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•  Kinema)cal	  Categories.	  
	  
	  
	  
	  
	  

•  What	  can	  be	  learned?	  
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What is it? 
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•  Hard	  scale	  (Q	  >>	  m)	  
	  

•  One	  observed	  hadron	  (H)	  

•  Unobserved	  par)cles	  
	  

Must	  have:	  

Op-onal:	  

•  Differen)al	  in	  PH,T	  
	  
	  

•  Integrated	  over	  PH,T	  
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Where does the hadron 
come from? 

	  
A.  Hadron	  has	  large	  transverse	  momentum.	  

•  Natural	  interpreta)on:	  Hadron	  is	  produced	  as	  part	  of	  hard	  collision.	  
	  

B.  Hadron	  has	  small	  transverse	  momentum	  but	  rapidity	  opposite	  to	  
proton.	  
•  Natural	  interpreta)on:	  Hadron	  is	  a	  decay	  product	  of	  struck	  quark	  

	  
C.  Hadron	  has	  small	  transverse	  momentum	  and	  rapidity	  in	  nearly	  same	  

direc)on	  as	  the	  proton.	  
•  Natural	  interpreta)on:	  Hadron	  is	  a	  leRover	  remnant	  of	  proton.	  

	  
D.  Hadron	  has	  small	  transverse	  momentum	  and	  rapidity.	  

•  Natural	  interpreta)on:	  Hadron	  is	  a	  non-‐perturba)vely	  produce	  of	  the	  collision	  
that	  is	  associated	  with	  neither	  the	  struck	  quark	  nor	  the	  ini)al	  proton.	  

E.  Hadron	  is	  at	  the	  border	  of	  one	  of	  the	  above.	  
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Transverse momentum  
Generated by the hard collision; 
Does not “come from” PDF or  
fragmentation function. 

l1 

Proton 

X	  

l2 

H	  

Large Transverse Momentum: 
Contribution A. 
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Small Transverse Momentum: 
Contribution B. 

Fragmentation Function: dependence on Q2, z 
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Small Transverse Momentum: 
Contribution C. 

Fracture  
Functions 
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Small Transverse Momentum: 
Contribution D. 
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Transverse	  	  
Momentum	  

Rapidity	  

TMD Factorization  
(with a 
Fragmentation  
Function) 
    

High PT Scattering: 
Collinear 
Factorization  

Target  
Region 
   (Fracture 
Function) 

Soft Region 
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Series Expansions 

	  
•  	  Interpreta)on	  needed.	  
	  
	  
•  Theorists	  like	  specific	  correla)on	  func)ons:	  

–  E.g.,	  parton	  distribu)ons,	  fragmenta)on	  func)ons,	  etc…	  
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Transverse momentum  
Generated by the hard collision; 
Does not “come from” PDF or  
fragmentation function. 

l1 

Proton 

X$

l2 

H$

Large Transverse Momentum 

Or	  Small	  PH,T	  ?	  

Small Transverse Momentum 

Fragmentation Function: dependence on Q2, z 

l1 

Proton 

l2 

H$

Small Transverse Momentum 

Fracture  
Functions 

l1 

Proton 

l2 

H$

Small Transverse Momentum 

l1 

Proton 

l2 
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•  Large	  transverse	  momentum.	  
	  

Need to address 

23	  

factor found in the previous section, what suggests the
onset of a physical mechanism different to leading or
next-to-leading-order DGLAP dynamics.

However, several non-negligible effects are present at
the particularly interesting kinematical regime of the ex-
periment, which are responsible for a large difference
between the LO and NLO estimates. The first one is the
stringent cut on the pion production angle in H1 data,
which suppresses LO and NLO contributions in a different
way. The suppression of LO configurations is proportion-
ally bigger than for NLO, implying an effective K-factor
much larger than the one found for the cross section
without cuts. The second important feature is the rather
low value of the scales involved (pT and Q2) which en-
hance the uncertainty due to the particular choice for the
factorization scale, even in the NLO calculation, as it has
been pointed in [7]. This is particularly significant for the
lowest Q2 bins. Finally, there is also a large uncertainty
factor in the theoretical prediction coming from fragmen-
tation functions. Although fragmentation functions repro-
duce fairly well e!e" annihilation into hadrons, they show
large differences when they are used to compute deep
inelastic semi-inclusive cross sections.

In Figs. 3 and 4 we show the LO and NLO predictions
for the electroproduction of neutral pions as a function of
xB and pT , respectively, in the kinematical range of the H1
experiment, together with the most recent data for the
range pT # 3:5 GeV. The cross sections are computed as
described in the previous sections, applying H1 cuts and

using MRST02 parton densities [19]. Similar results are
found using other sets of modern PDFs. For the input
fragmentation functions, we use two different sets, the
ones from reference [3] denoted as KKP and those from
[4] referenced as K. We set the renormalization and facto-
rization scales as in Eq. (27) and we compute !s at
NLO(LO) fixing !QCD as in the MRST analysis, such
that !s$MZ% & 0:1197$0:130%.

The plots clearly show some of the features mentioned
above. On the one hand, the NLO cross sections are much
larger than the LO ones, even by the required order of
magnitude in certain kinematical regions, once the forward
"0 selection applied by H1 is implemented. The position of
the maximum for the xB distribution is also shifted to lower
xB values, agreeing nicely with the experimental shape.
Cross sections differential in pT show similar features,
however the difference between LO and NLO decreases
as pT increases.

The uncertainty due to the choice of a fragmentation
functions set is also quite noticeable; this fact driven by the
different gluon content of the two sets considered here.
Low Q2 bins seem to prefer KKP set, which have a larger
gluon-fragmentation content, whereas for larger Q2 both
sets agree with the data within errors. LO estimates show a
much smaller sensitivity on the choice of fragmentation
functions, since gluon-fragmentation does not contribute
significantly to the cross section at this order.

As mentioned, the dependence of the cross section in the
choice for the renormalization and factorization scale is

0

150

300

450

600

0

25

50

75

dσ
π/d

x B  (
nb

)

2 ≤ Q2 ≤ 8 GeV2

KKP NLO
KKP LO
K NLO
K LO

8 ≤ Q2 ≤ 20 GeV2

xB

20 ≤ Q2 ≤ 70 GeV2

pT ≥ 3.5 GeV

0

10

20

10
-4

10
-3

FIG. 3 (color online). LO and NLO cross sections, including
experimental cuts as explained in the text, as a function of xB. H1
data [20] for the range pT # 3:5GeV are also shown.
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FIG. 4 (color online). Cross section as a function of pT , data
and cuts as in Fig. 3.
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String	breakup String	drawing

PYTHIA8/DIRE	at	low	energies
,	e.g.,	at W = 10	GeV:	
• average	number	of primary	hadrons	is < 6
• two	hadrons	will	be	produced	by	the	final,	somewhat ad-

hoc,	decay	of	the	string	into	two	hadrons
• for	sea-quarks	one	hadron	comes	from	a	somewhat ad-

hoc	remnant	treatment

Tuning and	possible	modifications	required.

•  Explicit	  theory	  of	  hadroniza)on.	  

	  
	  
•  Universal	  behavior	  for	  soR	  (small	  rapidity)	  hadrons?	  
	  

•  Matching	  to	  large	  transverse	  momentum.	  
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•  Does	  SIDIS	  at	  small	  transverse	  momentum	  exhibit	  
increasingly	  TMD-‐factoriza)on-‐like	  behavior	  as	  Q	  
increases?	  	  
	  
	  
	  

•  Need	  improved	  understanding	  of	  non-‐perturba)ve	  
behavior	  /	  hadroniza)on.	  	  

	  
	  

Questions 

25	  



•  Approxima)ons	  can	  be	  very	  good	  in	  mul)ple	  regions	  at	  the	  same	  
)me.	  
	  

•  Variables	  to	  catalogue	  regions?	  	  
–  E.g.,	  z	  vs.	  rapidity?	  	  

•  What	  is	  Λ	  in	  Λ/Q?	  
	  
	  
•  Large/small	  transverse	  momentum	  separa)on?	  

Need to address 
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•  If	  modifica)ons	  are	  needed,	  are	  they	  from	  higher	  orders,	  
higher	  powers,	  logarithmic	  resumma)on…	  ?	  
	  

•  Does	  cross	  sec)on	  follow	  general	  expecta)ons?	  	  
–  E.g.,	  rapidity	  plateau	  at	  large	  Q,	  universal	  behavior	  for	  soR	  hadrons	  

	  
•  Guide	  from	  experiments:	  Where	  are	  modifica)ons	  most	  

needed?	  
	  
–  Low	  Q	  vs.	  large	  Q	  
–  Low	  PT	  vs.	  Large	  PT	  
–  Low	  rapidity	  vs.	  large	  rapidity	  
	  

Need to address 
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Plateau Shape 

2 GeV2<Q2<3GeV2, 0.05 < xbj < 0.08
3 GeV2<Q2<4GeV2, 0.02 < xbj < 0.05
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Measure closeness to current 
region 

negative as to be in the current fragmentation region. As zh is
reduced, yh becomes less negative, then goes through zero, and
then becomes positive. In this last case, the fragmentation idea
is clearly inappropriate. The value of zh where yh = 0 is

zh(yh = 0) =
MhT

Q

1 + x2
nM2

p/Q
2

1 � x2
nM2

p/Q2
. (24)

At this value, the hadron is neither a left-mover nor a right-
mover in the Breit frame.

Data is often presented with plots of a distribution in PhT
with fixed bins of zh. Since we will find it convenient to take
yh instead of zh as an independent variable, it will be useful to
show where the fixed-zh plots populate the plane of PhT and
yh—Fig. 3 below. To get these, we need PhT in terms of yh and
zh:

PhT = Q

vt
z2

h(Q2 � x2
nM2

p)2

x2
nM2

pQ2 (eyp�yh + eyh�yp )2 �
M2

h

Q2

= Q

vt
z2

he2yh (Q2 � x2
nM2

p)2

(Q2 + x2
ne2yh M2

p)2
�

M2
h

Q2

= Q

vuuut z2
he2yh

⇣
1 � x2

nM2
p/Q2
⌘2

⇣
1 + e2yh x2

nM2
p/Q2
⌘2 �

M2
h

Q2 . (25)

3.2. Quark rapidity

As shown above, one source of error in factorization is gov-
erned by the rapidities of the quarks, yi and yf . To estimate
these, we need realistic estimates of the M2

iT and M2
fT to use

in Eqs. (11,12); these are needed in a non-perturbative region.
Unfortunately, theoretically motivated constraints are currently
sparse. Therefore, when we show example calculations in Sec.
3.5, we will use a range of values motivated by models used in
event generators that are fit to data.

There are several recent direct fits. In Ref. [18], values
of hk2

Ti = 0.57 ± 0.08 GeV2 and hp2
Ti = 0.12 ± 0.01 GeV2

are found for the Gaussian widths of the TMD PDF and frag-
mentation functions respectively. In Ref. [19], Gaussian widths
are found with various conditions imposed, with typical widths
for PDFs being hk2

Ti ⇡ 0.3 GeV2 and for fragmentation func-
tions hP2

Ti ⇡ 0.18 GeV2. Studies performed with the Lund
string model in DIS tend to prefer values for non-perturbative
transverse momentum between around k2

T ⇡ 0.44 GeV2 and
k2

T ⇡ 0.88 GeV2 [20]. Bag models give bound state energies to
massless quarks of roughly 0.3 GeV, consistent with the con-
stituent quark mass [21]. Studies using chiral solitons give a
typical quark o↵shellness of about 0.7 GeV2 [22]. We will as-
sume transverse masses that span roughly this range of values
and estimate

M2
iT = M2

fT = 0.5 ± 0.3 GeV2 . (26)

Future theoretical e↵orts should seek to improve on the esti-
mates. For now we will use Eq. (26).

3.3. Locating current fragmentation

To locate where consideration of current and target frag-
mentation is appropriate, we give two kinds of plot in Fig. 3.

In the top row, we have plotted the relationship in Eq. (25)
between the hadron’s transverse momentum PhT and its rapid-
ity, for several values of zh. (Note that plots of distributions in
PhT from HERMES and COMPASS are made at fixed zh.) We
show results for Q2 = 2, 10, 1000 GeV2 corresponding to the
typical JLab, COMPASS/HERMES and HERA kinematics re-
spectively at a common xbj = 0.1. We use the pion with mass
Mh ⇡ 0.14 GeV as the detected final state hadron mass. Verti-
cal colored bands display the ranges of rapidities for yi and yf
spanned by Eqs. (26).

The top row of Fig. 3 illustrates the interplay between zh and
PhT in determining the proximity to the current region. If zh is
small, PhT needs to be very small for the produced hadron to
move with a rapidity close to that of the outgoing struck quark.
At Q2 = 2 GeV2, the quark rapidity bands are not much more
than a unit of rapidity apart so that hadron rapidity switches
easily between the di↵erent quark rapidity bands and the cen-
tral region with only small changes in PhT. The small rapid-
ity di↵erence yi � yf also indicates that the applicability of the
hard-scattering picture is quite marginal. When zh ⇡ 0.8, yh is
a unit or more negative for PhT up to about half a GeV, show-
ing that there is a significant range of PhT where the hadron is
collinear to the outgoing quark. By contrast, when zh ⇡ 0.2 and
Q2 = 2 GeV2, yh and the purple yf -band are almost completely
non-overlapping. Furthermore, varying PhT by a few hundred
MeVs causes yh to shift rapidly between the current and tar-
get regions. Similar trends still appear, though to a much less
severe extent, for Q2 = 10 GeV2.

The results are rather di↵erent for the much larger value of
Q2 = 103 GeV2. Here the quark rapidity bands are separated
by nearly eight units of rapidity. Even for zh = 0.2 and PhT ⇡
1 GeV, yh is more than a unit to the left of yh = 0 and more
than five units to the left of yi. At very large Q, there is a much
broader range of yh that can be clearly labeled as current region.

Notice, from the lower kinematic limit in (22), that when
PhT is comparable to Q, yh cannot be in the current fragmenta-
tion region. This is the case even though zh can be large in this
case.

3.4. Errors at small and large Q

In this section, we quantify the applicability of collinear
kinematics by defining a quantity we call collinearity, and plot
samples of its values in the bottom row of Fig. 3.

The error estimates in Eq. (17) involve the quark and hadron
rapidities. It is instructive to find a single quantity that quanti-
fies to what extent Ph is in a current or target fragmentation
region. To this end, we note from Eqs. (8–12) that, for Ph in the
current region, we have Ph ·kf ⌧ Ph ·ki. Likewise, if the hadron
is collinear to the incoming quark, then we have Ph ·ki ⌧ Ph ·kf .
We therefore define the ratio

R(yh, zh, xbj,Q) ⌘ Ph · kf

Ph · ki
, (27)
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•  Lorentz	  invariant	  test:	  

•  Approximately	  exp(yh)	  
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Rapidity Regions  

30	  
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Fig. 3. The relationship between PhT, the collinearity parameter R , and the produced hadron’s rapidity yh in the Breit frame. Each column shows a typical kinematical 
configuration: JLab-like (left), HERMES/COMPASS-like (middle), HERA-like (right). In each panel, the dark/purple (light/pink) band on the left (right) represents the ranges 
of rapidities spanned by Eq. (26), for the outgoing (incoming) quark. Top panels: PhT versus yh for three different values of zh, as indicated in the legend. Bottom panels: 
The collinearity |R| (filled band) and its inverse |R|−1 (hashed bands), corresponding to the ranges of Eq. (26). In the HERA-like kinematics (right panels), the current 
fragmentation region is very easily identifiable since for most yh ! 0, R is small. The picture is less clear at the HERMES/COMPASS-like kinematics (middle panels). For the 
JLab-like kinematics (left panels), the distinction of the current region starts to fade. (For interpretation of the references to color in this figure legend, the reader is referred 
to the web version of this article.)

yh becomes less negative, then goes through zero, and then be-
comes positive. In this last case, the fragmentation idea is clearly 
inappropriate. The value of zh where yh = 0 is

zh(yh = 0) = MhT

Q

1 + xn
2M2

p/Q 2

1 − xn2M2
p/Q 2

. (24)

At this value, the hadron is neither a left-mover nor a right-mover 
in the Breit frame.

Data is often presented with plots of a distribution in Ph T with 
fixed bins of zh. Since we will find it convenient to take yh instead 
of zh as an independent variable, it will be useful to show where 
the fixed-zh plots populate the plane of PhT and yh—Fig. 3. To get 
these, we need PhT in terms of yh and zh:

PhT = Q

√√√√ zh
2(Q 2 − xn2M2

p)2

xn2M2
p Q 2

(
e yp−yh + e yh−yp

)2 − M2
h

Q 2

= Q

√
zh

2e2yh(Q 2 − xn2M2
p)2

(Q 2 + xn2e2yh M2
p)2

− M2
h

Q 2

= Q

√√√√ zh
2e2yh

(
1 − xn2M2

p/Q 2
)2

(
1 + e2yh xn2M2

p/Q 2
)2 − M2

h

Q 2 . (25)

3.2. Quark rapidity

As shown above, one source of error in factorization is gov-
erned by the rapidities of the quarks, yi and yf . To estimate these, 
we need realistic estimates of the M2

iT and M2
fT to use in Eqs. (11), 

(12); these are needed in a non-perturbative region. Unfortunately, 
theoretically motivated constraints are currently sparse. Therefore, 
when we show example calculations in Sec. 3.5, we will use a 

range of values motivated by models used in event generators that 
are fit to data.

There are several recent direct fits. In Ref. [19], values of ⟨k2
T⟩ =

0.57 ± 0.08 GeV2 and ⟨p2
T⟩ = 0.12 ± 0.01 GeV2 are found for the 

Gaussian widths of the TMD PDF and fragmentation functions re-
spectively. In Ref. [20], Gaussian widths are found with various 
conditions imposed, with typical widths for PDFs being ⟨k2

T⟩ ≈
0.3 GeV2 and for fragmentation functions ⟨P 2

hT⟩ ≈ 0.18 GeV2. Stud-
ies performed with the Lund string model in DIS tend to prefer val-
ues for non-perturbative transverse momentum between around 
k2

T ≈ 0.44 GeV2 and k2
T ≈ 0.88 GeV2 [21]. Bag models give bound 

state energies to massless quarks of roughly 0.3 GeV, consistent 
with the constituent quark mass [22]. Studies using chiral solitons 
give a typical quark offshellness of about 0.7 GeV2 [23]. We will 
assume transverse masses that span roughly this range of values 
and estimate

M2
iT = M2

fT = 0.5 ± 0.3 GeV2 . (26)

Future theoretical efforts should seek to improve on the estimates. 
For now we will use Eq. (26).

3.3. Locating current fragmentation

To locate where consideration of current and target fragmenta-
tion is appropriate, we give two kinds of plot in Fig. 3.

In the top row, we have plotted the relationship in Eq. (25)
between the hadron’s transverse momentum PhT and its rapidity, 
for several values of zh. (Note that plots of distributions in PhT
from HERMES and COMPASS are made at fixed zh.) We show re-
sults for Q 2 = 2, 10, 1000 GeV2 corresponding to the typical JLab, 
COMPASS/HERMES and HERA kinematics respectively at a common 
xbj = 0.1. We use the pion with mass Mh ≈ 0.14 GeV as the de-
tected final state hadron mass. Vertical colored bands display the 
ranges of rapidities for yi and yf spanned by Eqs. (26).
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Figure 4: A selection of COMPASS data from [23]. The colored points correspond to the hadron moving with rapidity smaller than some maximum value, which
has been chosen to be a quarter-way between the largest estimate of yf and the value of yh for which R = 1. This ensures that for Q2 ⇠ 10 GeV2, R . 0.25.
Within our rough order of magnitude estimate, grey points are likely to receive important contributions from non-current regions. For detailed phenomenological
calculations, it is important to improve the estimates of Eq. (26) by more precise constraints on MiT and MfT, and also to use a range of rapidity cuto↵s.
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Figure 5: A selection of HERMES data from [24]. Points are as described in Fig. 4. The larger mass of the kaon results in a larger number of points that are likely
to receive significant contributions from the non-current regions, within our rough order of magnitude estimate. For detailed phenomenological calculations, it is
important to improve the estimates of Eq. (26) by more precise constraints on MiT and MfT, and also to use a range of rapidity cuto↵s.

xbj are representative of available SIDIS measurements. The
bands represent the values spanned by Eq. (26).

In HERA-like kinematics, Q2 = 103 GeV2, |R| is very small
for most of the left side of the panel, so it is valid there to treat
the hadron as collinear to the outgoing quark (current region).
Conversely, for most of the right side of the panel, |R|�1 is very
small, so that the hadron should be considered collinear to the
incoming quark. Note that the pink and purple bands could be
widened significantly without spoiling this picture. We stress
that at large Q the current regime spans a much larger range
than just the purple band. This can be seen in the smallness of
|R| in the lowest right-hand panel in Fig. 3.

For Q2 = 103 GeV2, the central region, yh ⇡ 0, involves
|R| ⇠ |R|�1 ⇠ 1. However, for the values of zh that we have
plotted, this also corresponds to large PhT (PhT � ⇤QCD) where
collinear factorization applies.

Away from such a large Q, there is greater sensitivity to ex-
act parton kinematics. This is clear in the collinearity plots in

Fig. 3, shown for the JLab-like kinematics Q2 = 2.0 GeV2, and
for the COMPASS/HERMES-like kinematics Q2 = 10.0 GeV2.
As already noted with respect to the PhT versus yh plots in
the top row, the distinction between the ki-collinear, and kf -
collinear regions is much less clear at lower Q. Comparing
the plots on the second row with their corresponding plots for
PhT versus yh in the top panel confirms that transverse momenta
must be kept su�ciently low to maintain small |R|.

The conditions on R or yh can be translated into regions of
zh and PhT. For example, Figs. 4 and 5 show a selection of
SIDIS data from COMPASS and HERMES, respectively. In
both cases, the points in color are those for which the hadron
rapidity is smaller than some maximum value, which has been
chosen to be a quarter-way between the largest estimate of yf
and the value of yh for which R = 1. This ensures that for
Q2 ⇠ 10 GeV2, R . 0.25. We stress that, in the lower Q2 kine-
matics, better estimates are needed for M2

(i/f)T in order to evalu-
ate R more precisely. In fact, the above cut may allow for larger
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xbj are representative of available SIDIS measurements. The
bands represent the values spanned by Eq. (26).

In HERA-like kinematics, Q2 = 103 GeV2, |R| is very small
for most of the left side of the panel, so it is valid there to treat
the hadron as collinear to the outgoing quark (current region).
Conversely, for most of the right side of the panel, |R|�1 is very
small, so that the hadron should be considered collinear to the
incoming quark. Note that the pink and purple bands could be
widened significantly without spoiling this picture. We stress
that at large Q the current regime spans a much larger range
than just the purple band. This can be seen in the smallness of
|R| in the lowest right-hand panel in Fig. 3.

For Q2 = 103 GeV2, the central region, yh ⇡ 0, involves
|R| ⇠ |R|�1 ⇠ 1. However, for the values of zh that we have
plotted, this also corresponds to large PhT (PhT � ⇤QCD) where
collinear factorization applies.

Away from such a large Q, there is greater sensitivity to ex-
act parton kinematics. This is clear in the collinearity plots in

Fig. 3, shown for the JLab-like kinematics Q2 = 2.0 GeV2, and
for the COMPASS/HERMES-like kinematics Q2 = 10.0 GeV2.
As already noted with respect to the PhT versus yh plots in
the top row, the distinction between the ki-collinear, and kf -
collinear regions is much less clear at lower Q. Comparing
the plots on the second row with their corresponding plots for
PhT versus yh in the top panel confirms that transverse momenta
must be kept su�ciently low to maintain small |R|.

The conditions on R or yh can be translated into regions of
zh and PhT. For example, Figs. 4 and 5 show a selection of
SIDIS data from COMPASS and HERMES, respectively. In
both cases, the points in color are those for which the hadron
rapidity is smaller than some maximum value, which has been
chosen to be a quarter-way between the largest estimate of yf
and the value of yh for which R = 1. This ensures that for
Q2 ⇠ 10 GeV2, R . 0.25. We stress that, in the lower Q2 kine-
matics, better estimates are needed for M2

(i/f)T in order to evalu-
ate R more precisely. In fact, the above cut may allow for larger
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•  Colored	  points:	  R	  <	  .25	  
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Wish list 

•  (In	  addi)onal	  to	  polariza)on	  observables)	  
Mul)dimensional	  differen)al	  cross	  sec)ons.	  

•  Distribu)ons	  in	  rapidity.	  

•  No	  addi)onal	  cuts	  (z,	  etc)	  


