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Initial conditions and hydrodynamics at high energies: (Tribedy,Schenke,Venugopalan)
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Figure 1: Typical transverse energy density profiles e(x, y) from the IP-Glasma model (74) for a semiperiph-

eral (b= 8 fm) Au+Au collision at
√

s= 200A GeV, at times τ = 0.01, 0.2, and 5.2 fm/c. From τ = 0.01 fm/c

to 0.2 fm/c the fireball evolves out of equilibrium according to the Glasma model (68–71); at τ = 0.2 fm/c

the energy momentum tensor from the IP-Glasma evolution is Landau-matched to ideal fluid form (for

technical reasons (66) the viscous pressure components are set to zero at the matching time) and henceforth

evolved with viscous Israel-Stewart fluid dynamics, assuming η/s = 0.12 for the specific shear viscosity. The

pre-equilibrium Glasma evolution is seen to somewhat wash out the large initial energy density fluctuations.

The subsequent viscous hydrodynamic evolution further smoothes these fluctuations. The asymmetric pres-

sure gradients due to the prominent dipole asymmetry in the initial state of this particular event (visible

as a left-right asymmetry of the density profile in the left panel) is seen to generate a dipole (“directed

flow”) component in the hydrodynamic flow pattern that pushes matter towards the right during the later

evolution stages.
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Figure 2: Primordial fluctuation power spectrum of the Little Bangs created in

2.76 ATeV Pb+Pb collisions of different centralities, from three different initial-

state models (IP-Sat, MC-Glauber, MC-KLN).
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Figure 8: (a) Integrated elliptic flow at 2.76 TeV in the 20–30% centrality class compared with results

from lower energies taken at similar centralities. (From (119).) (b) The v2(pT ) for pions and protons

measured by STAR compared to hydrodynamic calculations with different eccentricities and η/s.

(From (97).)
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Figure 9: (a) The centrality dependence of vn{2} from 2.76 ATeV Pb+Pb collisions measured by AL-

ICE (125) compared to viscous hydrodynamic model calculations (66). (b) Comparison of vn(pT ) for

the same collision system at 20−30% centrality from ATLAS (126) with hydrodynamical calculations,

using both a constant average and a temperature dependent η/s (66).

CGC Initial  Conditions Hydro Result

1. Large gradients

2. Gradients comparable to the mean free path

We will consistently map the IP-Glasma (CGC) initial conditions to hydrodynamics

using QCD kinetic theory



Mapping the CGC fluctuating initial conditions to hydro

⌧0 ⇠ 1/Qs

⌧h ⇠ 1 fm

Rnuc Rprot `mfp

CGC

Hydro

Use QCD kinetic theory to map the CGC initial state to hydrodynamics with approximations:

Rnuc � Rprot ∼ `mfp



Mapping the CGC fluctuating initial conditions to hydro

⌧0 ⇠ 1/Qs

⌧h ⇠ 1 fm

Rnuc Rprot `mfp

2 c ⌧h

CGC

Hydro

causal circle

Causality limits the equilibration dynamics within a causal circle

Rnuc � Rprot ∼ `mfp ∼ cτh



An approximation scheme for the equilibration dynamics:

2 c (⌧ � ⌧0)

look in causal circle
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e(τ) + δe(τ,x)

1. Determine the evolution of the average (homogeneous) background

2. Construct a Green function to propagate the linearized fluctuations.

δe(τ,x)

e(τ)︸ ︷︷ ︸
final energy perturb

=

∫
d2x′E(|x− x′|; τ, τo)

δe(τ0,x
′)

e(τ0)︸ ︷︷ ︸
initial energy perturb

Determines the energy density e(τ) + δe(τ,x) for hydrodynamics



An approximation scheme for the equilibration dynamics:
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1. Determine the evolution of the average (homogeneous) background

2. Construct a green functions to propagate the linearized fluctuations

δgi(τ,x)

e(τ)︸ ︷︷ ︸
final momentum perturb

=

∫
d2x′niG(|x− x′|; τ, τo)

δe(τ0,x
′)

e(τ0)︸ ︷︷ ︸
initial energy perturb

Determines the energy and momentum (gi ≡ T 0i) densities for hydrodynamics



Pre-equilibrium evolution of transverse perturbations:

∂τf +
p

|p| · ∇f −
pz
τ
∂pzf

︸ ︷︷ ︸
Bjorken expansion

= −C2↔2[f ]︸ ︷︷ ︸− C1↔2[f ]︸ ︷︷ ︸ ,

Gluon distribution function for background and perturbations

f = f̄p︸︷︷︸
uniform background

+ δfk⊥,pe
ik⊥·x⊥

︸ ︷︷ ︸
transverse perturbations

.

(∂τ −
pz
τ
∂pz)f̄p = −C[f̄ ] background

(∂τ −
pz
τ
∂pz +

ip⊥ · k⊥
p

)δfk⊥,p = −δC[f̄ , δf ] perturbation

Compute energy δe ≡ δT 00 and momentum gx ≡ T 0x perturbations versus time.



Evolution of the background

• Follows the setup of bottom-up thermalization Baier, Mueller, Schiff, Son (2001)

Berges, Boguslavski, Schlichting, Venugopalan (2014)

• Builds upon the first numerical realization Kurkela, Zhu (2015)

p2f(p⊥, pz)

pz

p
⊥

Qs⌧ = 1 anisotropic Initialization:

1. Partons are initialized with:

〈
p2⊥
〉
∼ Q2

s

〈
p2z
〉
' 0

2. Take a coupling constant of αs = 0.3

λ ≡ 4παsNc = 10︸ ︷︷ ︸
theorists variable



Evolution of the background

• Follows the setup of bottom-up thermalization Baier, Mueller, Schiff, Son (2001)

Berges, Boguslavski, Schlichting, Venugopalan (2014)

• Builds upon the first numerical realization Kurkela, Zhu (2015)

p2f(p⊥, pz)

pz

p
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Qs⌧ = 5 Initialization:

1. Partons are initialized with:

〈
p2⊥
〉
∼ Q2

s

〈
p2z
〉
' 0

2. Take a coupling constant of αs = 0.3

λ ≡ 4παsNc = 10︸ ︷︷ ︸
theorists variable



Evolution of the background

• Follows the setup of bottom-up thermalization Baier, Mueller, Schiff, Son (2001)

Berges, Boguslavski, Schlichting, Venugopalan (2014)

• Builds upon the first numerical realization Kurkela, Zhu (2015)

p2f(p⊥, pz)

pz

p
⊥

Qs⌧ = 20 minijet 
quenching

Initialization:

1. Partons are initialized with:

〈
p2⊥
〉
∼ Q2

s

〈
p2z
〉
' 0

2. Take a coupling constant of αs = 0.3

λ ≡ 4παsNc = 10︸ ︷︷ ︸
theorists variable



Evolution of the background

• Follows the setup of bottom-up thermalization Baier, Mueller, Schiff, Son (2001)

Berges, Boguslavski, Schlichting, Venugopalan (2014)

• Builds upon the first numerical realization Kurkela, Zhu (2015)

p2f(p⊥, pz)

pz

p
⊥

Qs⌧ = 500 Isotropic Initialization:

1. Partons are initialized with:

〈
p2⊥
〉
∼ Q2

s

〈
p2z
〉
' 0

2. Take a coupling constant of αs = 0.3

λ ≡ 4παsNc = 10︸ ︷︷ ︸
theorists variable



Approach to 2nd order hydro:

• We will check the constitutive relation: c2s = 1
3

, η/s = 0.63 for λ = 10

T zz(e) = 1
3e−

4

3

η

τ
− 8

9

ητπ − λ1
τ2︸ ︷︷ ︸

hydro prediction
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See approach 2nd order hydro by Qsτ ' 20 for λ = 10



Do the perturbations obey 2nd order hydro ?

δT xx(k, e) =
δe

e

[
c2s + . . .

]
+
gx

e
[−ikη + . . .]

︸ ︷︷ ︸
Hydro prediction (2nd order constitutive relation)
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The perturbations are still approximately hydro-like for kRproton
>∼ 1



Constructing the Green functions:

δe(τ0,x
′)

e(τ0)
,
∂xe(τ0,x

′)
e(τ0)

Green

functions

E(x; τ, τ0)

G(x; τ, τ0)

δe(τ,x)

e(τ)
,
gx(τ,x)

e(τ)



Constructing the Green functions:

δe(τ0,x
′)

e(τ0)
,
∂xe(τ0,x

′)
e(τ0)

Green

functions

E(x; τ, τ0)

G(x; τ, τ0)

δe(τ,x)

e(τ)
,
gx(τ,x)

e(τ)



Green functions in coordinate space

δe(τ,x)

e(τ)
=

∫
d2x′E(|x− x′|; τ, τo)︸ ︷︷ ︸

Green function

δe(τ0,x
′)

e(τ0)
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Start to see significant deviations from free streaming by Qsτ = 20

(when you should start using hydro)



Very late times the response approaches hydrodynamics

δe(τ,x)

e(τ)
=

∫
d2x′E(|x− x′|; τ, τo)︸ ︷︷ ︸

Green function

δe(τ0,x
′)

e(τ0)
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At late times the Green function is an outgoing sound pulse as expected.



Dependence on the shear viscosity (or coupling constant) and a scaling variable

1. Changing the coupling constant changes the relaxation time:

τR ≡
η

sT︸ ︷︷ ︸
kinetic estimate for relaxation time

2. Measure time in units of the relaxation time to compare couplings:

w(τ)︸ ︷︷ ︸
scaled time

∝
∫ τ

τ0

dτ ′

τR(τ ′)

3. At late times the temperature is

T∞(τ) =
C

τ1/3
and w ∝ Cτ2/3

(η/s)
∝ τT∞(τ)

η/s

4. And thus define the scaling variable:

w ≡ τT∞(τ)

4π(η/s)
≡ integrated number of relaxation times up to time τ



Scaling of background stress tensor (Heller,Kurkela,Romatschke)
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The equilibration of the background and perturbations (not shown) lie on a universal curve.

All dependence on η/s is in the scaling variable w.



A practical algorithm

⌧0 ⇠ 1/Qs

⌧h ⇠ 1 fm

causal circle

Find the number of relaxation times, w, between τ0 and τh for given η/s



Putting it all together: the energy density at the center in a complete model

(i) IP Glasma (ii) Linearized Kinetic Theory (iii) Hydrodynamics
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See a smooth transition to hydro independent of τh.

Many more plots to come – see A. Mazeliauskas at QM2017 next week!



Summary – Use QCD kinetics to smoothly match to hydro at late times
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More to come – Thank you!



Rescaling of response perturbations in k-space

δe(k, τ)

e(τ)
= E(k, τ, τ0)

δe(k, τ)

e(τ)
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λ = 10, η/s ≈ 0.63

λ = 15, η/s ≈ 0.35

λ = 20, η/s ≈ 0.23

kτ = k


