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Similarity of atomic and hadronic spectra

V (r) = ��

r
V (r) = c r � 4
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�s

r
PQED: PQCD?

Adapted from presentation by J. Ritman (2005)
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“The J/ψ is the Hydrogen atom of QCD”
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 3Perturbative S-matrix

Formally exact IP expression, provided the in- and out-states
have a non-vanishing overlap with the the physical i, f states.

Bound states have no overlap with free in- and out-states at t = ± ∞

H = H0 +HI H0 |iiin = Ei |iiin

Sfi = outhf, t ! 1|

⇢
Texp

h
� i

Z 1

�1
dtHI(t)

i�
|i, t ! �1iin

Expanding around free states is inadequate for bound states.

No Feynman diagram 
has a bound state pole.

+ + + ...+ γ
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Z
[dAµ] exp

�
iS[Aµ]/~

�
ℏ → 0�S[Aµ]

�Aµ
= 0

The ℏ → 0 limit selects an optimal expansion for bound states. 

We should expand around in and out states with their classical gauge field

Expanding around a stationary action

A stationary action implies a classical gauge field:

⇒ 

Positronium is bound by its classical potential V(r) = – α/r
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 5The “Potential Picture”

H = HV +HI HV = H0 +HI(Acl)

HV |iiV = Ei |iiV

Sfi = Vhf, t ! 1|

⇢
Texp

h
� i

Z 1

�1
dtHI(t)

i�
|i, t ! �1iV

Now:   Stay at  (Born) level. Consider bound asymptotic states.(HI)
0

Particles will propagate in the classical field, as appropriate for bound states.

To do: Derivation of and higher order contributions to the PP.

Can provide a unique framework for bound state calculations.
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 6 The classical field for Positronium

|x1,x2i =  ̄(t,x1) (t,x2) |0i

x2

x1

�SQED

�Â0(t,x)
= 0 ⇒

�r2Â0(t,x) = e †(t,x) (t,x)

Â0(t,x) =

Z
d3y

e

4⇡|x� y| 
† (t,y)

The classical field is the expectation value of Â0 in the state

hx1,x2| eÂ0(x) |x1,x2i
hx1,x2|x1,x2i

=
↵

|x� x1|
� ↵

|x� x2|

⌘ eA0(x;x1,x2)

Note:  •  A0 is determined instantaneously for all x

eA0(x1) = �eA0(x2) = � ↵

|x1 � x2| is the classical –α/r potential•

•  It depends on x1, x2



Paul Hoyer Jlab 11 May 2018

 7

The Schrödinger equation

HV (t;x1,x2) =

Z
dx †(t,x)

⇥
� ir ·↵+m�0 + 1

2eA
0(x;x1,x2)

⇤
 (t,x)

|MiV =

Z
dx1 dx2  ̄(x1)�(x1 � x2) (x2) |0i

HV |MiV = M |MiV gives the bound state equation for Φ(x1–x2) :

V (|x|) = � ↵

|x|

⇥
i�0� ·

!
r+m�0

⇤
�(x) + �(x)

⇥
i�0� ·

 
r�m�0

⇤
=

⇥
M � V (|x|)

⇤
�(x)

with This BSE reduces to the Schrödinger 
equation for non-relativistic kinematics.

The ℏ → 0 limit is required for its derivation.
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Classical field in QCD

Positronium
QED

Global gauge invariance allows classical gauge field for neutral atoms,
but not for color singlet hadrons in QCD

↵

|x� x1|
� ↵

|x� x2|
A0 = 

Proton
QCD

A0
a(x) = 0

However, a classical gluon field is allowed for quarks of fixed colors C:

A0
a(x;C) 6= 0

X

C

A0
a(x;C) = 0



Paul Hoyer Jlab 11 May 2018

 9

Three consequences of ℏ → 0 in QCD
9. Quantum chromodynamics 33

QCD αs(Mz) = 0.1185 ± 0.0006

Z pole fit  
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Figure 9.4: Summary of measurements of αs as a function of the energy scale Q.
The respective degree of QCD perturbation theory used in the extraction of αs is
indicated in brackets (NLO: next-to-leading order; NNLO: next-to-next-to leading
order; res. NNLO: NNLO matched with resummed next-to-leading logs; N3LO:
next-to-NNLO).
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αscrit ≈ 0.43
✭

Gribov hep-ph/99022791.  The suppression of loops,
stops the running of αs 

Estimates for the frozen
coupling indicate

αs(0)/π ≈ 0.14

⇒  PQCD corrections to O(ℏ0) 

2. In the absence of loops, the
    QCD scale ΛQCD cannot arise
    from renormalization.

can be relevant.

3. Poincaré invariance, unitarity etc. should hold at each power of ℏ
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The QCD scale ΛQCD

At O(ℏ0) (no loops) the QCD scale can arise only via a boundary condition

�

�A0
a

SQCD = 0 @iF
i0
a = �gfabcA

i
bF

i0
c + g †

AT
AB
a  B⇒

A homogeneous, O
�
↵s

0
�

solution with 

Â0
a(x) = 

X

B,C

Z
dy (x · y) †

B(y)T
BC
a  C(y)

•  Linear in x for translation invariance: Â0
a(x1)� Â0

a(x2) ≠ f(x1 + x2)

•  x ⋅ y for rotational invariance

•  x-independent field energy density must be universal

⇒  determines κ up to a scale Λ [GeV]

Âi
a = 0

X

a

|rÂ0
a(x)|2

and hence r2Â0
a = 0

<latexit sha1_base64="KSeCpwMpnG2olAZg93jYphY++Dw="></latexit><latexit sha1_base64="KSeCpwMpnG2olAZg93jYphY++Dw="></latexit><latexit sha1_base64="KSeCpwMpnG2olAZg93jYphY++Dw="></latexit><latexit sha1_base64="KSeCpwMpnG2olAZg93jYphY++Dw="></latexit>

appears unique:
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O
�
↵0
s

�
A0

a(x;x1,x2, A) =
⇥
x� 1

2 (x1 + x2)
⇤
· x1 � x2

|x1 � x2|
TAA
a 6⇤2

X

a

⇥
rxA

0
a(x;x1,x2, A)

⇤2
= 12⇤4 Universal field energy

X

A

A0
a(x;x1,x2, A) / TrTAA = 0

Another hadron feels 
no field at any x

Classical color field for mesons

|Mi =
X

A,B

Z
dx1 dx2  ̄

A(x1)�
AB(x1 � x2) 

B(x2) |0i �AB(x) =
1p
NC

�AB�(x)

⌦
xA
1 ,x

A
2

�� Â0
a(x)

��xA
1 ,x

A
2

↵
⌦
xA
1 ,x

A
2

��xA
1 ,x

A
2 i

= (x1,x2)x · (x1 � x2)T
AA
a for each quark color A

⇒

V (x1 � x2) =
1
2g

X

a

TAA
a

⇥
A0

a(x1;x1,x2, A)�A0
a(x2;x1,x2, A)

⇤
= g⇤2|x1 � x2|

Linear potential, independent of quark color component A

Â0
a(x) = 

X

B,C

Z
dy (x · y) †

B(y)T
BC
a  C(y)
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Classical color field for baryons

|Mi =
X

A,B,C

Z
dx1 dx2 dx3  

†
A(x1) 

†
B(x2) 

†
C(x3)�

ABC(x1,x2,x3) |0i �ABC = ✏ABC�

Expectation value of Â0
a(x) = 

X

B,C

Z
dy (x · y) †

B(y)T
BC
a  C(y)

in  †
A(x1) 

†
B(x2) 

†
C(x3) |0i (A ≠ B ≠ C) determines the classical field:

A0
a(x;x1,x2,x3, ABC) =

⇥
x� 1

3 (x1 + x2 + x3)
⇤
· (TAA

a x1 + TBB
a x2 + TCC

a x3)
6⇤2

d(x1,x2,x3)

d(x1,x2,x3) =
1p
2

p
(x1 � x2)2 + (x2 � x3)2 + (x3 � x1)2where

Universal field energy
X

a

��rxA
0
a(x;x1,x2,x3, ABC)

��2 = 12⇤4

X

A,B,C

✏ABCA0
a(x;x1,x2,x3, ABC) = 0 No classical field for singlet state

V (x1,x2,x3) = g⇤2d(x1,x2,x3)
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  Bound state equation for mesons (rest frame)

Bound state condition implies, with x = x1–x2 

ir ·
�
�0�,�(x)

 
+m

⇥
�0,�(x)

⇤
=
⇥
M � V (x)

⇤
�(x)

HV |MiV = M |MiV

Expanding the 4 × 4 wave function 
in a basis of 16 Dirac structures Γi(x) �(x) =

X

i

�i(x)Fi(r)Yj�(x̂)

we may use rotational, parity and charge conjugation invariance to determine
which Γi(x) may occur for a state of given jPC:

10

“trajectories”, identified by the J
PC quantum numbers of their j = 0 member5:

0�+ trajectory [s = 0, ` = j] : �⌘P = ⌘C = (�1)j �5, �
0
�5, �5 ↵ · x, �5 ↵ · x⇥L

0�� trajectory [s = 1, ` = j] : ⌘P = ⌘C = �(�1)j �
0
�5 ↵ · x, �

0
�5 ↵ · x⇥L, ↵ ·L, �

0 ↵ ·L

0++ trajectory [s = 1, ` = j ± 1] : ⌘P = ⌘C = +(�1)j 1, ↵ · x, �
0↵ · x, ↵ · x⇥L, �

0↵ · x⇥L, �
0
�5 ↵ ·L

0+� trajectory [exotic] : ⌘P = �⌘C = (�1)j �
0
, �5 ↵ ·L

(4.4)

The non-relativistic spin s and orbital angular momentum ` are indicated in brackets. Relativistic e↵ects mix the
` = j ± 1 states on the 0++ trajectory, resulting in a pair of coupled radial equations. The j = 0 state on the 0��

trajectory and the entire 0+� trajectory are incompatible with the s, ` assignments and thus exotic in the quark
model. They turn out to be missing also in the relativistic case. The bound state equation (3.8) has no solutions for
states on the 0+� trajectory (�i = �

0 or �5 ↵ ·L) since

ir ·
�
↵, �

0
 
= ir · {↵, �5 ↵ ·L} = m

⇥
�
0
, �

0
⇤
= m

⇥
�
0
, �5 ↵ ·L

⇤
= 0 (4.5)

B. Properties of the 0�+ trajectory: ⌘P = (�1)j+1, ⌘C = (�1)j

1. Wave function and radial equation

According to the classification (4.4) we expand the wave function ��+(x) of the 0�+ trajectory as

��+(x) =
h
F1(r) +↵ · xF2(r) +↵ · x⇥LF3(r) +m�

0
F4(r)

i
�5 Yj�(x̂) (4.6)

Using this in the bound state equation (3.8), noting that ir · x ⇥ L = L2 and equating terms with the same Dirac
structure we get the conditions:

�5 : i(3 + r@r)F2 + j(j + 1)F3 +m
2
F4 = 1

2 (M � V )F1

�5 ↵ · x :
i

r
@rF1 = 1

2 (M � V )F2

�5 ↵ · x⇥L :
1

r2
F1 = 1

2 (M � V )F3

�
0
�5 : F1 = 1

2 (M � V )F4 (4.7)

Expressing F2, F3 and F4 in terms of F1 we find the radial equation (denoting F
0
1 ⌘ @rF1)

F
00
1 +

⇣2
r
+

V
0

M � V

⌘
F
0
1 +

h
1
4 (M � V )2 �m

2 � j(j + 1)

r2

i
F1 = 0 (4.8)

in agreement with the corresponding result in Eq. (2.24) of [11].

The relations (4.7) allow to express the wave function (4.6) as

��+(x) =
h 2

M � V
(i↵ ·

!
r+m�

0) + 1
i
�5 F1(r)Yj�(x̂) = F1(r)Yj�(x̂) �5

h
(i↵ ·

 
r�m�

0)
2

M � V
+ 1

i
(4.9)

The radial equation (4.8) is readily found when the first (second) form is used in the first (second) term of the bound
state equation (3.9). Both terms have a spin-orbit interaction which cancels in their sum. The contribution from the
quark term is, taking into account the radial equation,

h 2

M � V
(i↵ ·

!
r+m�

0)� 1
i
��+(x) =

4V 0

r(M � V )3
(2S ·L� im� · x)�5 F1(r)Yj�(x̂) (4.10)

where the spin S = 1
2�5↵. This contribution is cancelled by the antiquark (second) term of (3.9), ensuring that the

bound state is stationary in time.

5 The first three trajectories were named ⇡, A1 and ⇢ in [11].

There are no solutions for quantum numbers that would be exotic 
in the quark model (despite the relativistic dynamics)

⇒ 

V (x) = g⇤2|x| ⌘ V 0|x|
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  Example: 0–+ trajectory wf’s

��+(x) =
h 2

M � V
(i↵ ·

!
r+m�0) + 1

i
�5 F1(r)Yj�(x̂)

Radial equation: F 00
1 +

⇣2
r
+

V 0

M � V

⌘
F 0
1 +

h
1
4 (M � V )2 �m2 � j(j + 1)

r2

i
F1 = 0

Spectrum similar to
dual models

/V´

Linear Regge
trajectories 

with daughters

• • • • • • • • • •
• • • • • • • • • •
• • • • • • • • • •
• • • • • • • • • •
• • • • • • • • • •

5 10 15 20

1

2

3

4

5

6

M2

j
Mass spectrum:

ηP = (–1)j+1

ηC = (–1)j

Local normalizability at r = 0 and at V(r) = M determines the discrete M

m = 0



Paul Hoyer Jlab 11 May 2018

 15Parton distributions have a sea component

In D=1+1 dimensions the sea component is prominent at low m/e :

0.2 0.4 0.6 0.8 1.0
xBj

2

4

6

8

10
xBjf xBj( )

xBj
2
4
6
8
10
12
14
xBjf xBj( )

0.10.050.010.001

(a) (b)

The red curve is an analytic approximation, valid in the xBj  → 0 limit.

m/e = 0.1

(log scale in xBj)

Note: Enhancement at low x is due to bd (sea), not to b†d† (valence) component.
String breaking is not included.

D. D. Dietrich, PH, M. Järvinen
arXiv 1212.4747
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 16States with P = M = 0

We required the wave function to be normalizable at r = 0 and V´r = M

For M = 0 the two points coincide. Regular, massless solutions are found.

The massless 0++ meson “σ” may mix with the perturbative vacuum. 
This spontaneously breaks chiral invariance.

��(x) = N�

h
J0(

1
4r

2) +↵ · x i

r
J1(

1
4r

2)
i

|�i =
Z

dx1 dx2  ̄(x1)��(x1 � x2) (x2) |0i ⌘ �̂ |0i

P̂µ |�i = 0 State has vanishing four-momentum in any frame

For m = 0 and V´ = 1 :

where J0 and J1 are Bessel functions.

It may form a non-trivial condensate.
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 17A chiral condensate (m = 0)

Since | σ 〉 has vacuum quantum numbers and zero momentum it can mix
with the perturbative vacuum without violating Poincaré invariance

|�i = exp(�̂) |0iAnsatz: implies h�| ̄ |�i = 4N�

An infinitesimal chiral rotation of the condensate generates a pion

U�(�) |�i = (1� 2i� ⇡̂ |�i

�⇡ = �5��where π̂  is the massless 0–+ state with wave function

U�(�) = exp
⇥
i�

Z
dx †(x)�5 (x)

⇤
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h�|jµ5 (x)⇡̂ |�i = iPµf⇡ e
�iP ·x

Small quark mass: m > 0

The massless (Mσ = 0) sigma 0++ state has wave function

��(x) = f1(r) + i↵ · x f2(r) + i� · x g2(r)

An Mπ > 0 pion 0–+ state has rest frame wave function

�⇡(x) =
⇥
F1(r) + i↵ · xF2(r) + �0 F4(r)

⇤
�5

F 00
1 +

⇣2
r
+

1

M � r

⌘
F 0
1 +

⇥
1
4 (M � r)2 �m2

⇤
F1 = 0

F4(0) =
2m

M
F1(0)

h�| ̄(x)�5 (x) ⇡̂ |�i = �i
M2

2m
f⇡ e

�iP ·x

F4(0) =
1
4 iM⇡f⇡

F1(0) = i
M2

8m
f⇡

⇒ 

⇒ 

Relations are satisfied for any P.

A smooth m → 0 requires Mπ2 ∝ m, which is OK at lowest order in m.

Radial functions
are Laguerre fn’s
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