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Factorization

P+P → H+X, P+P → l+ + l− +X.

Figure: IR modes have the same virtuality.

The gauge boson recoils against soft and collinear radiation

Need a regulator ν that breaks boost invariance to factorize the Soft
from the collinear sector
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Factorization

Transverse momentum cross section

dσ

dq2
Tdy

∝ H(
µ

Q
)×

∫
d2 ~pTS( ~qTs , µ, ν)×

f ⊥1 (x1, ~qT1, µ, ν,Q)f ⊥2 (x2, ~qT2, µ, ν,Q)δ2( ~qT − ~qTs − ~qT1 − ~qT2)

Virtuality of hard modes ∼ Q

Virtuality of IR modes spread over a wide range of transverse
momentum.

RG equations in momentum space are convolutions of distributions
functions and hard to solve directly a.

aA recent paper 1611.08610 makes an attempt
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Factorization

b space formulation

dσ

dq2
Tdy

∝ H(
µ

Q
)

∫
bdbJ0(bqT )S(b, µ, ν)f ⊥1 (x1, b, µ, ν,Q)f ⊥2 (x2, b, µ, ν,Q)

RG equations in b space are simple

µ
d

dµ
Fi (µ, ν, b) = γ iµFi (µ, ν, b), Fi ∈ (H,S , f ⊥i )

ν
d

dν
Gi (µ, ν, b) = γ iνGi (µ, ν, b), Gi ∈ (S , f ⊥i )∑

Fi

γ iµ =
∑
Gi

γ iν = 0
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Resummation

Resum large logarithms of the form log(Q/qT )

Figure: Choice of resummation path.
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Scale choice in b space

Question

Do we make a scale choice in b space or momentum space?

Scale choice which exactly minimizes Logarithms µH , νH ∼ Q,
µS , νS ∼ 1/b.

Equivalent to CSS formalism up to central values → resumming
log (Qb).

Landau pole → modelling non-perturbative effects.

Independent scale variations in µ, ν → reliable error estimation.

Smooth matching to fixed order at high qT using profiles in µ, ν.
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Scale choice in momentum space

Can we choose a particular physical scales in momentum space for µ and
ν? No!

Attempt at Leading Log ∼ αn
s log

n+1(µH/µL)

Assume a power counting αs log(Q/µL), log(µLb) ∼ 1

dσ

dq2
t

∝ ULL
H (H, µL)δ2(qt)

Trivial result at non zero qT

Necessarily need a b space term
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Scale choice in momentum space

Attempt at NLL → running Soft function in ν

dσ

dq2
t

∝ UNLL
H (H, µL)

∫
dbbJ0(bqt)US(νH , νL, µL)

= UNLL
H (H, µL)

∫
dbbJ0(bqt)

(
µ2
Lb

2
0

)Γ
(0)
cusp

α(µL)

2π
log(

νH
νL

)

= 2UNLL
H (H, µL)e−2ωsγE

Γ[1− ωs ]

Γ[ωs ]

1

µ2
L

(
µ2
L

q2
T

)1−ωs

,

ωs = −Γ
(0)
cusp

α(µL)

2π
log(

νH
νL

)

Still does not work, singular at ωs ∼ 1
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Scale choice in momentum space

Divergence caused due to single log structure (log(µLb)) in the Soft
exponent

Contribution from highly energetic soft contributions.

Need damping at low b to stabilize b space exponent.

µH , νH ∼ Q fixed at the hard scale in momentum space.
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Scale choice in momentum space

Resum all logarithms of the form αs log2(µb0)

A choice for ν in b space → include sub-leading terms

νL =
µnL
b1−n

0

, n =
1

2

(
1− α(µL)

β0

2π
log(

νH
µL

)

)

Soft exponent at NLL → Quadratic in log(µLb0)

log(UNLL
S (νH , νL, µL)) = 2Γ

(0)
cusp

α(µL)

2π
×(

log(
νH
µL

) log(µLb0) +
1

2
log2(µLb0) + α(µL)

β0

4π
log2(µLb0) log(

νH
µL

)

)
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Scale choice in momentum space

A choice for µL in momentum space

A choice that justifies the power counting log(µLb0) ∼ 1

A choice that will minimize contributions from residual fixed order
logs logn(µLb0).

Scale shifted away from qT due to complicated b space exponent.

Figure: µ scale choice in momentum space.
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Scale choice in momentum space

Figure: Percentage contribution of the fixed order logs as a function of the scale
choice µ.

µL ∼ 1/b∗, b∗ is the value at which b space integrand peaks
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Analytical expression for cross section

Mellin-Barnes representation of Bessel function

Polynomial integral representation for Bessel function is needed

J0(z) =

∫ c+i∞

c−i∞
dt

Γ[−t]

Γ[1 + t]

(
1

2
z

)2t

b space integral

US = C1Exp[−A log2(Ub)]

Ib =

∫ ∞
0

bJ0(bqT )US No Landau pole

= C1

∫ i∞

−i∞
dt

Γ[−t]

Γ[1 + t]

∫ ∞
0

dbb(
bqT

2
)2tExp[−A log2(Ub)]
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Analytical expression for cross section

Ib =
C1

U2

√
π

A

∫ c+i∞

c−i∞
dt

Γ[−t]

Γ[1 + t]
Exp[(1 + t)2/A− 2t log(

2U

qT
)]

Integral along contour in t space suppressed by by exponential

Suppression controlled by 1/A ∼ 4π
αs

1/Γ
(0)
cusp

A gaussian fit for f(t) = Γ[−t]/Γ[1 + t]

fR(x) = g1 + g2Exp[−g3x
2]

fI (x) = f1xExp[−f2x2] + f3 sin(f4x)

Fit independent of observable or kinematics
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Analytical expression for cross section

Figure: Fit for real and imaginary parts of f(t), c is chosen to be -0.65

Contour is parametrized as t = c+i x

Region of contribution restricted between x = ±1 for A ≤ 0.5
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Analytical expression for cross section

Ib = 2C1e

[
−A log2

(
2U
qT

)]
×

1

q2
T

g1 +
g2e

[
A2C2

2 g3
(1+Ag3)

]
√

1 + Ag3
− Af1C2e

[
A2C2

2 f2
(1+Af2)

]
2(1 + Af2)3/2

− f3e

[
−Af 2

4
4

]
sinh(AC2f4)


Parameters at NLL

A = −2Γ
(0)
cusp

α(µL)

4π

(
1 +

α(µL)β0

2π
log(

νH
µL

)

)
C1 = Exp[A log2(η)], U = µLη

η = Exp
[ log(νH/µL)

1 + α(µL)β0

2π log(νHµL )

]
, C2 =

(1 + c)

A
− log(

2U

qT
)
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Numerical results

Easily extended to NNLL, b space exponent kept quadratic in log(µb)

Figure: Resummation in momentum space.

Excellent convergence for both the Higgs and Drell-Yan spectrum
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Comparison with b space resummation

Figure: comparison of nnll cross section in two schemes

Difference of the order of sub-leading terms
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Summary

Implementation momentum space resummation for transverse spectra
of gauge bosons

Rapidity choice in impact parameter space

Virtuality choice in momentum space.

Analytical expression for cross section obtained for the first time

Outlook

Non-perturbative effects need to be included for low Q.
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