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(9 —2),: a reminder

K= guBS, pp = ——

» g = 2 in Dirac’s theory

» a, = (9 —2)/2 = F3(0) = 5= (Schwinger 1948)

» direct measurement (BNL): a, = (11659208.9 + 6.3) - 10710
» Standard Model prediction a, = (11659182.8 & 4.9) - 10710
> a; P —alf = (26.1£8.0) - 10710

Numbers from 1105.3149 Hagiwara et al.
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(9 — 2),: history and near future
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Fig. from Jegerlehner 1705.00263

Hadronic light-by-light scattering (HLbL)

New experiments: x4 improvement in accuracy => theory effort needed:
» HVP target accuracy: < 0.5%
» HLbL target accuracy: 15%.
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HVP: definitions (Euclidean space)

> primary object on the lattice: G (2) = (ju(2)7.(0)).

v

polarization tensor: I1,,,(Q) = [ d*z €'Y "G ().

v

O(4) invariance and current conservation 9,5, = 0:

L (Q) = (QuQv — 8, Q*)IL(Q).

R(s) R(S) = o(ete” —hadrons)

v

Spectral representation: p(s) =

T2n2" T 4ma(s)?/(3s)

H(Q ) Q /’m‘2 S+Q2)

| 4
b _ 42 / dQ® K(Q%m?) [I(Q?) — I1(0)]
0
.. o ap’® 4 212 _
> In the limit my, — 0: limy,, 0 -4 = 3a°11I'(Q* = 0).
i

Lautrup, Peterman & de Rafael Phys.Rept 3 (1972) 193; Blum hep-lat/0212018
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The time-momentum representation

» mixed-representation Euclidean correlator:

Glaw) = ;/d% Grn (),

> the spectral representation:

Glao) = [~ dwwtp@?) 0, g 20,
0

» Finally, the quantity a}}"p is given by

aEVP - (0[)2/.5OO dzo G(zo) f(xo),

™
= 272 4 9 8 R
f(xo) = E[_2+87E+;3+$0—;0K1(2$0)

+8log(#0) + G35 (@3
where &9 = myuxo, yg = 0.577216.. and G';" is Meijer's function.

Bernecker & Meyer 1107.4388; Mainz-CLS 1705.01775.
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TMR: a look at the integrand (light-quark conn. contribution)

G(x0) K (w0)/my

0.015

0.01

0.005

0

—0.005

0.015

0.01

0.005

—0.005

ot - ii}\ ((ls{(zi J—
N
}Hllh
ey

0=

e
0

1.5

0 |fm]

my = 190 MeV and m, = 270 MeV
signal-to-noise deteriorates at long distances

used various ways to extend
the correlator to xp = oco:

l-exponential fit: G(zo) = Ae” "V 70,
extracting my from a smeared-smeared
correlator

Exponential + 77 state:
G(z0) = Ae™™V 70 1 Be~Erneo

assumed Gounaris-Sakurai timelike pion
form factor: correct at the same time
for the dominant finite-volume effect.

Ny = 2 O(a) improved Wilson quarks: Mainz-CLS 1705.01775.
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Chiral & continuum
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» effect of applying finite-volume correction on final result: +37 - 1071°.
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Ny = 2 O(a) improved Wilson quarks: Mainz-CLS 1705.01775.
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Overview of recent lattice results for a,"”
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From H. Wittig, talk at PhiPsi conference, Mainz, 26-29 June 2017
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From discrete states on the torus to the timelike pion form factor
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HM 1105.1892
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New: TMR on Ny =2+ 1 CLS ensembles
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> ‘genuine’ spectroscopy including 7w
interpolating operators

» the first three states saturate the
correlator beyond z¢p = 1.2fm

» benefit 1: if m has been computed
with error dm, the relative error on
e~ "0 is dm -t = only linear growth
of the error.

> benefit 2: correct for finite-size effects

from having discrete instead of
continuum 77 states.

Bernecker & HM 1107.4388.
Preliminary; A. Gérardin et al. + B. Horz, J. Bulava
et al. (1511.02351).
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New: a Lorentz-covariant coordinate-space approach

» primary object: G,.(z) = (j.(2)7.(0)).
> ap® = [d'z G (@) Hu () = 27° [57 dlz| |2 (G (2) Hy (),

xuxy

Hy(z) = =8 Ha(|z) + Ha(|z])

a transverse tensor with H,;(|z|) = 3m2 fl(mu|x|) and

fa(2)

J1(2)

HM, 1706.01139.
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Hadronic light-by-light contribution to (g —2),

Columbia-RIKEN /BNL-Connecticut group: [Hayakawa et al. hep-lat/0509016]
» QCD+QED on the lattice method: fully connected [1407.2923,1510.07100]
» fully connected and leading disconnected sampling vertices [1610.04603]

> mixed analytic/numerical calculation of positions-space QED kernel
[1705.01067]

Mainz group:
> the 7° — ~*~* transition form factor [A. Gérardin, HM, A. Nyffeler 1607.08174]

» analysis of the forward v*v* — ~v*~+* scattering amplitudes
[A. Gérardin, J. Green, V. Pascalutsa et al.; 1507.01577 and in prep.]

> (semi-)analytic calculation of position-space QED kernel with averaging
over muon momentum [N. Asmussen, J. Green, HM, Nyffeler 1510.08384, 1609.08454]

HRUIZA P

Quark Wick contraction topologies
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Models for aELbL

\‘77 ,n,N
g

Contribution BPP HKS, HK KN MV BP, MdRR PdRV N, JN
‘rro, n, ﬁ" 85+13 82.7+6.4 83112 114+10 - 114£13 99 £ 16
axial vectors 2.5£1.0 1.7£1.7 - 2245 - 15 £ 10 245

scalars —6.812.0 - - - - —7x7 —7+2
T, K loops —19+13 —4.518.1 - - - —19+£19 —19+£13
e | - = - | e | - - -
quark loops 2113 9.7+11.1 — - - 2.3 (c-quark) 2143

Total 83132 89.6+15.4 80440 136125 110+40 105 + 26 116 = 39

BPP = Bijnens, Pallante, Prades '95, '96, '02; HKS = Hayakawa, Kinoshita, Sanda '95, '96; HK = Hayakawa, Kinoshita '98, '02; KN =
Knecht, AN '02; MV = Melnikov, Vainshtein '04; BP = Bijnens, Prades '07; MdRR = Miller, de Rafael, Roberts '07; PdRV = Prades, de
Rafael, Vainshtein '09; N = AN '09, JN = Jegerlehner, AN '09

Recent estimates: (mostly, much smaller axial-vector contribution)

al}LILbL = (98+26)x 10" Prades, de Rafael, Vainshtein
ap™™ = (102439) x 107" Jegerlehner, Nyffeler

In development: dispersive approaches [Colangelo, Hoferichter, Procura, Stoffer '14-'17;
Pauk, Vanderhaeghen '14].
A. Nyffeler, PhiPsi, Mainz, June 2017




The 7 — ~v*+* transition form factor from the lattice

M (p,q1) = i/d4fv MQIT{ () T (0) 7' (D)) = €uvap aF @5 Frvyere (a3, 03)

Lattice: My (p,q1) = (i"°) M}, (p,q1), where

2E, o wiT y
M (ra) = 57 [ arenm A,
~ . Ex(ty—t 3
ANV(T) = t,rl—1>m+ooe ( 4 O)C}(w) (7—7 tTF)v
CE(rita) = a® 32 (T {u(2,t)1.(0, 1) P (@, o) } ) P e 1%

T = ti — tf, t-,.— = min(tf — to,ti — to).

Ji, Jung hep-lat/0101014; Dudek, Edwards, hep-ph/0607140; Feng et al. 1206.1375; A. Gérardin,
HM, A. Nyffeler 1607.08174.
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The ¥ — v*4* transition form factor from the lattice (1)

p=0: Zkl(T) = —imﬂekliqig(ﬂ

OPE: VMD model .
VMD 2 2y _ aM
FroSes (0, 0) = =i =

too soft in the UV = does not account
for the cusp at 7 = 0.
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Double-virtual case is a prediction: no experimental data at this point.
Open question: a systematically improvable parametrization of Fy.«++ (¢}, ¢3).

A. Gérardin, HM, A. Nyffeler 1607.08174.
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Light-by-light amplitudes from the lattice

Forward helicity amplitudes: functions of the virtualities ¢? and ¢2 and
VvV =4q1-4q2,

Moy apains (@1542) = Muvpo (g1, 42) € (N1, q1) €7 (N5, 2) € (A1, q1) €7 (A2, g2) -

e.g. Mrr = L(Myy 14+ M,_ ;). Dispersive sum rule:

_ / P V' = qig5 (o0 + o2) (V)

V' (V2 —v2 — de)

Myt = Mrr(v) — Mrr(0

00,2 are the v*y* — hadrons cross-sections for total helicity O resp. 2.

o (Q1,Q2) = D (Ju(X1)Ju(X2)Jp(X3)Jo (0) p e @1 X1 X0) 1022

X1,X2,X3
Analytic continuation:
im0 1B 0_ .0 _
Muupo‘(ql,qQ) Huupa(leQQ)a qi = 7ZQi7 q= Q

no = number of temporal indices among (p, v, p, o).

1507.01577; sum rules: Pascalutsa, Pauk, Vanderhaeghen 1204.0740.
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The magnificent eight: forward light-by-light amplitudes

Q3 =0.352 GeV?
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A. Gérardin, J. Green et al. (Mainz-CLS), N; = 2 ensemble F7, 48% x 96, m, = 270 MeV




Model for photon-photon fusion cross-section

Mrr  Mpp  Mpp  Mrp Mpr Mp, Mz, Mpp

Pseudoscalar o0/2 —0og 00/2 X X X X X
Scalar o0/2 oo 00/2 X X TTL L oLL
Axial 0’0/2 —0g 0'0/2 oT]I, oLT TTL —TLT X
T agtoo gg—og a
ensor -3 oo -5 OTL oLT TTL TTL OLL
a a
Scalar QED orT TrT Trr orL oLT TTL T oLL

Contribution of meson pole to a v*v* — hadrons cross-section is proportional
2 Faryeyr (@1,03)]7
to (5(5 - M )F"/’Y [W .

» 7 — ~*~* transition form factor was determined in dedicated calculation

> seven other TFFs were parametrized by 1/(1 4 Q*/M?)* (k =1,2) and
the parameters M fitted.
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Chiral extrapolation of monopole/dipole masses
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. . HLbL - .
> with these results, new evaluation of a,, is possible.

» main limitations: only fully connected contribution, no strange quark.
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Forward LbL amplitudes: contributions of individual mesons
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HLbL

1%

Euclidean coordinate-space approach to a

HLbL me® 4 4 & e
ay, = 3 d’y [ d mﬁ[p,ff];wk(fa y) ’LHP?MV)\U(J"’y)]'

— QED QCD
=2m2|y|3d|y|

iMneles) = = [ ' 2 (5,(0)3.10) 32 () 150)).

> Li, o};uva (%, y) computed in the continuum & infinite-volume

> no finite-volume effects from the photons & affordable way (1d integral) to
sample the integrand for the fully connected contribution.

[N. Asmussen, J. Green, HM, Nyffeler 1510.08384, 1609.08454]
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Test I: contribution of the 7 to a![*t

210710
1.5-10710
i
£
= 1-1071°
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From [lll]. Dashed line = result from momentum-space integration

(Knecht & Nyffeler PRD65, 073034 (2001)).

» Contribution is perhaps surprisingly long-range.
» The observation depends to some extent on the precise QED kernel used.

» The integrand can be roughly described by the form
(cilyl* + caly[*)em=lvl.
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Test 1l: contribution of a lepton loop to alP"

o
Integrand of fermion loop contribution to auHLbL
16 : : :
14 —;"\_i rmlzzw#;i <]
12p 3 m=2m, . |
=  LF% A i me/my ap®-10°  position-space
S 08y 1 05 12201 12.575(62)(24)
ERBot 10 46497  4.706(23)(21)
sl 3 1 20 15031 1.504(7)(17)
AN
0
-0.2 L L L 1 L
0 1 2 3 4 5
my lyl

first uncertainty: estimated error of 3d integrator
second uncertainty: uncertainty from extrapolation to |y| = 0.
Remaining discrepancy: probably due to insufficient number of multipoles at large z, y.

‘Exact’ values: Laporta, Remiddi, PLB 301 (1993) 440; M. Passera, private communication.
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Conclusion

HVP:

» main difficulty: many effects enter at the few percent level,

> strong isospin breaking, 1-photon irreducible QED contributions
> finite-size effects

> quark disconnected contributions

> scale setting: need 0.3% accuracy.

> ...but rapid progress on all fronts!

» auxiliary ‘spectroscopy’ calculations needed (timelike pion FF, scale
setting).

HLbL:

» A high-quality lattice calculation of 7° — 4*~4* seems possible now.
In the near future, n,n" — ~v*y* ?

> Analysis of the eight forward light-by-light scattering amplitudes,
constraining the resonance transition form factors.

» The covariant position-space method is a promising approach.

e QCD and (g — 2),,



