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Problem:	How	to	fit	all	of	the	data?

0.0 0.5 1.0 1.5 2.0 2.5 3.0

-0.5

0.0

0.5

1.0

θ [rad]

1114.29MeV

-0.5

0.0

0.5

1.0 1110.03MeV
-0.8

-0.6

-0.4

-0.2

0.0

0.2

0.4

0.6
1105.75MeV

-0.4

-0.2

0.0

0.2

0.4

0.6
1100.36MeV

-0.3
-0.2
-0.1
0.0

0.1

0.2

0.3

0.4 1096.03MeV
0.4

-0.3
-0.2
-0.1
0.0

0.1

0.2

0.3 1091.67MeV
-0.3

-0.2

-0.1

0.0

0.1

0.2

0.3 1087.29MeV

-0.3

-0.2

-0.1

0.0

0.1

0.2
1082.89MeV

-0.15

-0.10

-0.05

0.00

0.05

0.10 1078.47MeV

-0.10

-0.05

0.00

0.05

0.10

0.15

0.20 1074.03MeV

0.0 0.5 1.0 1.5 2.0 2.5 3.0
θ [rad]

1115.35MeV

1111.1MeV

1106.82MeV

1101.44MeV

1097.11MeV

1092.76MeV

1088.39MeV

1083.99MeV

1079.57MeV

1075.14MeV

0.0 0.5 1.0 1.5 2.0 2.5 3.0
θ [rad]

1117.47MeV

1112.16MeV

1107.88MeV

1102.52MeV

1098.2MeV

1093.85MeV

1089.48MeV

1085.09MeV

1080.68MeV

1076.25MeV

0.0 0.5 1.0 1.5 2.0 2.5 3.0
θ [rad]

1118.52MeV

1113.23MeV

1108.96MeV

1103.6MeV

1099.28MeV

1094.93MeV

1090.58MeV

1086.19MeV

1081.77MeV

1077.36MeV

0 200 400 600 800 1000
0

500

1000

1500

2000

σ
T

σ
T

σ
T

σ
T

σ
T

σ
T

σ
T

σ
T

σ
T

σ
T

S.	Schumann	et	al.	[A2	Collaboration],	Phys.	Lett.	B	750,	252	(2015).



Multipole	Parameterization

• No	angular	dependence
• Energy-dependent	

parameterization
• All	observables	can	be	

expressed	as	bilinear	
superposition	of	multipoles

• Parameterization	includes	
S,	P,	and	D	waves
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Multipole	Parameterization

• No	angular	dependence
• Energy-dependent	

parameterization
• All	observables	can	be	

expressed	as	bilinear	
superposition	of	multipoles

• Parameterization	includes	
S,	P,	and	D	waves

Threshold	
behavior

Simple	
Taylor	Series



Different	models	can	give	satisfactory	fits.	How	do	we	
determine	the	optimal	one?

All	solutions	pass	Pearson’s	Chi-
Squared	test.

Orange	Solution- 52	parameters

Red	Solution	– 13	parameters
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Least	Absolute	Shrinkage	and	Selection	Operator					
(LASSO)



Lasso	Example:	Fit	to	data	from	toy	model	with	known	best	
parameters

Red- Non-Zero	Parameters					Gray- Zero-Parameters



Normal	X2
Penalty	Term

LASSO	is	capable	of	setting	coefficients	exactly	to	zero

Simultaneous
minimization	of	𝜒#

and	Penalty Lines	of	constant	𝜒#

Penalty	Constraint



How	to	decide	best	value	of	λ?
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Toy	Model	Results

• Generate	data	from	a	toy	model	
using	a	9	parameter	model	(	2	real	S-
waves,	1	imaginary	S-wave,	and	2	real	
P1,2,3 –waves	shown	in	blue

• LASSO	(red)	eliminates	36	parameters	
from	a	46	parameter	fit	(orange)	and
reconstructs	the	true	solution	(blue)	
quite	accurately

• LASSO	sets	all	imaginary	parts	of	P-
waves		and	D- waves	correctly	to	0

• LASSO	solution	predicts	true	solution	
quite	accurately	beyond	the	fitted	
Wmax =1120	MeV
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Analysis	of	Real	Data	(	Differential	Cross	Section	)
Only	best	fit	shown	in	red



Analysis	of	Real	Data	(	Target	Polarization)
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Analysis	of	Real	Data	(	Beam	Assymetry )
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Extraction	of	Multipoles

46	parameter	fit

10	parameter	fit

SE	Extraction:	D.	Hornidge et	al.	
Phys.	Rev.	Lett.	111,	062004(2013)
SE	Extraction:	S.	Schumann	et	al,
Phys.	Lett.	B	750,	252	(2015).





Conclusions

LASSO	provides	automatized	and	blindfolded	method	to	scan	larges	
classes	of	models	and	select	the	simplest	one

In	the	case	of	pion	photo-production	LASSO	fit	results	provide	optimal	
accuracy	and	predictability.

LASSO	has	great	potential	to	be	used	with	resonance	data	and	address	
missing	resonance	problem



Solution— The	LASSO



The	F-Test
We	implemented	an	F-test	to	compare	the	two	models:

y	=	1.64	<	y	=	2.63,	indicating	that	the	over	fit	is	indeed	not	significantly	
better	than	the	simplest	fit.	

Other	statistical	tests	lead	to	similar	conclusions

Shapiro	Wilk

Kolmogorov	Smirnov

Anderson	Darling

k:	Number	of	parameters	in	model	1
m+k:	Number	of	parameters	in	model	2
n	:	Number	of		of	data	points

Shapiro Wilk

Kolmogorov Smirnov

Anderson Darling

0 1 2 3 4 5
0.0

0.2

0.4

0.6

0.8

λ

p-
va
lu
e


