Vacuum and 1-particle states. Equal-time vs. Light-front J

Jerzy A. Przeszowski

Faculty of Physics,
University of Biatystok, Poland

LightCone 2018, JeffersonLaboratory

17 May 2018

Jerzy Przeszowski (Univ. of Biatystok) Equal-time vs. Light-front 17 May 2018, LC2018 1/19



Motivations

¢ what is the light-front vacuum state?

¢ how the information about mass appears at the light-front
hypersurface

¢ how to deal with the light-front infra-red singularities
for k™ — 0?

¢ discussion for free field massive scalar field
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Introductory notes

¢ quantum fields are operator-valued distributions

¢ smeared quantum fields - local field operators - act in
the Hilbert space

¢ the vacuum sector of Hilbert space - ‘H,, - consists of all states
that can be created from the vacuum by local field operators

¢ the purpose of smearing for states in H is to make sure that
these states have finite norm and thus really are Hilbert
space states

¢ for local field operators no canonical quantization procedure
¢ canonical smearing for equal-time quantization procedure

¢ canonical smearing for light-front quantization procedure
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Notation for equal-time quantization h=c=2r=1

¢ canonically smeared scalar fields

sl = [ Exf6)60.0. x= (509
¢ real-valued test function f(x) € #(R®) - Schwartz class

¢ Fourier transform of test function

= [ Sxrwen e s®)

¢ VR — R, witha € Z, w(k) = Vm? + k?
@) ) = [ @ LT, W e )
R3
¢ inner product for test functions (f, g) € .7 (R?)

)= [ Pafwat) = [ kP ) <
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Equal-time canonical quantization

# canonical commutators at f = 0 we denote ¢[0,f] = ¢[f]

(811, 7lel] =i ¢.8) Lops (0111, 916)] = 0, [1f], lgl] = 0.

¢ Heisenberg time evolution equations

adlfl = ¢ [)B] =4l al) = T [AlA) = 9]
4 canonically smeared annihilation and creation operators:
alf] = pluf] +ixlf], al[f] = dlwf] —ixlfl, (@l = allf,

¢ satisfy Heisenberg equations

[i1.alfl] = —aluf],  [f.a"1f]] = alfur],

4 have canonical commutators

[alfl,alle]] =2 (flwe) Ly, [alfl,als]] = [a'1f1,a'Ts]] =0,
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Equal-time canonical quantization, cont’d

¢ equivalence for canonically smeared operators

i =2 (o'l +atw'sl), Al =1 (all) - aln).

N

¢ smeared operators lead to operator-valued distributions

afl = [ dxsat = [ OkFm) atk).

R3
alf] = /R 3 dxfx)al(x) = / &kfk) al(k) .

R3

¢ commutators for operator-valued distributions

|a(k), af (p)| = 20(K) 2m)*8* (k = p) 1oy, [a(k), a(p)]
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Equal-time vacuum and diagonalization of H
4 vacuum state |0): unique, normalized, Poincaré invariant
(0[0y =1, H[0)=0, P|0)=0, M,|0)=0,
¢ Heisenberg equations lead to
Half]|0) = —alwf]|0), Ha'[f]|0) = a'[wr)]0).

¢ there are eigenvectors of H with positive and negative eigenvalues

H a(k)|0) = —w(k) a(k)|0), ~ Ha'(k)[0) = w(k)a' (k)|0).
¢ vacuum state removes the negative eigenvalue states from H

aWI)=0 = afj=0 = #[l0)=idlll0),
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Equal-time 1-particle states

¢ canonically smeared 1-particle state:
f) := al[f]0) = 24[wr)0),
¢ decomposition of the canonical commutators
(0l[l/], 7[g)]10) =i (F,8) = (0I¢lf] Slgl|0) = (f w™'g) < o0
¢ inner product for canonically smeared 1-particle states
(flg) = 4(0|lwf] H[wg]|0) = 2(f,wg) < o0

canonically smeared 1-particle states are in H
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Distribution-valued states - momentum dependent kets

¢ canonically smeared 1-particle states
= | SRk = k=m0

4 momentum dependent kets |k) have inner product
(plk) = 2w(k) 5° (k - p),
¢ they are eigenvectors for translation generators operators
Hlk) = wk)k),  Pilk) =~k |k) = k; k)

¢ distribution-valued states are not states in
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2-particle states
4 canonically smeared 2-particle states:
If,8) = a'[f]a"[g]|0),
4 are orthogonal to vacuum and 1-particle states
(Olf,.8) =0 (nlf,g) =0
4 have finite norm

(f.8lf,g) = 4(f, wf) (g, wg) + 4(f,wg) (g, wf)

accordingly

lfvg> € HO

¢ canonically smeared field operator changes number of particles by +1

Ml = HaTlI0) = 5 ls.w™) + () [0)
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Notation for light-front quantization h=c=2m

¢ canonically smeared scalar fields

olt, f] = /de3§[(£) d(xt, %), xE = x=(x",x1)

¢ real-valued test function f(x) € 7 (R?)

4 Fourier transform of test function z € S (R?)
flk) = / ErfE) e, k=" ky), k-¥=-—xk"+koxo
A Js J

4 new test function wf,f : R3 - R, witha € Z, wrr(ky) = y/m? + ki

(ot ) €)= [ kR @ I8) P TR, et € )

¢ inner product for test functions (f, g) € . (R?)

(£.8) = [ @) = [ ORFR) 2k < 0
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Light-Front canonical quantization

¢ LF canonical commutators at x™ = 0 we denote ¢[0, f] = @[f]

[8111.60- )] = =3 (£ &) Lop
¢ Heisenberg equation for temporal evolution
A o N 1~
d+dlo_f] = =i [$[0-1,P~] = Slirsl,

¢ kinematical infinitesimal translations

(8111, P7| = —idlo-fl, |

'&>
=,
:U>
I
L
S
>
=
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Light-front vacuum and diagonalization of P+
¢ LF vacuum state |0): normalized, unique and Poincaré invariant
00y =1, M|0)=0, M={P* P, ,M,}
¢ diagonalization of Pt
T olAl0) = ido-fl0),  PFlk) =k |k),

4 nonnegative spectrum of P leads to the condition for kK < 0

kKy=0 — 2k+/d3 *H(x)|0) =0
R3

3 ~ — ~
1= [ 5o O 76 B = ir)o).
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Momentum dependent 1-particle states

¢ decomposition of LF canonical commutator

(0161£) 910- g]10) — (016[0- ¢l J[£10) = — 5 (£ 8).
¢ inner product for momentum dependent kets
(klp) = 2%+8°(p — ¥)

¢ inner product for canonically smeared 1-particle states is ill defined in .7 (R3)

31
9= [ 3 O F )2k,

¢ for Schlieder-Seiler test functions

SR :={ge SR, gkt k)=0 for k" =0}

inner product is finite (f]g) < oo
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Light-front canonically smeared 1-particle states

¢ the Heisenberg equation for the canonically smeared operators

A i 5 -

N N i .
(9l0-f1, 1] = 30lutef), = HIO-f) = —3lirf),  H=P"
4 LF Schrédinger equations for momentum dependent 1-particle kets (for k™ > 0)

- m? + k3
) ="K ),

4 the expectation value of the Hamiltonian operator is ill defined for f € 7 (R?)
quad (Schlieder-Seiler test functions)

. d’k - 2m? 4k
Hf)= [ ——0(") |fk)| ———=
I = [ S o) [Fi M
¢ problem for the quantum mechanical interpretation of 1-particle states

¢ manifestation of light-front infra-red problem
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Smearing in light-front time x™

4 LF time dependent momentum 1-particle kets, | valid for k* > 0

2 2
_ o L m2 Lk
+ k) = 1x+Hk _ oixTk i == k]

4 LF time smeared 1-particle momentum dependent kets

ok i= [ ) B = T () 0. fe) € SR)
¢ totally smeared 1-particle states
G0y = [ S ow) fb 1
+5J bi.R—? 2%+ J +»
¢ the LF temporal evolution of the quantum field operator

I, f] = & gl f] e

¢ totally smeared field operator - local field operator

Olfs 1] = /R axt £ () B 1]
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Totally smeared fields - local field operators

¢ totally smeared 1-particle states

Qg[f+hﬂ|0> = lf+a£>7

4 have finite norm

~ _ m
e tlen £ = [ S 006 [FRP (6 < o e
¢ finite expectation value for the Hamiltonian operator

2m2—|—ki_

R I +
(e ) = | s S | F ) "5t < o,

thus ler, ‘i> S HO
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Conclusions

4 vacuum state
Equal-time
- diagonalization of H
- depends on interaction (mass)

Light-front R
- diagonalization of P+
- kinematical (mass indep’t)

¢ 1-particle state

momentum dependent kets ¢ H)
canonically smeared kets
Equal-time Light-front
-If) € Ho 1) ¢ Ho

- depend on interaction (mass) - kinematical (mass indep’t)

totally smeared LF kets

- |fss ]j ) € Ho

- depend on interaction (mass)
- no LF infra-red problem
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Prospects

smearing with test function is a promising tool for LF QFT

¢ LF perturbation theory

propagators
closed loop diagrams

LF non-perturbative theory

29 9
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