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Process-independent strong running coupling
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We unify two widely different approaches to understanding the infrared behaviour of quantum
chromodynamics (QCD), one essentially phenomenological, based on data, and the other computa-
tional, realised via quantum field equations in the continuum theory. Using the latter, we explain
and calculate a process-independent running-coupling for QCD, a new type of effective charge that
is an analogue of the Gell-Mann–Low effective coupling in quantum electrodynamics. The result is
almost identical to the process-dependent effective charge defined via the Bjorken sum rule, which
provides one of the most basic constraints on our knowledge of nucleon spin structure. This re-
veals the Bjorken sum to be a near direct means by which to gain empirical insight into QCD’s
Gell-Mann–Low effective charge.

1: Introduction.— In quantum gauge field theories de-
fined in four spacetime dimensions, the Lagrangian cou-
plings and masses do not remain constant. Instead, ow-
ing to the need for ultraviolet (UV) renormalisation, they
come to depend on a mass scale, which can often be re-
lated to the energy or momentum at which a given pro-
cess occurs. The archetype is quantum electrodynamics
(QED), for which a sensible perturbation theory can be
defined [1]. Within this framework, owing to the Ward
identity [2], there is a single running coupling, measur-
ing the strength of the photon–charged-fermion vertex,
which can be obtained by summing the collection of vir-
tual processes that change the bare photon into a dressed
object, viz. by computing the photon vacuum polarisa-
tion. QED’s running coupling is known to great accuracy
[3] and the running has been observed directly [4, 5].

A new coupling appears when electromagnetism is
combined with weak interactions to produce the Stan-
dard Electroweak Model [6]. It may be characterised by
sin2 θW , where θW is a scale-dependent angle which spec-
ifies the particular mixing between the model’s defining
neutral gauge bosons that produces the observed photon
and Z0-boson. A perturbation theory can also be de-
fined for the electroweak theory [7] so that sin2 θW can
be computed and compared with precise experiments [3].

At first sight, the addition of quantum chromodynam-
ics (QCD) [8] to the Standard Model does not quali-
tatively change anything, despite the presence of four
possibly distinct strong-interaction vertices (gluon-ghost,
three-gluon, four-gluon and gluon-quark) in the renor-
malised theory. An array of Slavnov-Taylor identities
(STIs) [9, 10], implementing BRST symmetry [11, 12]
(a generalisation of non-Abelian gauge invariance for the
quantised theory) ensures that a single running coupling
characterises all four interactions on the domain within
which perturbation theory is valid. The difference here
is that whilst QCD is asymptotically free and extant ev-

idence suggests that perturbation theory is valid at large
momentum scales, all dynamics is nonperturbative at
those scales typical of everyday strong-interaction phe-
nomena, e.g. ζ ! mp, where mp is the proton’s mass.

The questions that arise are how many distinct run-
ning couplings exist in nonperturbative QCD, and how
can they be computed? Given that there are four individ-
ual, apparently UV-divergent interaction vertices in the
perturbative treatment of QCD, there could be as many
as four distinct couplings at infrared (IR) momenta. (Of
course, if nonperturbatively there are two or more cou-
plings, they must all become equivalent on the perturba-
tive domain.) In our view, nonperturbatively, too, QCD
possesses a unique running coupling. The alternative ad-
mits the possibility of a different renormalisation-group-
invariant (RGI) intrinsic mass-scale for each coupling and
no guarantee of a connection between them. In such cir-
cumstances, BRST symmetry would likely be irreparably
broken by nonperturbative dynamics and one would be
pressed to conclude that QCD was non-renormalisable
owing to IR dynamics. There is no empirical evidence
to support such a conclusion: QCD does seem to be a
well-defined theory at all momentum scales, owing to the
dynamical generation of gluon [13–18] and quark masses
[19–21], which are large at IR momenta.

2: Process-independent running coupling.—Poincaré co-
variance is of enormous importance in modern physics,
e.g. it places severe limitations on the nature and number
of those independent amplitudes that are required to fully
specify any one of a gauge theory’s n-point Schwinger
functions (Euclidean Green functions). Analyses and
quantisation procedures that violate Poincaré covariance
lead to a rapid proliferation in the number of such func-
tions. For example, the gluon 2-point function (propaga-
tor, Dµν) is completely specified by one scalar function
in the class of linear covariant gauges; but, in the class of
axial gauges, two unconnected functions are required and
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