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tM ! �itEWick rotation [Euclidean spacetime]:  
Monte Carlo sampling

quark masses: 
lattice spacing:
finite volume

a ⇠ 0.03� 0.15 fm

mq ! mphys.
q

 no continuum of states:
no cuts
no sheet structure
no resonances

FV spectrum

Lattice QCD in a nutshell



Wick rotation [Euclidean spacetime]:  
Monte Carlo sampling

quark masses: 
lattice spacing:
finite volume
Correlation functions: spectrum, matrix elements

tM ! �itE

a ⇠ 0.03� 0.15 fm

mq ! mphys.
q

⌧

⌧

CL(t,P) =

time = t time = 0

Lattice QCD in a nutshell



det[F�1(EL, L) +M(EL)] = 0

resonance
partial wave 
amplitudes

FV spectrum

 Lüscher (1986, 1991) [elastic scalar bosons]

 Rummukainen & Gottlieb (1995) [moving elastic scalar bosons]

 Kim, Sachrajda, & Sharpe/Christ, Kim & Yamazaki (2005) [QFT derivation]

 Feng, Li, &  Liu (2004) [inelastic scalar bosons]

 Hansen & Sharpe / RB & Davoudi (2012)  [moving inelastic scalar bosons]

 RB (2014)  [general 2-body result]

EL = finite volume spec.

L = finite volume

F = known function

M = scattering amp.

Scattering amplitudes
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Narrow width approximation
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 Op. basis did not include multi-hadron ops: 
 Unstable nature of the states ignored

 Finite-volume states are not resonances
 Must use Lüscher and its extensions

 Spectrum does suggest where some resonance might lie

⇡⇡, KK, ⌘⌘,⇡⇡⇡, . . .

not all thresholds shown
not all threshold are expected to matter
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Isoscalar spectra: D-wave dominant

mπ=391 MeV
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Elastic region
 Below 2mK, one directly determine the ππ amplitude

-0.15

-0.10

-0.05

 0.05

0.10

 0.15

-0.002 -0.001  0.001  0.002  0.003

 Clear evidence of bound state below ππ threshold
 This correspondence only holds if partial-wave mixing is negligible [checked]

M ⇠ 1

k cot � � ik



 Above 2mK, there is not a one-to-one correspondence

 In general, must constrain (1/2) [N2  + N] functions of energy 
 Need that many energy levels at the same energy
 Alternatively, parametrize scattering amplitude and do a global fit

Coupled-channels analysis 

Feng, Li, &  Liu (2004),
Hansen & Sharpe / RB & Davoudi (2012)

det


F�1
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KK
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Coupled-channels analysis 
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Coupled-channels analysis 
 D-wave above 2mπ, 2mK, and 2m𝜂

 Ansatz 
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Coupled-channels analysis 

34 energy levels
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f0(980): Sheet II pole
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Tensor poles: the f2’s
M ⇠ g2
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Tensor and scalar nonets
 First complete determination of the scalar and tensor nonets from LQCD :

f0
�

0 +

�
̄0

a+0a00a�0

ππ, KK, ηη:             RB, Dudek, Edwards - PRL (2017)
  RB, Dudek, Edwards - arXiv (2017)

Kπ, Kη:                    Dudek, Edwards, Thomas, Wilson - PRL (2015)
                    Wilson, Dudek, Edwards, Thomas - PRD (2015)

πη, KK:                    Dudek, Edwards, Wilson - PRD (2016)
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Tetraquark operators in lattice QCD and exotic

flavour states in the charm sector

Gavin K. C. Cheung,a Christopher E. Thomas,a Jozef J. Dudek,b,c Robert G. Edwardsb

(For the Hadron Spectrum Collaboration)

aDAMTP, University of Cambridge, Centre for Mathematical Sciences, Wilberforce Road, Cam-
bridge CB3 0WA, UK

bThomas Je↵erson National Accelerator Facility, 12000 Je↵erson Avenue, Newport News, VA
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cDepartment of Physics, College of William and Mary, Williamsburg, VA 23187, USA

E-mail: gkcc2@damtp.cam.ac.uk, c.e.thomas@damtp.cam.ac.uk,

dudek@jlab.org, edwards@jlab.org

Abstract: We present a general class of operators resembling compact tetraquarks which

have a range of colour-flavour-spin structures, transform irreducibly under the symmetries

of the lattice and respect other relevant symmetries. These constructions are demonstrated

in lattice QCD calculations with light quarks corresponding to m
⇡

= 391 MeV. Using

the distillation framework, correlation functions involving large bases of meson-meson and

tetraquark operators are computed in the isospin-1 hidden-charm and doubly-charmed

sectors, and finite-volume spectra are extracted with the variational method. We find the

spectra are insensitive to the addition of tetraquark operators to the bases of meson-meson

operators. For the first time, through using diverse bases of meson-meson operators, the

multiple energy levels associated with meson-meson levels which would be degenerate in the

non-interacting limit are extracted reliably. The number of energy levels in each spectrum

is found to be equal to the number of expected non-interacting meson-meson levels in the

energy region considered and the majority of energies lie close to the non-interacting levels.

Therefore, there is no strong indication for any bound state or narrow resonance in the

channels we study.
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Operator basis:
 tetraquarks? on it!
 4π?
glueballs? harder 
…



Remaining questions:

RB, Hansen  & Sharpe (2017)
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Amplitude analysis:
 3 particles or more? on it! 
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Remaining questions:
Operator basis:

 tetraquarks? on it!
 4π?
glueballs? harder 
…

Amplitude analysis:
 3 particles or more? on it! 
 dispersive techniques?
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Remaining questions:
Operator basis:

 tetraquarks? on it!
 4π?
glueballs? harder 
…

Amplitude analysis:
 3 particles or more? on it! 
 dispersive techniques?

Leptons:
transition processes

elastic ππ 
2.0 2.1 2.32.2 2.4 2.5

2.0 2.1 2.32.2 2.4 2.5
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0
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πγ*-to-ππ

RB, Dudek, Edwards, Thomas, Shultz, Wilson (2015)



Remaining questions:
Operator basis:

 tetraquarks? on it!
 4π?
glueballs? harder 
…

Amplitude analysis:
 3 particles or more? on it! 
 dispersive techniques?

Leptons:
transition processes? on it!
elastic processes (the future)? on it!

⇠

⌧

⌧

RB & Hansen
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Scattering processes and resonances from lattice QCD
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2
Department of Physics, College of William and Mary, Williamsburg, Virginia 23187, USA

3
Special Research Center for the Subatomic Structure of Matter (CSSM), Department of Physics,

University of Adelaide, Adelaide 5005, Australia

(Dated: June 17, 2017)

The vast majority of hadrons observed in nature are not stable under the strong inter-
action, rather they are resonances whose existence is deduced from enhancements in
the energy dependence of scattering amplitudes. The study of hadron resonances of-
fers a window into the workings of quantum chromodynamics (QCD) in the low-energy
non-perturbative region, and in addition, many probes of the limits of the electroweak
sector of the Standard Model consider processes which feature hadron resonances. From
a theoretical standpoint, this is a challenging field: the same dynamics that binds quarks
and gluons into hadron resonances also controls their decay into lighter hadrons, so a
complete approach to QCD is required. Presently, lattice QCD is the only available tool
that provides the required non-perturbative evaluation of hadron observables. In this
article, we review progress in the study of few-hadron reactions in which resonances and
bound-states appear using lattice QCD techniques. We describe the leading approach
which takes advantage of the periodic finite spatial volume used in lattice QCD calcula-
tions to extract scattering amplitudes from the discrete spectrum of QCD eigenstates in
a box. We explain how from explicit lattice QCD calculations, one can rigorously gar-
ner information about a variety of resonance properties, including their masses, widths,
decay couplings, and form factors. The challenges which currently limit the field are
discussed along with the steps being taken to resolve them.
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B. Lellouch-Lüscher formalism and its generalizations 31

C. Applications 32

IX. Contemporary Extensions 33

A. Particles with nonzero intrinsic spin 33

B. Three-particle systems 34

C. Elastic form factors of resonances 35

X. Outlook 35

References 36

XI. Numerical evaluation of F 40

0.8 0.9 1.0 1.1 1.2
0

10

20

30

40

0.6 0.7 0.8 0.9 1.0 1.1
0

5

10

15

-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

 0

 0.1

 0.2

-0.2 -0.1  0  0.1  0.2  0.3

0
2.0 2.5 3.0 3.5 4.0

30

60

90

120

150

180 P-wave ππ, Bulava et al., 2016

γ*-to-ππ, Feng et al., 2015

S-wave DK and the Ds0, Lang et al., 2014

A review/introduction



Multi-Hadron Systems from Lattice QCD
INT workshop: Seattle, WA
Feb 5-9th 2018 

WilsonHansen Sharpe





back-up slides



|�i391 ⇠

0.10

 0.12

 0.14

 0.16

 0.18

0.20

 0.22

 0.24

 16  20  24  16  20  24  16  20  24  16  20  24  16  20  24

Weinberg compositeness criterion for the σ
 The σ is a bound state, so we can apply Weinberg’s criterion

 Can relate Z to scattering information

 To obtain:
 Consistent with the large FV effects

+ + +…
p
Z

p
1� Z( )

Z ⇠ 0.3(1)

a = �2
1� Z

2� Z

1p
m⇡B�

, r = � Z

1� Z

1p
m⇡B�



-0.08

-0.06

-0.04

-0.02

 0.02

 0.04

 0.06

 0.08

0.
12

0.
12

0.02

0.02

0.04

0.04

0.06

0.06

0.08

0.08

0.10

0.10

0.12

0.12

0.14

0.14

0.16

0.16

0.18

0.18
0.

14
0.

14

-0.08 -0.06 -0.04 -0.02  0.02  0.04  0.06  0.08

0.
16

0.
16

0.
18

0.
18

0.
20

0.
20

0.
22

0.
22

−

Complex momentum plane



0.10

0.12

0.14

0.16

0.18

0.20

0.22

 16  20  24
0.14

0.18

0.22

0.26

0.30

 16  20  24
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 Use local and multi-hadron ops ~ 20-30 ops
 Evaluate all Wick contraction: distillation [Peardon, et al. (2009)]

 Variationally optimize operators [Michael (1985), Lüscher & Wolff (1990)]  
 extract ~ 30 - 100 energy levels 

 e.g., isoscalar ππ below the 2mK threshold
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