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in colaboration with
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The goal

The quantity of our interest is the energy momentum tensor
(EMT) on unpolarized proton state,

〈Tµν〉 =
1

2

∑
s=↑,↓

〈p′, s|T̂µν(0)|p, s〉
2
√

p′+ p+
,

which Fourier transformation leads to the EMT in the position
space,

〈̃Tµν〉(x) =

∫
d2~∆⊥d∆+

(2π)3
e i∆·x 〈Tµν〉 ,

where ∆ = p′ − p, P =
1

2
(p′ + p) and t = ∆2.

C. Lorcé, L. Mantovani, B. Pasquini, Phys. Lett. B776, 38 (2018)
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The origin of the definition

The definition of 〈Tµν〉 originate from derivation based on the
Wigner distribution. We can define the Wigner distribution of the
proton state of momentum (P+, ~P⊥) at ”space point” (X−, ~X⊥)
following,

ρ(X−, ~X⊥,P
+, ~P⊥) =

=

∫
d2~∆⊥d∆+

(2π)3

e i∆
+X−−i ~∆⊥·~X⊥

2
√
p′+ p+

∣∣∣∣P − ∆

2

〉〈
P +

∆

2

∣∣∣∣ .
Then,

〈̃Tµν〉(x) = Tr[T̂µν(x) ρ(0,~0⊥,P
+, ~P⊥)] =

∫
d2~∆⊥d∆+

(2π)3
e i∆·x 〈Tµν〉 .

P.A.M. Dirac, Rev. Mod. Phys. 21, 392 (1949)
E. P. Wigner, Phys. Rev. 40, 749 (1932)
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The matrix element of the general local asymmetric
energy–momentum tensor for a spin-1/2 target reads〈
p′, s ′

∣∣T̂µν(0)|p, s〉 =

= ū(p′, s ′)

{
PµPν

M
A(t) +

∆µ∆ν − ηµν∆2

M
C (t) + MηµνC̄ (t)

+
Pµiσνλ∆λ

4M

[
A(t) + B(t) + D(t)

]
+

Pν iσµλ∆λ

4M

[
A(t) + B(t)− D(t)

]}
u(p, s) .

X.-D. Ji, Phys. Rev. Lett., 78, 610 (1997)
C. Lorcé, L. Mantovani, B. Pasquini, Phys. Lett. B776, 38 (2018)
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Relation of EMT form-factors with GPDs

The study of the EMT became especially important after obtaining
by Ji a relation between the EMT and GPDs∫ 1

−1
dx H(x , ξ, t) = A(t) + 4ξ2C (t) ,∫ 1

−1
dx E (x , ξ, t) = B(t)− 4ξ2C (t) .

Besides this, it is know that D(t) = −gA(t), the axial form factor,
and C̄ (t) can be related to the scalar form factor.

X.-D. Ji, Phys. Rev. Lett., 78, 610 (1997)
X.-D. Ji, Phys. Rev. D55, 7114 (1997)
B.L.G. Bakker, E. Leader, T.L. Trueman, Phys. Rev. D 70, 114001 (2004)
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Motivation

The study of the EMT is important because:

I Tµν is a fundamental quantity, which allows to access for
example a spin decomposition.

I DVCS gives a way to experimentally measure Tµν , e.g. JLab.

I Its form factors have a clear interpretation as spatial densities
(~∆ is related to ~r ).

I EMT form factors and GPDs constrains each other.

I Studding EMT form factors one has an access to the limit
t = ∆2 → 0, which is excluded experimentally.

E. Leader, C. Lorcé, Phys.Rept. 541 (2014) 163
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The EMT in the Drell-Yan frame

To better understand these formal definitions we write the EMT in
a position space x ,

〈̃Tµν〉(x) =

∫
d2~∆⊥d∆+

(2π)3
e+i∆−x++i∆+x−−i ~∆⊥·~x ⊥ 〈Tµν〉 ,

where ∆− =
~P⊥ · ~∆⊥ − P−∆+

P+
and we consider it in the

Drell-Yan frame where ∆+ = 0 and ~P⊥ = ~0. Then

〈̃Tµν〉(x⊥) =

∫
d2~∆⊥
(2π)2

e−i
~∆⊥·~x ⊥ 〈Tµν〉

is averaged EMT over x+ and x−.

S.D. Drell, T.-M. Yan, Phys.Rev.Lett. 24 (1970) 181
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The EMT in the momentum space

The EMT in the DYF reads,〈
T++

〉
= P+A ,

〈
T+−〉 =

1

2P+

[
M2 A + 2

(
M2C̄ + ~∆ 2

⊥C
)
−
~∆ 2
⊥

4
(B+D)

]
,

〈
T−+

〉
=

1

2P+

[
M2 A + 2

(
M2C̄ + ~∆ 2

⊥C
)
−
~∆ 2
⊥

4
(B−D)

]
,

〈
T ij
〉

=
1

P+

[
∆i
⊥∆j
⊥C +

(
M2C̄ + ~∆ 2

⊥C
)
ηij
]

for i , j ∈ {1, 2} .
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Interpretation of D(t)

The EMT in the DYF is not symmetric,〈
T [µν]

〉 ∣∣∣
DYF

=
~∆2
⊥

4P+
D(t) η+[µην]− = −i∆λ

〈
Sλµν

〉
,

where spin tensor reads〈
Sλµν

〉
= −i gA(t)

4(P+)2
ελµνσεσ−αβP

α∆β .

Thus D(t) = −gA(t) and

S i (~r⊥) = − 1

4P+
ε3ij rj

r

dD̃(r)

dr
where r = |~r⊥| .

C. Lorcé, L. Mantovani, B. Pasquini, Phys. Lett. B776, 38 (2018)
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The EMT in the position space

In the position space 〈T−+〉 and
〈
T ij
〉

for i , j ∈ {1, 2} read,

˜〈T (−+)
〉
(~r⊥) =

1

P+

[
M2Ã(r) +

1

4

(
1

r

dB̃(r)

dr
+

d2B̃(r)

dr2

)]

+
2

P+

[
M2 ˜̄C (r)− 1

r

dC̃ (r)

dr
− d2C̃ (r)

dr2

]

〈̃T ij〉(~r⊥) =
1

P+

[
1

r

dC̃ (r)

dr
− d2C̃ (r)

dr2

]
ri rj
r2

+
1

P+

[
M2 ˜̄C (r)− d2C̃ (r)

dr2

]
ηij ,
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Interpretation of the EMT density

The symmetrized EMT in the position space has similar structure
to the anisotropic fluid density in the IMF where u⊥ = 0,

u+ →∞ and u− → 0, while u+u− =
1

2
.

Reminder: an anisotropic fluid density reads

Θµν = (ε+ pt)u
µuν − pt η

µν + (pr − pt)χ
µχν ,

where u · u = 1, χ · χ = −1, u · χ = 0 and (pr − pt) is a pressure
anisotropy.

S.S. Bayin, Astrophys. J. 303, 101 (1986)
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Interpretation of A(t), B(t), C (t) and C̄ (t)

The Fourier transforms of the EMT leads to

pr (r)P+ = −M2 ˜̄C (r) +
1

r

dC̃ (r)

dr
,

pt(r)P+ = −M2 ˜̄C (r) +

[
2

r

dC̃ (r)

dr
+

d2C̃ (r)

dr2

]
,

ε(r)P+ =M2
[
Ã(r) + ˜̄C (r)

]
+

1

4

[
1

r

dB̃(r)

dr
+

d2B̃(r)

dr2

]
+

1

r

dC̃ (r)

dr
.
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PARTONS software

http://partons.cea.fr
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Conclusion

Study of the 〈Tµν〉 gives us a clear interpretation of the EMT form
factors

I A(t), B(t), C (t), C̄ (t) are related to the energy and pressure
density,

I C (t) is related to the anisotropy pressure,

I D(t) is related to the spin density.

M. V. Polyakov, Phys. Lett. B555, 57 (2003)
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