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ChPT and low energy QCD
Spontaneous + explicit (by small quark masses) breaking of chiral symmetry in QCD

     Existence of light weakly interacting Goldstone bosons

     Chiral Perturbation theory (ChPT)
Expansion in small momenta and masses of Goldstone bosons

     Systematic description of QCD by ChPT in low energy sector
          (low momenta and masses                                  )

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 � d̄15 ē14 ē15 ē16 ē17 ē18
�1.37 1.53 �2.80 1.65 1.74 �2.44 0.47 �3.56 0.04 �1.95 �1.00 �0.55 0.64
�0.91 1.59 �2.03 1.28 2.35 �3.88 1.23 �5.26 �0.14 �6.52 2.45 �0.38 2.96

q,M⇡ ⌧ � ' 1GeV

c1 ! c1 � 2M2
⇡

 

ē22 � 4ē38 +
l̄3c1
F 2
⇡

!

c3 ! c3 + 4M2
⇡ (2ē19 � ē22 � ē36)

c4 ! c4 + 4M2
⇡ (2ē21 � ē37)

1
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From QCD to nuclear physics



Nuclear χEFT in the Precision Era Evgeny Epelbaum

Zwei-Nukleon-Kraft

Führender Beitrag 

Korrektur 1. Ordnung

Korrektur 2. Ordnung

Korrektur 3. Ordnung

Drei-Nukleon-Kraft Vier-Nukleon-KraftTwo-nucleon force Three-nucleon force Four-nucleon force

LO (Q0)   

NLO (Q2)

N2LO (Q3)

N3LO (Q4)

N4LO (Q5)

Figure 1: Chiral expansion of the nuclear forces. Solid and dashed lines refer to nucleons and
pions, respectively. Solid dots, filled circles, filled rectangles, filled diamonds and open rectangles
refer to the vertices of dimension ∆i = 0, ∆i = 1, ∆i = 2, ∆i = 3 and ∆i = 4, respectively.

the resulting contributions to the amplitude are enhanced by powers of mN/|p⃗ |, where mN refers
to the nucleon mass, as compared to estimates based on dimensional analysis and underlying the
derivation of Eq. (2.2). Fortunately, the contributions of the enhanced ladder-like diagrams can
be easily and efficiently resummed by solving the LS integral equation (or its generalizations in
the case of three- and more-nucleon systems) whose kernel involves all possible irreducible graphs
which obey the scaling according to Eq. (2.2) and are derivable in perturbation theory. This is the
essence of what is commonly referred to as Weinberg’s approach to nuclear chiral EFT. The set of
all possible irreducible contributions to the scattering amplitude can be viewed as the interaction
part of the nuclear Hamiltonian and comprises two-, three- and more-nucleon forces. The approach
outlined above is straightforwardly generalizable to reactions involving external sources and allows
one to derive exchange currents consistent with the nuclear forces.

It is a simple exercise to enumerate the various diagrams which may contribute to the nu-
clear force at a given order ν by looking at Feynman rules for the chiral Lagrangian and applying
Eq. (2.2), see Fig. 1. Here, it is understood that the shown diagrams only serve the purpose of
visualization of the corresponding contributions and do not have the meaning of Feynman graphs.
In particular, one needs to separate out the irreducible pieces in order to avoid double counting.
Notice further that while one can draw three-nucleon diagrams at next-to-leading order (NLO),
the resulting contributions are either reducible or suppressed by one power of Q/mN [25]. As an
immediate consequence of the chiral power counting in Eq. (2.2), one observes the suppression of
many-body forces [26], the feature, that has always been assumed but could be justified only in the
context of chiral EFT.

4

Weinberg ’90

Ordonez, van Kolck ’92

Ordonez, van Kolck ’92

Kaiser ’00 - ‘02

van Kolck ’94;  Epelbaum et al. ’02

Bernard, Epelbaum, HK, Meißner,’08, ’11 Epelbaum ’06

Entem, Kaiser, Machleidt, Nosyk ’15
Epelbaum, HK, Meißner ’15

  

Girlanda, Kievsky, Viviani ’11
HK, Gasparyan, Epelbaum ’12,’13

(short-range loop contrib. still missing)

still have to be worked out

[parameter-free] [parameter-free]

Chiral Expansion of the Nuclear Forces

Epelbaum, Meißner, ’12 (review)



Long and Short Range Interactions

Nuclear χEFT in the Precision Era Evgeny Epelbaum

Zwei-Nukleon-Kraft
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Figure 1: Chiral expansion of the nuclear forces. Solid and dashed lines refer to nucleons and
pions, respectively. Solid dots, filled circles, filled rectangles, filled diamonds and open rectangles
refer to the vertices of dimension ∆i = 0, ∆i = 1, ∆i = 2, ∆i = 3 and ∆i = 4, respectively.

the resulting contributions to the amplitude are enhanced by powers of mN/|p⃗ |, where mN refers
to the nucleon mass, as compared to estimates based on dimensional analysis and underlying the
derivation of Eq. (2.2). Fortunately, the contributions of the enhanced ladder-like diagrams can
be easily and efficiently resummed by solving the LS integral equation (or its generalizations in
the case of three- and more-nucleon systems) whose kernel involves all possible irreducible graphs
which obey the scaling according to Eq. (2.2) and are derivable in perturbation theory. This is the
essence of what is commonly referred to as Weinberg’s approach to nuclear chiral EFT. The set of
all possible irreducible contributions to the scattering amplitude can be viewed as the interaction
part of the nuclear Hamiltonian and comprises two-, three- and more-nucleon forces. The approach
outlined above is straightforwardly generalizable to reactions involving external sources and allows
one to derive exchange currents consistent with the nuclear forces.

It is a simple exercise to enumerate the various diagrams which may contribute to the nu-
clear force at a given order ν by looking at Feynman rules for the chiral Lagrangian and applying
Eq. (2.2), see Fig. 1. Here, it is understood that the shown diagrams only serve the purpose of
visualization of the corresponding contributions and do not have the meaning of Feynman graphs.
In particular, one needs to separate out the irreducible pieces in order to avoid double counting.
Notice further that while one can draw three-nucleon diagrams at next-to-leading order (NLO),
the resulting contributions are either reducible or suppressed by one power of Q/mN [25]. As an
immediate consequence of the chiral power counting in Eq. (2.2), one observes the suppression of
many-body forces [26], the feature, that has always been assumed but could be justified only in the
context of chiral EFT.

4

Couplings of short-range interactions are fixed from NN - data. 
In the isospin limit we have:

LO [Q0]:
NLO [Q2]:

N3LO [Q4]:

2 operators (S-waves)
+ 7 operators (S-, P-waves and ε1)

+ 12 operators (S-, P-, D-waves and ε1, ε2) 
N4LO [Q5]: no new terms

N2LO [Q3]: no new terms

Long range part of the nuclear forces are predictions (chiral symmetry of QCD) 
once couplings from single-nucleon subprocess are determined
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FIG. 4: Results of the fit for πN s, p and d-wave phase shifts using the KH partial wave analysis of Ref. [57]. The solid curves
correspond to the full Q4 results, the dashed curves to the order-Q3 results, and the dashed-dotted curves to the order-Q2

calculation.

using heavy-baryon chiral perturbation theory at orders Q3 and Q4, respectively, because of a different power counting
schemes in the two approaches. On the other hand, it is comforting to see that the extracted values for the ci-, d̄i-
and even some of the ēi-coefficients are comparable to the ones found in Ref. [45] in the fit with the LECs ci being
set to their order-Q3 values, see table 4 of that work. We also stress that the values for c1,3,4 obtained from the fit
to the KH partial wave analysis are in an excellent agreement with the ones determined at order Q3 by using chiral
perturbation theory inside the Mandelstam triangle [58]. It is also worth mentioning that the values of c3,4 are in a
good agreement with the ones determined from the new partial wave analysis of proton-proton and neutron-proton
scattering data of Ref. [59].

It should be emphasized that one can obtain a considerably better description of the πN phase shifts at orders Q2

and Q3 by allowing for the LECs ci and d̄i to be tuned rather than keeping their values fixed at order Q4. In fact,
the values of ci are well known to change significantly when performing fits at orders Q2 and Q3. Using the KH
partial wave analysis, employing the order-Q2 expressions for the amplitudes and utilizing the same fitting procedure

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 − d̄15 ē14 ē15 ē16 ē17 ē18

fit to GW, Ref. [56] −1.13 3.69 −5.51 3.71 5.57 −5.35 0.02 −10.26 1.75 −5.80 1.76 −0.58 0.96

fit to KH, Ref. [57] −0.75 3.49 −4.77 3.34 6.21 −6.83 0.78 −12.02 1.52 −10.41 6.08 −0.37 3.26

TABLE I: Low-energy constants obtained from a fit to the empirical s, p- and d-wave pion-nucleon phase shifts using partial
wave analysis of Ref. [56] and of Ref. [57]. Values of the LECs are given in GeV−1, GeV−2 and GeV−3 for the ci, d̄i and ēi,
respectively.
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Pion-nucleon scattering is calculated up to Q4 in heavy-baryon ChPT
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Dispersive analysis of πN scattering
Roy-Steiner equations for πN scattering

Partial Wave Decomposition of
Hyperbolic dispersion relations
πN      πN & ππ      NN channels

Input: 
S- and P-waves above
Higher partial waves for all s
Inelasticities for s < sm and scattering lengths                     

dynamically below a matching point sm, whereas the imaginary parts of higher partial waves for all
s, the imaginary parts of the S - and P-waves above sm, and, potentially, inelasticities below sm are
required as input. We choose the matching point at its optimal value sm = (1.38 GeV)2 [18]. In
contrast, there are only three S - and P-waves in the t-channel, f J± , with total angular momentum J and
the subscript referring to parallel/antiparallel antinucleon–nucleon helicities.

Given that data in the t-channel reaction ππ→ N̄N become available only above the two-nucleon
threshold, the solution of the t-channel equations is subject to the additional complication of the large
pseudophysical region 4M2

π ≤ t ≤ 4m2
N

in this reaction. The amplitudes required for the t-channel
integrals need to be reconstructed from unitarity. While for every partial wave ππ intermediate states
generate by far the dominant contribution, a coupled-channel ππ/K̄K treatment is required for the
S -wave [19], which accounts for the occurrence of the f0(980) resonance.

Once the t-channel problem is solved, the resulting t-channel partial waves are used as input for
the s-channel problem, which then reduces to the form of conventional ππ Roy equations. Eventually,
a full solution of the system can be obtained by iterating this procedure until all partial waves and
parameters are determined self-consistently. The s-channel phase shifts below the matching point are
represented in suitable parametrizations whose free parameters, together with the subtraction con-
stants, are determined by minimizing the difference between the left-hand side (LHS) and right-hand
side (RHS) of (4). We found that the solution is stabilized substantially when the S -wave scattering
lengths, known very precisely from pionic atoms [2, 16, 17], are imposed as constraints on the system,

a
1/2
0+ = (169.8 ± 2.0) × 10−3

M
−1
π , a

3/2
0+ = (−86.3 ± 1.8) × 10−3

M
−1
π . (5)

The minimization then provides us with a new set of subthreshold parameters and S - and P-wave
phase shifts.

We have performed a full error analysis, where the uncertainty estimates include a number of
effects [2]: first, we vary the input for the matching condition as well as for the energy region above
the matching point and higher partial waves, both regarding different partial-wave analyses [20–23]
and truncations of the partial-wave expansion. Furthermore, we vary the πN coupling constant within
g2/(4π) = 13.7(2) [16, 17] and investigate the sensitivity to the parametrization of the low-energy
phase shifts used in the solution. Second, we observe that there are important correlations in the
phase space of parameters, leading to flat fit minima, but with significantly different values for the
subthreshold parameters. To account for this effect, we generated a statistical ensemble of solutions
exploring these shallow minima while imposing sum rules for the higher subthreshold parameters,
and took the observed distribution as an additional source of uncertainty. Third, we propagate the
errors in the scattering lengths, which crucially enter as constraints in the minimization, to the results
for the subthreshold parameters.

The corresponding results for the s-channel partial-wave phase shifts are plotted in Fig. 1; the
solutions for the t-channel are shown in [2]. The complete list of resulting subthreshold parameters is
also given and compared to the Karlsruhe–Helsinki (KH80) values [20, 21] in [2]; here we just quote
the two most important ones in connection to the σ-term,

d
+
00 = (−1.361 ± 0.032)M−1

π (KH80: (−1.46 ± 0.10)M−1
π ),

d
+
01 = (1.155 ± 0.016)M−3

π (KH80: (1.14 ± 0.02)M−3
π ). (6)

We also keep track of the correlations between subthreshold parameters, obtaining a 13×13 covariance
matrix that encodes uncertainties and correlations of the 13 subthreshold parameters, which is relevant
for the matching to ChPT.
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Subthreshold point is closer to kinematical region of NN force than the physical
region of πN scattering

Hoferichter et al., Phys. Rept. 625 (16) 1
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Database

● Includes scattering data from 50ies up to 
2013

● uses ”3σ-criterion” to reject non-normal-
distributed data

● rejection rate 0-300 MeV: np: 31%, pp: 11%
np

pp

Use self-consistent 2013 Granada database 
[Phys. Rev. C 88.064002]

Comparison between theory and 

experiment via standard χ2 approach:

● Z (inverse relative norm) is chosen to 
minimze χ2

j
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NN Data Used in the Fits
From 1950 on around 3000 proton-proton + 5000 neutron-proton scattering data
below 350 MeV have been measured

Not all of these data are compatible. Rejections are required to get a reasonable fit

Granada 2013 base used:                              rejection by 3𝝈-criterion

Reinert, HK, Epelbaum ’17 

Navarro Perez et al. ’13 

31% of np + 11% of pp data have been rejected

Resulting data base consists of 2697 np + 2158 pp data for Elab=0-300 MeV



Chiral Expansion of np Phase Shifts

Good convergence of chiral expansion & excellent agreement with NPWA data— N4LO+ yields currently the best description of low-energy NN data below Elab = 300 MeV 
— About 40% less parameters (LECs) than in high-precision potentials [CD Bonn, AV18, Nijm I,II …]

— Clear evidence of the (parameter-free) chiral 2π exchange 

 NN data analysis
P. Reinert, H. Krebs, EE, arXiv:1711.08821[nucl-th]

Convergence of the chiral expansion for np phase shifts
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Uncertainty Estimate

Systematic uncertainty due to truncation of the chiral expansion at a given order

Uncertainties in the estimation of πN LECs

Uncertainties in the determination of contact interaction LECs

Uncertainties in the experimental data

Estimate the uncertainty via expected size of higher-order corrections

For a N4LO prediction of an observable            we get an uncertaintyXN4LO
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with chiral expansion parameter

Epelbaum, HK, Meißner ’15

Uncertainties of the fits due to the choice of Emax

For 𝝈tot errors         68% degree-of-belief intervals(Bayesian analysis): Furnstahl et al. ’15



Uncertainty Quantification
Effective range, deuteron properties and phase-shift with quantified uncertainty 
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FIG. 15: (Color online) Deuteron wave functions in coordinate space based on the SMS N4LO+ potentials of this work (left
panel) and N4LO+ potentials of Ref. [8] (right panel). Black dotted, brown dashed, red solid, blue dashed-dotted and green
dashed-double-dotted lines show the results obtained using the cuto↵s ⇤ = 350, 400, 450, 500 and 550 MeV, respectively.

TABLE IX: Predictions for the asymptotic S state normalization AS and asymptotic D/S state ratio ⌘ at N4LO+ for the cuto↵
values of ⇤ = 400, 450, 500 and 550 MeV. The first uncertainty is statistical, the second one corresponds to the truncation
error at N4LO, the third one estimates the sensitivity to the ⇡N LECs while the last uncertainty reflects the sensitivity to
the choice of the maximum energy in the fits as explained in the text. The statistical uncertainty of AS is calculated from
the corresponding allowed variation of the �2/datum as described in section VII E 1. For ⌘, the estimations are based on the
quadratic approximation in Eq. (7.88) along with the corresponding covariance matrices.

⇤ = 400 MeV ⇤ = 450 MeV ⇤ = 500 MeV ⇤ = 550 MeV Empirical

AS (fm�1/2) 0.8847(+3)

(�3)

(6)(4)(4) 0.8847(+3)

(�3)

(3)(5)(1) 0.8849(+3)

(�3)

(1)(7)(0) 0.8851(+3)

(�3)

(3)(8)(1) 0.8846(8) [117]

⌘ 0.0255(+1)

(�1)

(1)(3)(2) 0.0255(+1)

(�1)

(1)(4)(1) 0.0257(+1)

(�1)

(1)(5)(1) 0.0258(+1)

(�1)

(1)(5)(1) 0.0256(4) [118]

by the Granada group of Ref. [92], which quotes the values of AS = 0.8829(4) fm1/2 and ⌘ = 0.02493(8) (where the
uncertainties are of the purely statistical nature). The systematics of the various error sources of AS and ⌘ with
respect to the cuto↵ variation appears to be similar to the one discussed in section VII F in the context of the e↵ective
range parameters. Notice that in spite of a significant dependence of AS and ⌘ on the values of the ⇡N LECs, it
is not possible to discriminate between the di↵erent sets given the accuracy of the empirical values (and statistical
and truncation uncertainties of our results). We do not quote the uncertainty for the remaining deuteron properties
either because they are not observable (hTkini, PD) or since our present calculations of them are incomplete (rd, Q).
Interestingly, these features are also clearly reflected in the cuto↵ variation for these quantities, which reaches ⇠ 23%
(⇠ 40%) for hTkini (PD) for ⇤ = 350� 550 MeV. For Q and rd, the cuto↵ variation is smaller and amounts to ⇠ 4%
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We have provided new reference values for various low-energy quantities (effective 
range parameters, deuteron properties, phase shifts) with quantified uncertainties. 

 Error analysis
P. Reinert, H. Krebs, EE, arXiv:1711.08821[nucl-th]

Exp:
Rodning, Knutson ’90

statistical error variation of Emax

truncation error πN LECs

Example: deuteron asymptotic normalizations (relevant for nuclear astrophysics)

Elab bin CD-Bonn — Idaho N3LO — — improved chiral potentials at N3LO, this work —
(MeV) (500) (600) R = 0.8 fm R = 0.9 fm R = 1.0 fm R = 1.1 fm R = 1.2 fm

neutron-proton
0–100 0.6 1.7 5.2 0.8 0.7 0.6 0.7 1.4
0–200 0.6 2.2 5.3 0.8 0.7 0.6 0.8 1.8
0–300 0.6 3.3 6.8 2.1 1.5 1.8 4.0 10.7

proton-proton
0–100 0.5 1.5? 6.7? 1.8 0.8 0.5 1.2 4.6
0–200 1.3 2.9? 11.7? 2.1 0.7 0.6 2.2 8.2
0–300 1.3 5.9? 30.0? 12.0 3.2 7.0 24.5 66.8

?The 1S0 partial wave has not been taken into account.

Elab bin CD-Bonn — Idaho N3LO — — improved chiral potentials at N3LO, this work —
(MeV) (500) (600) R = 0.8 fm R = 0.9 fm R = 1.0 fm R = 1.1 fm R = 1.2 fm

neutron-proton phase shifts
0–100 0.6 1.7 5.2 0.8 0.7 0.6 0.7 1.4
0–200 0.6 2.2 5.3 0.8 0.7 0.6 0.8 1.8
0–300 0.6 3.3 6.8 2.1 1.5 1.8 4.0 10.7

proton-proton phase shifts
0–100 0.5 1.5? 6.7? 1.8 0.8 0.5 1.2 4.6
0–200 1.3 2.9? 11.7? 2.1 0.7 0.6 2.2 8.2
0–300 1.3 5.9? 30.0? 12.0 3.2 7.0 24.5 66.8

?The 1S0 partial wave has not been taken into account.
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FIG. 2: Predictions for Nd total cross section based on the
NN potentials of Refs. [1, 15] for R = 0.9 fm without including
the 3NF. Theoretical uncertainties are estimated via Eqs. (6),
(7). Experimental data are from Ref. [16].

We now turn to Nd scattering observables. Our predic-
tions for the Nd total cross section are visualized in Fig. 2.
Similar to the 3H BE, one observes a significant discrep-
ancy between the theoretical predictions based on the
NN forces only and data which provides clear evidence
for missing 3NF contributions. Except for the lowest en-
ergy, the size of the discrepancy matches well with the
estimated size of N2LO corrections shown by the NLO
error bars. Interestingly, the discrepancy at the lowest
energy of 10 MeV is much smaller than the estimated
size of N2LO contributions. Given that the cross section
at low energy is governed by the S-wave spin-doublet and
spin-quartet Nd scattering lengths, this observation can
be naturally explained. Indeed, the spin-quartet scatter-
ing length is almost an order of magnitude larger than
that of the spin-doublet and much less sensitive to the
3NF (as a consequence of the Pauli principle).

Our predictions for Nd di↵erential cross section and an-
alyzing powers A

y

(N), A
yy

and A
xx

are shown in Figs. 3,
4. At the lowest energy of 10 MeV, there is little appar-
ent need for 3NF e↵ects except for A

y

. Interestingly, the
fine-tuning nature of this observable is clearly reflected in
large theoretical uncertainties at NLO and N2LO. Start-
ing from E

N

= 70 MeV, one observes clear discrepancies
between our predictions and data for the cross section
and tensor analyzing powers which are expected to be
explained by the 3NF. In all cases, the required 3NF
contributions are of a natural size. Based on the width
of the bands, one may expect Nd scattering observables
at N4LO to be accurately described up to energies of
at least 200 MeV. It is also comforting to see that the
accuracy of chiral EFT predictions for Nd and NN [15]
scattering observables at the same energy is comparable.
We further emphasize that the improved NN potentials
of Refs. [1, 15] show clearly a smaller amount of finite-
cuto↵ artefacts as compared to the N3LO potentials of
Refs. [4, 5] and, in particular, do not lead to distortions
in the cross section minimum found in Ref. [19].

At this point, the discussion could naturally
move towards heavier systems. It would be nat-
ural to first briefly address Weinberg eigenvalue
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FIG. 3: Predictions for the di↵erential cross section and nu-
cleon A

y

in elastic Nd scattering based on the NN potentials
of Refs. [1, 15] for R = 0.9 fm without including the 3NF.
Theoretical uncertainties are estimated via Eqs. (6), (7). The
bands of increasing width show estimated theoretical uncer-
tainty at N4LO (color online: red), N3LO (color online: blue),
N2LO (color online: green) and NLO (color online: yellow).
The dotted (dashed) lines show the results based on the CD
Bonn NN potential [17] (CD Bonn NN potential in combina-
tion with the Tucson-Melbourne 3NF [18]). For references to
proton-nucleon data see Ref. [6].

analysis done by Dick (and maybe to show one
figure) and then present selected NCSM results.
For 4He, we could probably show the FY results
by Andreas. We could also put it earlier in the
text to the 3H BE and try to save space by ex-
tending Fig. 1. It would be interesting to see
results for the radii of 3H, 4He. For NCSM, we
could maybe concentrate on 6Li (if such calcula-
tions are possible without SRG). I think, it would
be very interesting to see the expected theoreti-
cal accuracy not only for the ground but also for
excited states.

If the NCSM calculations will be done with
R = 1 fm, we could choose the same cuto↵ for

Total cross section for Nd scattering: without 3NF 

Significant discrepancy between experiment and theory

The discrepancy at 10 MeV is much lower than at other energies
Cross section at low energy is governed by S-wave spin-doublet and spin-quartet Nd scattering lengths:

4a >> 2a (one order of magnitude) and 4a is much less sensitive to 3NF (Pauli principle)

Clear evidence 
of missing 3NFs 
at higher energy

LENPIC collaboration, Binder et al. ’15
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FIG. 2: (Color online) Predictions for Nd total cross section
based on the NN potentials of Refs. [15, 16] for R = 1.0 fm
without including the 3NF. Theoretical uncertainties (blue)
are estimated via Eqs. (4) and (5) for chiral order i = 0, 2 and
via Eqs. (6) and (7) for i � 3. Experimental data are from
Ref. [17].

that Eqs. (6, 7) provide a more reliable approach for er-
ror estimation in calculations based on NN interactions
only, while using Eqs. (4, 5) amounts to overestimating
the actual error. The N3LO (N4LO) results for the 3H
E

gs

are expected to be accurate at the level of ⇠50 keV
(⇠10 keV) for the regulator choices of R = 0.8, 0.9 and
1.0 fm. Note that the size of the 3NF contribution agrees
well with the uncertainty at NLO, which reflects the es-
timated impact of the N2LO contributions to the Hamil-
tonian. This is fully in line with expectations based on
the Weinberg power counting [1, 2].

We now turn to Nd scattering observables. Our predic-
tions for the Nd total cross section are visualized in Fig. 2.
Similar to the 3H E

gs

, one observes a significant discrep-
ancy between the theoretical predictions based on the
NN forces only and data, which provides clear evidence
for missing 3NF contributions. The size of the discrep-
ancy agrees within 1.5 times the estimated size of N2LO
corrections shown by the NLO error bars. Interestingly,
the discrepancy at the lowest energy of 10 MeV is much
smaller than the estimated size of N2LO contributions.
Given that the cross section at low energy is governed
by the S-wave spin-doublet and spin-quartet Nd scatter-
ing lengths, this observation can be naturally explained.
Indeed, the spin-quartet scattering length is almost an
order of magnitude larger than that of the spin-doublet
and much less sensitive to the 3NF as a consequence of
the Pauli principle.

Our predictions for Nd di↵erential cross section and an-
alyzing powers A

y

(N), A
yy

and A
xx

are shown in Figs. 3,
4. At the lowest energy of 10 MeV, there is little appar-
ent need for 3NF e↵ects except for A

y

. Interestingly, the
fine-tuning nature of this observable is clearly reflected in
large theoretical uncertainties at NLO and N2LO. Start-
ing from E

N

= 70 MeV, one observes clear discrepancies
between our predictions and data for the cross section
and tensor analyzing powers which are expected to be
explained by the 3NF. In all cases, the required 3NF
contributions are of a natural size. Based on the width
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FIG. 3: (Color online) Predictions for the di↵erential cross
section and nucleon A

y

in elastic Nd scattering based on the
NN potentials of Refs. [15, 16] for R = 1.0 fm without in-
cluding the 3NF. Theoretical uncertainties are estimated via
Eqs. (4) and (5) for chiral order i = 2 and via Eqs. (6) and
(7) for i � 3. The bands of increasing width show estimated
theoretical uncertainty at N4LO (red), N3LO (blue), N2LO
(green) and NLO (yellow). The dotted (dashed) lines show
the results based on the CD Bonn NN potential [18] (CD Bonn
NN potential in combination with the Tucson-Melbourne 3NF
[19]). For references to proton-nucleon data (symbols) see
Ref. [5].

of the bands, one may expect Nd scattering observables
at N4LO to be accurately described up to energies of
at least 200 MeV. It is also comforting to see that the
accuracy of chiral EFT predictions for Nd and NN [16]
scattering observables at the same energy is comparable.
We further emphasize that the improved NN potentials
of Refs. [15, 16] show clearly smaller finite-cuto↵ artifacts
as compared to the N3LO potentials of Refs. [3, 4] and, in
particular, do not lead to distortions in the cross section
minimum that were found in Ref. [20].
Next, we apply the improved NN potentials to A > 3

systems. We present in Fig. 5 order-by-order calcula-
tions of selected observables for 4He and 6Li. The re-

NN-force from Epelbaum, HK, Meißner ’15
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FIG. 2: Predictions for Nd total cross section based on the
NN potentials of Refs. [1, 15] for R = 0.9 fm without including
the 3NF. Theoretical uncertainties are estimated via Eqs. (6),
(7). Experimental data are from Ref. [16].

We now turn to Nd scattering observables. Our predic-
tions for the Nd total cross section are visualized in Fig. 2.
Similar to the 3H BE, one observes a significant discrep-
ancy between the theoretical predictions based on the
NN forces only and data which provides clear evidence
for missing 3NF contributions. Except for the lowest en-
ergy, the size of the discrepancy matches well with the
estimated size of N2LO corrections shown by the NLO
error bars. Interestingly, the discrepancy at the lowest
energy of 10 MeV is much smaller than the estimated
size of N2LO contributions. Given that the cross section
at low energy is governed by the S-wave spin-doublet and
spin-quartet Nd scattering lengths, this observation can
be naturally explained. Indeed, the spin-quartet scatter-
ing length is almost an order of magnitude larger than
that of the spin-doublet and much less sensitive to the
3NF (as a consequence of the Pauli principle).

Our predictions for Nd di↵erential cross section and an-
alyzing powers A

y

(N), A
yy

and A
xx

are shown in Figs. 3,
4. At the lowest energy of 10 MeV, there is little appar-
ent need for 3NF e↵ects except for A

y

. Interestingly, the
fine-tuning nature of this observable is clearly reflected in
large theoretical uncertainties at NLO and N2LO. Start-
ing from E

N

= 70 MeV, one observes clear discrepancies
between our predictions and data for the cross section
and tensor analyzing powers which are expected to be
explained by the 3NF. In all cases, the required 3NF
contributions are of a natural size. Based on the width
of the bands, one may expect Nd scattering observables
at N4LO to be accurately described up to energies of
at least 200 MeV. It is also comforting to see that the
accuracy of chiral EFT predictions for Nd and NN [15]
scattering observables at the same energy is comparable.
We further emphasize that the improved NN potentials
of Refs. [1, 15] show clearly a smaller amount of finite-
cuto↵ artefacts as compared to the N3LO potentials of
Refs. [4, 5] and, in particular, do not lead to distortions
in the cross section minimum found in Ref. [19].

At this point, the discussion could naturally
move towards heavier systems. It would be nat-
ural to first briefly address Weinberg eigenvalue
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FIG. 3: Predictions for the di↵erential cross section and nu-
cleon A

y

in elastic Nd scattering based on the NN potentials
of Refs. [1, 15] for R = 0.9 fm without including the 3NF.
Theoretical uncertainties are estimated via Eqs. (6), (7). The
bands of increasing width show estimated theoretical uncer-
tainty at N4LO (color online: red), N3LO (color online: blue),
N2LO (color online: green) and NLO (color online: yellow).
The dotted (dashed) lines show the results based on the CD
Bonn NN potential [17] (CD Bonn NN potential in combina-
tion with the Tucson-Melbourne 3NF [18]). For references to
proton-nucleon data see Ref. [6].

analysis done by Dick (and maybe to show one
figure) and then present selected NCSM results.
For 4He, we could probably show the FY results
by Andreas. We could also put it earlier in the
text to the 3H BE and try to save space by ex-
tending Fig. 1. It would be interesting to see
results for the radii of 3H, 4He. For NCSM, we
could maybe concentrate on 6Li (if such calcula-
tions are possible without SRG). I think, it would
be very interesting to see the expected theoreti-
cal accuracy not only for the ground but also for
excited states.

If the NCSM calculations will be done with
R = 1 fm, we could choose the same cuto↵ for
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FIG. 2: Predictions for Nd total cross section based on the
NN potentials of Refs. [1, 15] for R = 0.9 fm without including
the 3NF. Theoretical uncertainties are estimated via Eqs. (6),
(7). Experimental data are from Ref. [16].

We now turn to Nd scattering observables. Our predic-
tions for the Nd total cross section are visualized in Fig. 2.
Similar to the 3H BE, one observes a significant discrep-
ancy between the theoretical predictions based on the
NN forces only and data which provides clear evidence
for missing 3NF contributions. Except for the lowest en-
ergy, the size of the discrepancy matches well with the
estimated size of N2LO corrections shown by the NLO
error bars. Interestingly, the discrepancy at the lowest
energy of 10 MeV is much smaller than the estimated
size of N2LO contributions. Given that the cross section
at low energy is governed by the S-wave spin-doublet and
spin-quartet Nd scattering lengths, this observation can
be naturally explained. Indeed, the spin-quartet scatter-
ing length is almost an order of magnitude larger than
that of the spin-doublet and much less sensitive to the
3NF (as a consequence of the Pauli principle).

Our predictions for Nd di↵erential cross section and an-
alyzing powers A

y

(N), A
yy

and A
xx

are shown in Figs. 3,
4. At the lowest energy of 10 MeV, there is little appar-
ent need for 3NF e↵ects except for A

y

. Interestingly, the
fine-tuning nature of this observable is clearly reflected in
large theoretical uncertainties at NLO and N2LO. Start-
ing from E

N

= 70 MeV, one observes clear discrepancies
between our predictions and data for the cross section
and tensor analyzing powers which are expected to be
explained by the 3NF. In all cases, the required 3NF
contributions are of a natural size. Based on the width
of the bands, one may expect Nd scattering observables
at N4LO to be accurately described up to energies of
at least 200 MeV. It is also comforting to see that the
accuracy of chiral EFT predictions for Nd and NN [15]
scattering observables at the same energy is comparable.
We further emphasize that the improved NN potentials
of Refs. [1, 15] show clearly a smaller amount of finite-
cuto↵ artefacts as compared to the N3LO potentials of
Refs. [4, 5] and, in particular, do not lead to distortions
in the cross section minimum found in Ref. [19].

At this point, the discussion could naturally
move towards heavier systems. It would be nat-
ural to first briefly address Weinberg eigenvalue
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FIG. 3: Predictions for the di↵erential cross section and nu-
cleon A
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in elastic Nd scattering based on the NN potentials
of Refs. [1, 15] for R = 0.9 fm without including the 3NF.
Theoretical uncertainties are estimated via Eqs. (6), (7). The
bands of increasing width show estimated theoretical uncer-
tainty at N4LO (color online: red), N3LO (color online: blue),
N2LO (color online: green) and NLO (color online: yellow).
The dotted (dashed) lines show the results based on the CD
Bonn NN potential [17] (CD Bonn NN potential in combina-
tion with the Tucson-Melbourne 3NF [18]). For references to
proton-nucleon data see Ref. [6].

analysis done by Dick (and maybe to show one
figure) and then present selected NCSM results.
For 4He, we could probably show the FY results
by Andreas. We could also put it earlier in the
text to the 3H BE and try to save space by ex-
tending Fig. 1. It would be interesting to see
results for the radii of 3H, 4He. For NCSM, we
could maybe concentrate on 6Li (if such calcula-
tions are possible without SRG). I think, it would
be very interesting to see the expected theoreti-
cal accuracy not only for the ground but also for
excited states.

If the NCSM calculations will be done with
R = 1 fm, we could choose the same cuto↵ for
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FIG. 2: Predictions for Nd total cross section based on the
NN potentials of Refs. [1, 15] for R = 0.9 fm without including
the 3NF. Theoretical uncertainties are estimated via Eqs. (6),
(7). Experimental data are from Ref. [16].

We now turn to Nd scattering observables. Our predic-
tions for the Nd total cross section are visualized in Fig. 2.
Similar to the 3H BE, one observes a significant discrep-
ancy between the theoretical predictions based on the
NN forces only and data which provides clear evidence
for missing 3NF contributions. Except for the lowest en-
ergy, the size of the discrepancy matches well with the
estimated size of N2LO corrections shown by the NLO
error bars. Interestingly, the discrepancy at the lowest
energy of 10 MeV is much smaller than the estimated
size of N2LO contributions. Given that the cross section
at low energy is governed by the S-wave spin-doublet and
spin-quartet Nd scattering lengths, this observation can
be naturally explained. Indeed, the spin-quartet scatter-
ing length is almost an order of magnitude larger than
that of the spin-doublet and much less sensitive to the
3NF (as a consequence of the Pauli principle).

Our predictions for Nd di↵erential cross section and an-
alyzing powers A

y

(N), A
yy

and A
xx

are shown in Figs. 3,
4. At the lowest energy of 10 MeV, there is little appar-
ent need for 3NF e↵ects except for A

y

. Interestingly, the
fine-tuning nature of this observable is clearly reflected in
large theoretical uncertainties at NLO and N2LO. Start-
ing from E

N

= 70 MeV, one observes clear discrepancies
between our predictions and data for the cross section
and tensor analyzing powers which are expected to be
explained by the 3NF. In all cases, the required 3NF
contributions are of a natural size. Based on the width
of the bands, one may expect Nd scattering observables
at N4LO to be accurately described up to energies of
at least 200 MeV. It is also comforting to see that the
accuracy of chiral EFT predictions for Nd and NN [15]
scattering observables at the same energy is comparable.
We further emphasize that the improved NN potentials
of Refs. [1, 15] show clearly a smaller amount of finite-
cuto↵ artefacts as compared to the N3LO potentials of
Refs. [4, 5] and, in particular, do not lead to distortions
in the cross section minimum found in Ref. [19].

At this point, the discussion could naturally
move towards heavier systems. It would be nat-
ural to first briefly address Weinberg eigenvalue
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FIG. 3: Predictions for the di↵erential cross section and nu-
cleon A
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in elastic Nd scattering based on the NN potentials
of Refs. [1, 15] for R = 0.9 fm without including the 3NF.
Theoretical uncertainties are estimated via Eqs. (6), (7). The
bands of increasing width show estimated theoretical uncer-
tainty at N4LO (color online: red), N3LO (color online: blue),
N2LO (color online: green) and NLO (color online: yellow).
The dotted (dashed) lines show the results based on the CD
Bonn NN potential [17] (CD Bonn NN potential in combina-
tion with the Tucson-Melbourne 3NF [18]). For references to
proton-nucleon data see Ref. [6].

analysis done by Dick (and maybe to show one
figure) and then present selected NCSM results.
For 4He, we could probably show the FY results
by Andreas. We could also put it earlier in the
text to the 3H BE and try to save space by ex-
tending Fig. 1. It would be interesting to see
results for the radii of 3H, 4He. For NCSM, we
could maybe concentrate on 6Li (if such calcula-
tions are possible without SRG). I think, it would
be very interesting to see the expected theoreti-
cal accuracy not only for the ground but also for
excited states.

If the NCSM calculations will be done with
R = 1 fm, we could choose the same cuto↵ for
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FIG. 4: (Color online) Predictions for the tensor analyzing
powers A

yy

and A
xx

in elastic Nd scattering based on the NN
potentials of Refs. [15, 16] for R = 1.0 fm without including
the 3NF. For notations see Fig. 3.

sults for 4He are obtained both by solving the Faddeev-
Yakubovsky (FY) equations and with the no-core shell
model (NCSM) [8], which agree to within the estimated
uncertainties of these methods. The numerical uncer-
tainties in the FY solutions are a few keV for the energy
and about 0.001 fm for the point-proton radius (r

p

). The
numerical uncertainties from incomplete convergence of
the NCSM (see Ref. [21] for details) are shown as error
bars (color online: red) together with the estimated theo-
retical uncertainties from the truncated chiral expansion
with Q = M

⇡

/⇤
b

(color online: blue).
For the 6Li energies, we carried out Similarity Renor-

malization Group (SRG) evolution [22] in order to en-
hance the convergence rate of the NCSM calculations
that were performed in basis spaces up through N

max

=
12 and extrapolated to the infinite matrix limit following
Ref. [22]. We retained the induced 3NF arising from the
SRG evolution, see Ref. [23] for details, and this produces
results for the 6Li energies in Fig. 5 that are independent
of the SRG scale over the range ↵ = 0.04 � 0.08 fm4 to
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FIG. 5: (Color online) Predictions for Egs and rp of 4He and
the energies of the lowest two states of 6Li based on the NN
potentials of Refs. [15, 16] for R = 1.0 fm without including
the 3NF. Theoretical uncertainties (blue) are estimated via
Eqs. (4) and (5) for chiral order i = 0, 2 and via Eqs. (6) and
(7) for i � 3. Numerical uncertainties from the NCSM (red)
are estimated following Ref. [21].

within our quoted many-body uncertainties. For exam-
ple, at N4LO we obtain E

gs

= �26.9(4) (�26.9(2)) MeV
at ↵ = 0.04(0.08) fm4 for 6Li where the quantified numer-
ical uncertainty in the last digit of the energy is quoted
in parenthesis.
The patterns for the energies in Fig. 5 as well as for

the r
p

of 4He are very similar to the pattern for the E
gs

of 3H in Fig. 1 and the Nd total cross section at 10 MeV
in Fig. 2. As in 3H, we again observe underbinding in-
dicative of the need for 3NFs, especially at N3LO and
N4LO. This underbinding is correlated with larger r

p

in
4He, which is expected to decrease toward the experi-
mental result as E

gs

is lowered toward experiment with
the inclusion of 3NFs. Note that the energy of the first
excited state in 6Li, with J⇡ = 3+, follows the same pat-
tern as the ground state energy, leading to an excitation
energy that depends much less on the chiral order than
one might naively expect based on the theoretical uncer-
tainties of the binding energies.
To summarize, we have studied in this Letter selected

few-nucleon observables using improved chiral NN po-
tentials of Refs. [15, 16] up to N4LO. Our results suggest
that these new chiral forces are well suited for modern
ab initio few- and many-body methods. Using the novel
approach for error analysis introduced in Ref. [15], we
found truly unambiguous evidence for missing 3NF ef-
fects by observing discrepancies between our predictions
and experimental data well outside the range of quanti-
fied uncertainties. The magnitude of these discrepancies
is found to match well with the expected size of the chi-
ral 3NF whose dominant contribution appears at N2LO.
Furthermore, we have demonstrated that the predictions
for Nd and NN scattering observables at the same energy
have comparable accuracy, in agreement with the general
principles of EFT. Most importantly, the expected theo-
retical uncertainty for Nd scattering observables at N3LO
and N4LO in the energy range of E

lab

' 70�200 MeV is
shown to be substantially smaller than the observed dis-

NN-force from Epelbaum, HK, Meißner ’15

Selected observables for 4He & 6Li
LENPIC collaboration, Binder et al. ’15

Clear evidence 
of missing 3NFs 
at higher energy

Results for 4He are obtained by solving Faddeev-Yakubovski eq. and 
No-Core Shell Model (NCSM) which agree within estimated uncertainties

Results for 6Li are obtained by NCSM with Similarity Renormalization Group(SRG)
evolution (induced 3NF’s are taken into account).

LENPIC



15

Summary

Chiral Nucleon-Nucleon Force

Chiral nuclear NN forces are calculated up to N4LO

Phase-shifts, deuteron properties, … with uncertainty quantification

Chiral NN force match in precision phenomenological potentials 
(CD Bonn, Av18,…) with around 40% less parameter

Clear evidence for missing 3NF for A > 2



Nuclear currents in chiral EFT
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Electroweak probes on nucleons and nuclei can be described by current formalism



Siegert theorem + N4LO
Generate longitudinal component of NN current by continuity equation 
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FIG. 1. (Color online) The total cross section σtot for the γ + d → p + n reaction. The chiral
N4LO, R=0.9 fm predictions for the SNC (SNC+Siegert) current model are shown with the dashed

red (thick black dashed) curve. The AV18 predictions for the SNC, SNC+Siegert and SNC+MEC
current models are shown with the double-dotted-dashed green, dotted violet and solid blue curve,
respectively. The experimental data are from Ref. [46] (black ”x”), [47] (magenta squares), [48]

(open circles), [49] (black pluses) and [50] (black dots).

obtain very similar predictions, practically indistinguishable at photon energies below ap-
proximately 30 MeV. At the higher energies a small difference develops between the chiral
and the AV18 potential, with the chiral predictions lying closer to the data.

Next we study a more detailed observable, namely the differential cross section at two
photon laboratory energies Eγ=30 MeV (Fig. 2, the upper row) and Eγ=100 MeV (Fig. 2,
the lower row). In the left panel we show the convergence of predictions for R=0.9 fm with
respect to the order of the chiral expansion. In the middle panel the uncertainty of theoretical
predictions due to the truncation of higher order contributions is given. Finally, in the right
panel, we demonstrate the dependence of predictions on the values of the regulator R at
N4LO using five different values of R: 0.8, 0.9, 1.0, 1.1 and 1.2 fm. Our best prediction,
SNC+Siegert for R=0.9 fm is represented by the thick black dashed curve and is shown
both in the left and right panels. For the sake of comparison, also the AV18 prediction given
by the thick violet dotted line is displayed in these two panels. The same arrangement of
curves will be preserved also in Figs. 3-6, 8 and 12.

It is clear that for both energies one has to go beyond the leading order (LO) to describe
data. At the lower energy all the higher than LO predictions are close to each other, but
at Eγ=100 MeV the convergence is reached only at N3LO. The truncation errors presented
in the central panel confirm this observation and the band at N4LO lies on the N3LO
one. A small but visible width of the N4LO band for the higher energy suggests that some
contributions from higher orders are still possible for this observable. The cut-off dependence
of the cross section is very small at lower energy and increases with energy, reaching at
Eγ=100 MeV about 20% at small proton c.m. scattering angles. However, a more careful
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FIG. 6. (Color online) The differential cross section d2σ/dΩ for the n + d →3 H + γ reaction at
En=9.0 MeV (top) and for the p+d →3 He+ γ reaction at Ep=29 MeV (middle) and Ep=95 MeV

(bottom). The left column shows the convergence of predictions at R=0.9 fm with respect to the
order of the chiral expansion (curves as in Fig. 2). The middle column shows the truncation errors

(see text) at the different orders of the chiral expansion (bands as in Fig. 2). The right column
shows the dependence of the predictions at N4LO on the value of the R parameter (curves as in
Fig. 2 ). The data at En=9.0 MeV are from [59], at Ep=29 MeV from [60] and at Ep=95 MeV

from [61].

section at photon laboratory energy Eγ= 40 MeV and 120 MeV as a function of the final
proton energy for the proton emerging at four angles Θp with respect to the photon beam:
Θp = 0◦, 60◦, 120◦ and 180◦. Since we focus here on predictions of the new local chiral
potential, we refer the reader to Refs. [64] and [36] for the discussion on the origin of
structures observed in the spectra.

In Fig. 9 we show the convergence of predictions with respect to the order of the chiral
expansion for the detected proton at Eγ= 40 MeV (top) and Eγ= 120 MeV (bottom). Only
predictions at LO are far away from the rest and are surely not sufficient to describe the
data. The other predictions are close to each other and, in particular the N3LO and N4LO

13

0 30 60 90 120 150
Θ
γd [deg]

0

0.2

0.4

0.6

d2 σ
/d
Ω

 [
µ

b 
sr

-1
]

0 30 60 90 120 150
Θ
γd [deg]

0 30 60 90 120 150 180
Θ
γd [deg]

FIG. 7. (Color online) The truncation errors at different orders of the chiral expansion for the

same cross section as shown in Fig.6 but at the proton energy Ep=95 MeV only. The predictions
have been obtained using the value of the regularization parameter R=0.8 fm (left), R =1.0 fm
(middle) and R =1.2 fm (right). Bands are as in Fig. 2 and data are from [61].

-0.2
-0.16
-0.12
-0.08
-0.04

0

A
y(d

)

0 30 60 90 120 150
Θ
γd [deg]

-0.1

-0.05

0

0 30 60 90 120 150
Θ
γd [deg]

0 30 60 90 120 150 180
Θ
γd [deg]

FIG. 8. (Color online) The deuteron analyzing power Ay(d) for the p + d →3 He + γ reaction at

the deuteron laboratory energies Ed= 17.5 MeV (top) and Ed=95 MeV (bottom). The left column
shows the convergence of the predictions at R=0.9 fm with respect to the order of the chiral
expansion (curves as in Fig. 2). The middle column shows the truncation errors at the different

orders of the chiral expansion (bands as in Fig. 2). The right column shows the dependence of
predictions at N4LO on the value of the R parameter (curves as in Fig. 2 ). The data at Ep=17.5

MeV are from [62, 63] and at Ep=95 MeV from [61].

14

0 30 60 90 120 150
Θ
γd [deg]

0

0.2

0.4

0.6

d2 σ
/d
Ω

 [
µ

b 
sr

-1
]

0 30 60 90 120 150
Θ
γd [deg]

0 30 60 90 120 150 180
Θ
γd [deg]

FIG. 7. (Color online) The truncation errors at different orders of the chiral expansion for the

same cross section as shown in Fig.6 but at the proton energy Ep=95 MeV only. The predictions
have been obtained using the value of the regularization parameter R=0.8 fm (left), R =1.0 fm
(middle) and R =1.2 fm (right). Bands are as in Fig. 2 and data are from [61].

-0.2
-0.16
-0.12
-0.08
-0.04

0

A
y(d

)

0 30 60 90 120 150
Θ
γd [deg]

-0.1

-0.05

0

0 30 60 90 120 150
Θ
γd [deg]

0 30 60 90 120 150 180
Θ
γd [deg]

FIG. 8. (Color online) The deuteron analyzing power Ay(d) for the p + d →3 He + γ reaction at

the deuteron laboratory energies Ed= 17.5 MeV (top) and Ed=95 MeV (bottom). The left column
shows the convergence of the predictions at R=0.9 fm with respect to the order of the chiral
expansion (curves as in Fig. 2). The middle column shows the truncation errors at the different

orders of the chiral expansion (bands as in Fig. 2). The right column shows the dependence of
predictions at N4LO on the value of the R parameter (curves as in Fig. 2 ). The data at Ep=17.5

MeV are from [62, 63] and at Ep=95 MeV from [61].

14

0 30 60 90 120 150
Θ
γd [deg]

0

0.2

0.4

0.6

d2 σ
/d
Ω

 [
µ

b 
sr

-1
]

0 30 60 90 120 150
Θ
γd [deg]

0 30 60 90 120 150 180
Θ
γd [deg]

FIG. 7. (Color online) The truncation errors at different orders of the chiral expansion for the

same cross section as shown in Fig.6 but at the proton energy Ep=95 MeV only. The predictions
have been obtained using the value of the regularization parameter R=0.8 fm (left), R =1.0 fm
(middle) and R =1.2 fm (right). Bands are as in Fig. 2 and data are from [61].

-0.2
-0.16
-0.12
-0.08
-0.04

0

A
y(d

)

0 30 60 90 120 150
Θ
γd [deg]

-0.1

-0.05

0

0 30 60 90 120 150
Θ
γd [deg]

0 30 60 90 120 150 180
Θ
γd [deg]

FIG. 8. (Color online) The deuteron analyzing power Ay(d) for the p + d →3 He + γ reaction at

the deuteron laboratory energies Ed= 17.5 MeV (top) and Ed=95 MeV (bottom). The left column
shows the convergence of the predictions at R=0.9 fm with respect to the order of the chiral
expansion (curves as in Fig. 2). The middle column shows the truncation errors at the different

orders of the chiral expansion (bands as in Fig. 2). The right column shows the dependence of
predictions at N4LO on the value of the R parameter (curves as in Fig. 2 ). The data at Ep=17.5

MeV are from [62, 63] and at Ep=95 MeV from [61].

14

0 30 60 90 120 150
Θ
γd [deg]

0

0.2

0.4

0.6

d2 σ
/d
Ω

 [
µ

b 
sr

-1
]

0 30 60 90 120 150
Θ
γd [deg]

0 30 60 90 120 150 180
Θ
γd [deg]

FIG. 7. (Color online) The truncation errors at different orders of the chiral expansion for the

same cross section as shown in Fig.6 but at the proton energy Ep=95 MeV only. The predictions
have been obtained using the value of the regularization parameter R=0.8 fm (left), R =1.0 fm
(middle) and R =1.2 fm (right). Bands are as in Fig. 2 and data are from [61].

-0.2
-0.16
-0.12
-0.08
-0.04

0

A
y(d

)

0 30 60 90 120 150
Θ
γd [deg]

-0.1

-0.05

0

0 30 60 90 120 150
Θ
γd [deg]

0 30 60 90 120 150 180
Θ
γd [deg]

FIG. 8. (Color online) The deuteron analyzing power Ay(d) for the p + d →3 He + γ reaction at

the deuteron laboratory energies Ed= 17.5 MeV (top) and Ed=95 MeV (bottom). The left column
shows the convergence of the predictions at R=0.9 fm with respect to the order of the chiral
expansion (curves as in Fig. 2). The middle column shows the truncation errors at the different

orders of the chiral expansion (bands as in Fig. 2). The right column shows the dependence of
predictions at N4LO on the value of the R parameter (curves as in Fig. 2 ). The data at Ep=17.5

MeV are from [62, 63] and at Ep=95 MeV from [61].

14

0 30 60 90 120 150
Θ
γd [deg]

0

0.2

0.4

0.6

d2 σ
/d
Ω

 [
µ

b 
sr

-1
]

0 30 60 90 120 150
Θ
γd [deg]

0 30 60 90 120 150 180
Θ
γd [deg]

FIG. 7. (Color online) The truncation errors at different orders of the chiral expansion for the

same cross section as shown in Fig.6 but at the proton energy Ep=95 MeV only. The predictions
have been obtained using the value of the regularization parameter R=0.8 fm (left), R =1.0 fm
(middle) and R =1.2 fm (right). Bands are as in Fig. 2 and data are from [61].

-0.2
-0.16
-0.12
-0.08
-0.04

0

A
y(d

)

0 30 60 90 120 150
Θ
γd [deg]

-0.1

-0.05

0

0 30 60 90 120 150
Θ
γd [deg]

0 30 60 90 120 150 180
Θ
γd [deg]

FIG. 8. (Color online) The deuteron analyzing power Ay(d) for the p + d →3 He + γ reaction at

the deuteron laboratory energies Ed= 17.5 MeV (top) and Ed=95 MeV (bottom). The left column
shows the convergence of the predictions at R=0.9 fm with respect to the order of the chiral
expansion (curves as in Fig. 2). The middle column shows the truncation errors at the different

orders of the chiral expansion (bands as in Fig. 2). The right column shows the dependence of
predictions at N4LO on the value of the R parameter (curves as in Fig. 2 ). The data at Ep=17.5

MeV are from [62, 63] and at Ep=95 MeV from [61].

14

0

0.5

1

1.5

2

0

0.5

1

d2 σ
/d
Ω

 [
µ

b 
sr

-1
]

0 30 60 90 120 150
Θ
γd [deg]

0

0.2

0.4

0 30 60 90 120 150
Θ
γd [deg]

0 30 60 90 120 150 180
Θ
γd [deg]

FIG. 6. (Color online) The differential cross section d2σ/dΩ for the n + d →3 H + γ reaction at
En=9.0 MeV (top) and for the p+d →3 He+ γ reaction at Ep=29 MeV (middle) and Ep=95 MeV

(bottom). The left column shows the convergence of predictions at R=0.9 fm with respect to the
order of the chiral expansion (curves as in Fig. 2). The middle column shows the truncation errors

(see text) at the different orders of the chiral expansion (bands as in Fig. 2). The right column
shows the dependence of the predictions at N4LO on the value of the R parameter (curves as in
Fig. 2 ). The data at En=9.0 MeV are from [59], at Ep=29 MeV from [60] and at Ep=95 MeV

from [61].

section at photon laboratory energy Eγ= 40 MeV and 120 MeV as a function of the final
proton energy for the proton emerging at four angles Θp with respect to the photon beam:
Θp = 0◦, 60◦, 120◦ and 180◦. Since we focus here on predictions of the new local chiral
potential, we refer the reader to Refs. [64] and [36] for the discussion on the origin of
structures observed in the spectra.

In Fig. 9 we show the convergence of predictions with respect to the order of the chiral
expansion for the detected proton at Eγ= 40 MeV (top) and Eγ= 120 MeV (bottom). Only
predictions at LO are far away from the rest and are surely not sufficient to describe the
data. The other predictions are close to each other and, in particular the N3LO and N4LO
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FIG. 1. (Color online) The total cross section σtot for the γ + d → p + n reaction. The chiral
N4LO, R=0.9 fm predictions for the SNC (SNC+Siegert) current model are shown with the dashed

red (thick black dashed) curve. The AV18 predictions for the SNC, SNC+Siegert and SNC+MEC
current models are shown with the double-dotted-dashed green, dotted violet and solid blue curve,
respectively. The experimental data are from Ref. [46] (black ”x”), [47] (magenta squares), [48]

(open circles), [49] (black pluses) and [50] (black dots).

of including many-body contributions to the current operator give quite similar predictions,
which are in a very good agreement with the data, when the AV18 NN potential is used
to generate the 2N states. Further, the SNC+Siegert approach to the current operator
works equally well with the chosen chiral and the AV18 NN potentials. In both cases we
obtain very similar predictions, practically indistinguishable at photon energies below ap-
proximately 30 MeV. At the higher energies a small difference develops between the chiral
and the AV18 potential, with the chiral predictions lying closer to the data.

Next we study a more detailed observable, namely the differential cross section at two
photon laboratory energies Eγ=30 MeV (Fig. 2, the upper row) and Eγ=100 MeV (Fig. 2,
the lower row). In the left panel we show the convergence of predictions for R=0.9 fm with
respect to the order of the chiral expansion. In the middle panel the uncertainty of theoretical
predictions due to the truncation of higher order contributions is given. Finally, in the right
panel, we demonstrate the dependence of predictions on the values of the regulator R at
N4LO using five different values of R: 0.8, 0.9, 1.0, 1.1 and 1.2 fm. Our best prediction,
SNC+Siegert for R=0.9 fm is represented by the thick black dashed curve and is shown
both in the left and right panels. For the sake of comparison, also the AV18 prediction given
by the thick violet dotted line is displayed in these two panels. The same arrangement of
curves will be preserved also in Figs. 3-6, 8 and 12.

It is clear that for both energies one has to go beyond the leading order (LO) to describe
data. At the lower energy all the higher than LO predictions are close to each other, but
at Eγ=100 MeV the convergence is reached only at N3LO. The truncation errors presented
in the central panel confirm this observation and the band at N4LO lies on the N3LO
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with the accuracy of ~ 1.5%

1 Introduction

In 2013 we published the final result of the MuCap experiment [2], which is a precision determination of g
P

,
the weak-pseudoscalar coupling of the proton. The hydrogen time projection chamber (TPC) technique
employed is relatively immune to the poorly known molecular physics complications that plagued previous
e↵orts. The result, g

P

= 8.06±0.55, settles a long-standing experimental challenge. It provides a sensitive
test of QCD symmetries and finally confirms a fundamental prediction of chiral perturbation theory. The
result was recognized as an Editor’s Suggestion and described in an American Physical Society synopsis
and in several press releases.

Tatara 1990
Doi 1990

Adam 1990
Ando 2002

Ricci 2009
Marcucci 2011

Marcucci 2012

Adam 2012
Wang 1965

Bertin 1973
Bardin 1986

Cargnelli 1989
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Figure 2: Recent theoretical and experimental results on muon capture rate ⇤
d

from the doublet state of
the µd atom. The pion-less EFT calculation [3] cannot be readily expressed by a single value and is not
included. Bertin 1973 is o↵ scale (c.f. [4]). Experimental results scatter widely and the most accurate
result is inconsistent with modern theory. The ambitious precision goal of MuSun is indicated.

The good agreement between the MuCap result and theory demonstrates that all parameters entering
the one-nucleon weak amplitudes are well under control. This allows the MuSun experiment to extend
this program with a precise determination of the strength of the weak interaction in the two-nucleon

system, using the process
µ+ d ! n+ n+ ⌫. (1)

MuSun will determine the sole unknown low-energy constant involved in modern – QCD-based – e↵ective
field theory (EFT) calculations of weak nuclear reactions. The anticipated precision is 5 times greater
than presently available from the 2N system and will be essential for calibrating these reactions in a model-
independent way. This will provide a benchmark for extending the EFT method to more complicated
few-body processes. Regarding the 2N system, muon capture will provide unique constraints on electro-

3

µ- + d ➝ νµ + n + n
Main goal: measure the doublet capture rate Λd in 

This will strongly constrain the short-range 
axial current 

d

n n

µ-

νµ

W
L1,A

EFT

The resulting axial exchange current can be used to make precision calculations for

triton half life, fT1/2 = 1129.6 ± 3.0 s, and the muon capture rate on 3He, 
Λ0 = 1496 ± 4 s-1  →   precision tests of the theory

weak reactions of astrophysical interest such 
as e.g. the pp chain of the solar burning: 

p + p ➝ d + e+ + νe
p + p + e- ➝ d + νe

p + 3He ➝ 4He + e+ + νe
7Be + e- ➝ 7Li + νe

8B ➝ 8Be* + e+ + νe

L1,A governs the leading 3NF

MuSun experiment at PSI
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single-nucleon two-nucleon three-nucleon

Q-3

Q-1

Q0

Q1

depend on d8, d9, d18, d21, d22,
no 1/m corrections… 

parameter-free

depend on C2, C4, C5, C7 + L1, L2; 
no loop corrections depend on CT

parameter-free static two-pion exchange

Chiral expansion of the electromagnetic current and charge operators 

ci

1/m

di

ei

Vector currents in chiral EFT

Chemtob, Rho, Friar, 
Riska, Adam, Gari, … 

Park, Min, Rho, Kubodera, Song, Lazauskas (earlier works, incomplete, TOPT)
Pastore, Schiavilla et al. (TOPT), Kölling, Epelbaum, HK, Meißner (UT)

depend on CT

HK, Epelbaum, Meißner (UT) forthcoming
Up to order Q only
single-nucleon current 
operator does depend  
on energy-transfer k0

Needed for verification
of continuity equation 
for OPE part
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Q-1

Q0

Q1

depend on d2, d5, d6, d15, d18, d23,
no 1/m corrections… parameter-free

depend on z1, z2, z3, z4; 
no loop corrections1/m corrections

parameter-free static two-pion exchange

depend on CT

Chiral expansion of the axial vector current and charge operators 

ci

1/m

di

Axial vector operators in chiral EFT

Ando, Park, Kubodera, 
Myhrer (2002)

Park, Min, Rho (earlier works, incomplete, TOPT)
Baroni et al. (TOPT), HK, Epelbaum, Meißner (UT)

di

1/m2

Bernard, Kaiser, Meißner (HBCHPT)
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Summary
Nuclear Currents

Vector & axial-vector currents are calculated up to N3LO

Numerical implementation require symmetry-respecting regularization
(work in progress)

Forthcoming review HK, EPJA


