P, K           SU(3) 
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Emerging symmetries & space-time 

iD��
i = i@��

i + g0
X

a=1,...8

Aa
�(Ta)

i
j�

j

� ⇠ and h�i = 1
�R/L ⇠R/L and h�Ri = h�Li = 1/

p
2

�S �P Aa
3  

P(1,1)  x SU(3) 



  Real/Majorana: 
     

     (Wess-Zumino à gauge theory) 
  1D:    

     
  3D:   

 
 

 

 

Fields 
Generators 
Space-time     &    Internal 

  H 
  P+, P-             K, SU(3)           

                                                Z(2) 
  H, P, K           SU(3) =         

                          [SO(3),SU(2)xU(1)] 
 
                                                Z(3)                                                
  H, P, K, J       SU(2)xU(1) 
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Emerging symmetries & space-time 

iD��
i = i@��

i + g0
X

a=1,...8

Aa
�(Ta)

i
j�

j

iDµ�
i = i@µ�

i + g
X

a=1,2,3,8

Aa
µ(Ta)

i
j�

j

�S Aa
k  

� ⇠ and h�i = 1
�R/L ⇠R/L and h�Ri = h�Li = 1/

p
2

�S �P Aa
3  

P(3,1)  x SU(2) x U(1) 



  Real/Majorana: 
     

     (Wess-Zumino à gauge theory) 
  1D:    

     
  3D:   

 

  and .... 

     in order to match space-time and field symmetries and respect Coleman-Mandula    
 

 

 

Fields 
Generators 
Space-time     &    Internal 

  H 
  P+, P-             K, SU(3)  

                                                Z(2) 
  H, P, K           SU(3) = 

                          [SO(3),SU(2)xU(1)] 
 
                                                Z(3) 
  H, P, K, J       SU(2)xU(1) 

 
 
                                               A(4) 
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Emerging symmetries & space-time 

n�
± �! nµ

↵ �� =


0 n�

�
n�
+ 0

�
�! �µ =


0 �̄µ

�µ 0

�

iD��
i = i@��

i + g0
X

a=1,...8

Aa
�(Ta)

i
j�

j

iDµ�
i = i@µ�

i + g
X

a=1,2,3,8

Aa
µ(Ta)

i
j�

j

�S Aa
k  

� ⇠ and h�i = 1
�R/L ⇠R/L and h�Ri = h�Li = 1/

p
2

�S �P Aa
3  

P(3,1)  x SU(2) x U(1) 



MULTIPARTITE BOSONS IN THE STANDARD MODEL 
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  Basis of each 1D spaces: P(1,1) x SU(3):  
  Assign Y-I3 using the SU(3) symmetry. 

 

 

  built on vacuum |0,0,0>  
     (SO(3) and Z(3) invariant, with nonzero vev) 
     E.g. 
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1D bosonic basis states for standard model  

φL
0

-1/2 1/2 

1 

Y 

I3 

φL
−

φR
+φR

0 �R =
1p
2
exp

�
+ i

2

X

a=1,2,3,8

✓a�a

�
2

4
1 + 'H

0
0

3

5

�L =
1p
2
exp

�
� i

2

X

a=1,2,3,8

✓a�a

�
2

4
0

1 + 'H

0

3

5

~� = (�1,�2,�3), ~⇠ = ((⇠1, ⇠2, ⇠3)
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Bosonic field potential 

  Nonzero vacuum expectation 
value with SO(3) x Z(3) 
invariant g.s. 

 

Wess-Zumino 
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Wess-Zumino potential 
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Bosonic excitations: electroweak and strong        

  3D Electroweak symmetry breaking is SU(2) x U(1) à U(1)QED    
 

 
  SU(3) embedding for electroweak gives embarrasingly good ‘zeroth order’ results: 

  Implies weak mixing angle sin θ W = 1/2 (Weinberg 1972) 
  gives ΜΗ

2 = M2/2, MW
2 = 3MZ

2/4, MZ = M/2 

  1D strong sector:  
     8 instantaneous gluons and a scalar field, resembling XQCD1+1 (Kaplan 1306.5818) 
     and dynamics governed by via Wilson loop. 
 
 
  Wilson loops may be the portal towards 3D tomography of nucleon 

    (see 1805.05219 and refs therein)  
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MULTIPARTITE FERMIONS IN THE STANDARD MODEL 
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Leptons and quarks as fermionic tripartite classes 
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tripartite entangled 

bipartite entangled 

product states 

Note: this states that maximally 
entangled GHZ- and W-class 
states can also be bipartite 
entangled, but note the 
difference in reduced spaces |Wi =) ⇢AB = 2

3 |BellihBell|+
1
3 |RRihRR|
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D. Measures of entanglement and classes under SLOCC

Several measures have been introduced so far in the lit-
erature in order to quantify entanglement. Although this sec-
tion is mainly concerned with qualitative aspects of multipar-
tite quantum correlations, we would like to relate some of
these measures, namely some bipartite ones and the tripartite
3-tangle !14" #see Appendix B$, to our classification. Re-
markably, the existence of two kinds of genuine tripartite
entanglement in a three-qubit system, as well as the in-
equivalence between bipartite and tripartite entanglement,
can be easily understood from the nonincreasing character of
these measures under LOCC. In addition, the 3-tangle allows
for a systematic and practical identification of to which class
under SLOCC any pure state belongs.
For each %!A , B , and C we can regard the three-qubit

system as a bipartite system, with qubit % , say A for con-
creteness, being one part of the system and the remaining
two qubits, B and C, being the other. Correspondingly, a
state !&'of the three qubits can be viewed as a bipartite state
!&A(BC)'. For bipartite states several measures are known,
which are entanglement monotones !5", that is, which cannot
be increased, on average, under LOCC. For instance, we al-
ready mentioned the entropy of entanglement E(&) for
asymptotic conversions—given by the entropy SA of the ei-
genvalues of (A—and the monotone E2(&) for the single
copy case, which is given by the smallest eigenvalue )2 of
(A . They all vanish for product states #corresponding to (A
with rank 1$ while having a positive value for any other state
#corresponding to (A with rank 2$. Thus we can interpret the
inequivalence under SLOCC of states whose reduced density
matrices differ in rank also in terms of the impossibility of
creating any of the bipartite measures. For instance, a state in
the A"BC class has SA!0, and thus cannot be transformed
with any finite probability into a state of the AB"C class,
because this would have SA#0. We conclude that the mono-
tonicity of these measures readily split the set of pure states
of three qubits into five subsets which are inequivalent under
SLOCC, namely unentangled states A"B"C , the three
classes A"BC , AB"C , and C"AB containing only bipar-
tite entanglement, and a fifth subset of entangled states with
SA ,SB ,SC*0 !i.e., r((A)!r((B)!r((C)!2". Bipartite
measures cannot, however, determine the inequivalence of
the GHZ and W classes.
Is there any known measure of tripartite entanglement

which can distinguish between these two classes? The
3-tangle does. Indeed, it can be computed from the product
decompositions #15$ and #20$ #see !14" for details$, and reads

+#&GHZ$!#2Ks,s-s.s/c/$2*0 #22$

for any state in the GHZ class, while it vanishes for any state
in the W class. In Appendix B we prove that the 3-tangle is
an entanglement monotone, a very desirable property for any
quantity aiming at measuring entanglement. Consequently, a
state in the W class cannot be transformed by means of
LOCC #and in particular SLOCC$ to a state in the GHZ
class, which is an independent proof of the fact that the two
kinds of true tripartite entanglement are indeed inequivalent
under SLOCC.

E. Practical identification

Given an arbitrary state !&'of three qubits, expressed in
any basis, it may be interesting to know, for instance,
whether it can be converted by means of LOCC into a GHZ
or a W state, if any, or into an EPR state shared between two
of the parties. In our original analysis of the classes, we have
already provided a constructive method, based on the analy-
sis of r((%) and R((BC), to determine the class of !&'under
SLOCC. Analyzing the R((BC) may, however, not be the
most practical way to proceed. Here we suggest to proceed
instead according to the following two steps.

#i$ Compute (% , %!A ,B , and C, and check whether they
have a vanishing determinant !note that det (%!0⇔S%
!0⇔r((%)!1].

#ii$ If none of the previous determinants vanish #that is,
!&' has true tripartite entanglement$, then compute the
3-tangle using the recipe introduced in !14".
Then Table I, which summarizes the relation between

classes under SLOCC and measures of entanglement, can be
used to catalog state !&'.

IV. STATE "W‹ AND RESIDUAL
BIPARTITE ENTANGLEMENT

As mentioned in the preceding section, in several aspects
the state !GHZ' is the maximally entangled state of three
qubits. It also has the feature that when one of the qubits is
traced out, then the remaining two are completely unen-
tangled. This means, in particular, that if one of the three
parties sharing the system decides not to cooperate with the
other two, then they cannot use the entanglement resources

FIG. 1. Different local classes of tripartite pure states. The di-
rection of the arrows indicates which noninvertible transformations
between classes are possible.

TABLE I. Values of the local entropies SA ,SB ,SC and the
3-tangle + for the different classes.

Class SA SB SC +

A"B"C 0 0 0 0

A"BC 0 #0 #0 0

B"AC #0 0 #0 0

C"AB #0 #0 0 0

W #0 #0 #0 0

GHZ #0 #0 #0 #0

W. DÜR, G. VIDAL, AND J. I. CIRAC PHYSICAL REVIEW A 62 062314

062314-6

Different local classes of tripartite pure states. The 
direction ot the arrows indicates which noninvertible 
transformations between classes are possible (taken 
from Dur, Vidal, Cirac 2000)  



Standard model particle content 
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Important: multipartite classification 
gives a natural explanation for the 
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Fermionic excitations: leptons and quarks 

  Tripartite states (R: 1 2 3 & L: 1 2 3)  
  Aligned (RRR, LLL) GHZ states 

  SO(3) à asymptotic/space 
    I, U, and V allowed 
  Three A(4) singlets 

  Mingled (RRL, RLL) W-states 
  non-asymptotic 

    I, U, or V allowed 
  Three A(4) triplets 
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Fermionic excitations: electroweak identification 
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  LEPTONS 

     Aligned (RRR, LLL) 
  SO(3) à asymptotic/space 

    I, U, and V allowed 
  Three A(4) singlets (families) 
  Family mixing is  

    tri-bimaximal 
  QUARKS 

     Mingled (RRL, RLL) 
  non-asymptotic 

    I, U, or V allowed 
  Three A(4) triplets (families) 
  Just one heavy quark! 

  Resembles the rishon model 
(Harari & Seiberg 1982) 

 
 

 
 
 

                                                                           
 



Concluding remarks 

  Can a multipartite Hilbert space provide a simpler basis of the degrees of 
freedom in the standard model, still having the right basic ingredients and 
symmetries? 

  It looks promising and it may provides a new view for many phenomena in QCD 
(Confinement, quark-hadron duality, importance of SCET for PDFs, FFs including 
TMDs, multitude of effective models for QCD) 

  However, there are still many open ends! 
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