
First attempts at a global fit of  
unpolarized Transverse Momentum Distributions

In questo manuale sono illustrate 
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In a nutshell

〈��〉=�� ����
〈�〉=�����

�

�

�

�

��

�
��
�
��

��
���
���
���

��� ��� ���
��� [���]

〈��〉=�� ����
〈�〉=�����

�

�

�

�

��

�
��
�
��

��
���
���
���

〈��〉=��� ����
〈�〉=�����

�

�

�

�

��

�
��
�
��

��
���
���
���

〈��〉=�� ����
〈�〉=�����

��� ��� ���
��� [���]

〈��〉=�� ����
〈�〉=�����

〈��〉=��� ����
〈�〉=�����

〈��〉=�� ����
〈�〉=�����

��� ��� ���
��� [���]

〈��〉=�� ����
〈�〉=�����

〈��〉=��� ����
〈�〉=�����

〈��〉=�� ����
〈�〉=�����

�

�

�

�

��

�
��
�
��

��
���
���
���

〈��〉=��� ����
〈�〉=�����

��� ��� ���
��� [���]

〈��〉=�� ����
〈�〉=�����

Bacchetta, Delcarro, Pisano, Radici, Signori, in preparation

3



In a nutshell

〈��〉=�� ����
〈�〉=�����

�

�

�

�

��

�
��
�
��

��
���
���
���

��� ��� ���
��� [���]

〈��〉=�� ����
〈�〉=�����

�

�

�

�

��

�
��
�
��

��
���
���
���

〈��〉=��� ����
〈�〉=�����

�

�

�

�

��

�
��
�
��

��
���
���
���

〈��〉=�� ����
〈�〉=�����

��� ��� ���
��� [���]

〈��〉=�� ����
〈�〉=�����

〈��〉=��� ����
〈�〉=�����

〈��〉=�� ����
〈�〉=�����

��� ��� ���
��� [���]

〈��〉=�� ����
〈�〉=�����

〈��〉=��� ����
〈�〉=�����

〈��〉=�� ����
〈�〉=�����

�

�

�

�

��

�
��
�
��

��
���
���
���

〈��〉=��� ����
〈�〉=�����

��� ��� ���
��� [���]

〈��〉=�� ����
〈�〉=�����

�=���

-��

-�

�

�

��

��

�σ
/�
� �

(�
��
�
��
��
��

)

� � �
��[���]

����� � = ���� ���

�=����

�

�

��

��

��

�σ
/�
� �

(�
��
�
��
��
��

)

� � �
��[���]

����� � = ���� ���

E288

Bacchetta, Delcarro, Pisano, Radici, Signori, in preparation

3



In a nutshell

〈��〉=�� ����
〈�〉=�����

�

�

�

�

��

�
��
�
��

��
���
���
���

��� ��� ���
��� [���]

〈��〉=�� ����
〈�〉=�����

�

�

�

�

��

�
��
�
��

��
���
���
���

〈��〉=��� ����
〈�〉=�����

�

�

�

�

��

�
��
�
��

��
���
���
���

〈��〉=�� ����
〈�〉=�����

��� ��� ���
��� [���]

〈��〉=�� ����
〈�〉=�����

〈��〉=��� ����
〈�〉=�����

〈��〉=�� ����
〈�〉=�����

��� ��� ���
��� [���]

〈��〉=�� ����
〈�〉=�����

〈��〉=��� ����
〈�〉=�����

〈��〉=�� ����
〈�〉=�����

�

�

�

�

��

�
��
�
��

��
���
���
���

〈��〉=��� ����
〈�〉=�����

��� ��� ���
��� [���]

〈��〉=�� ����
〈�〉=�����

���
� = ��� ���

�

��

��

��

��

��

�/
σ
�σ

/�
� �

[�
��

-�
]

��
� = ��� ���

���
� = ���� ���

�

��

��

��

��

��

�/
σ
�σ

/�
� �

[�
��

-�
]

� �� �� ��
��[���]

��
� = ���� ���

� �� �� ��
��[���]

�=���

-��

-�

�

�

��

��

�σ
/�
� �

(�
��
�
��
��
��

)

� � �
��[���]

����� � = ���� ���

�=����

�

�

��

��

��

�σ
/�
� �

(�
��
�
��
��
��

)

� � �
��[���]

����� � = ���� ���

E288

Bacchetta, Delcarro, Pisano, Radici, Signori, in preparation

3



In a nutshell

〈��〉=�� ����
〈�〉=�����

�

�

�

�

��

�
��
�
��

��
���
���
���

��� ��� ���
��� [���]

〈��〉=�� ����
〈�〉=�����

�

�

�

�

��

�
��
�
��

��
���
���
���

〈��〉=��� ����
〈�〉=�����

�

�

�

�

��

�
��
�
��

��
���
���
���

〈��〉=�� ����
〈�〉=�����

��� ��� ���
��� [���]

〈��〉=�� ����
〈�〉=�����

〈��〉=��� ����
〈�〉=�����

〈��〉=�� ����
〈�〉=�����

��� ��� ���
��� [���]

〈��〉=�� ����
〈�〉=�����

〈��〉=��� ����
〈�〉=�����

〈��〉=�� ����
〈�〉=�����

�

�

�

�

��

�
��
�
��

��
���
���
���

〈��〉=��� ����
〈�〉=�����

��� ��� ���
��� [���]

〈��〉=�� ����
〈�〉=�����

���
� = ��� ���

�

��

��

��

��

��

�/
σ
�σ

/�
� �

[�
��

-�
]

��
� = ��� ���

���
� = ���� ���

�

��

��

��

��

��

�/
σ
�σ

/�
� �

[�
��

-�
]

� �� �� ��
��[���]

��
� = ���� ���

� �� �� ��
��[���]

�=���

-��

-�

�

�

��

��

�σ
/�
� �

(�
��
�
��
��
��

)

� � �
��[���]

����� � = ���� ���

�=����

�

�

��

��

��

�σ
/�
� �

(�
��
�
��
��
��

)

� � �
��[���]

����� � = ���� ���

E288

Bacchetta, Delcarro, Pisano, Radici, Signori, in preparation

3

Pavia 2016: first TMD fit putting together  

SIDIS + Drell-Yan + Z production 



Some introduction



Standard parton distribution functions
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Standard collinear PDFs describe the distribution of partons in one dimension in momentum space

Transverse plane

↑

k+ = xP+

Longitudinal momentum
partons
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FIG. 3: Uncertainty bands for the u, d, d̄ + ū, d̄ − ū, s and g PDFs for the CJ12mid fit at

Q2 = 100 GeV2, shown on logarithmic (left) and linear (right) scales in x. Note that in the left

panel the gluon is scaled by 1/10.

well constrained by proton DIS data. The χ2 for the W asymmetry data does show a

significant increase as the magnitude of the nuclear corrections increases beyond its middle

value, indicating a preference for mild to medium nuclear corrections.

In this regard it is interesting to compare our results to those of the recent analysis

in Ref. [83], which included nuclear corrections for deuterium targets in DIS using a 4-

parameter, Q2-independent phenomenological function with the parameters varied in the

fit. The resulting correction factor, shown in Fig. 11 of Ref. [83], can be compared to those

in Fig. 2 above. Their fitted form lies between the curves for the CJ12min and CJ12mid

fits, as might be expected since these two fits have nearly identical values for χ2, while the

CJ12max value is higher. As noted above, much of the increase in χ2 for the CJ12max set is

due to the CDF W asymmetry data, which is also included in the fit of Ref. [83]. Although

this comparison is not exact, since our nuclear corrections are Q2 dependent [84] and those

in Ref. [83] are not, it is consistent with our observation that the nuclear model choices

made for the CJ12min and CJ12mid sets are preferred by the data.

The CJ12mid PDFs are shown in Fig. 3 at Q2 = 100 GeV2 with the PDF error bands

calculated as described in Sec. II E, on both logarithmic and linear x scales. The latter more

graphically illustrates the behavior of the PDFs at large values of x, where the uncertainties

from nuclear and finite-Q2 corrections are greatest. The error bands are shown in more

detail in Fig. 4, and compared to the CJ12min and CJ12max sets. It is clear that the

effects of nuclear corrections are strongest on the d PDF, with the others showing little or

14

CTEQ-JLAB 12 set, Owens, Accardi, Melnitchouk, PRD87 (13)

Standard collinear PDFs describe the distribution of partons in one dimension in momentum space

Transverse plane

↑

k+ = xP+

Longitudinal momentum
partons



Transverse Momentum Distributions
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TMDs describe the distribution of partons in three dimensions in momentum space

Transverse plane

↑

k+ = xP+

Longitudinal momentum
partons

Transverse 
momentum

~k?



Transverse Momentum Distributions

6

TMDs describe the distribution of partons in three dimensions in momentum space

Transverse plane

↑

k+ = xP+

Longitudinal momentum
partons

Transverse 
momentum

~k?



3D structure in momentum space

7
Unpolarized TMD: cylindrically symmetric
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3D structure in momentum space

7

With transverse spin: distortions can occur,  
encoded in Sivers TMD  
Requires presence of orbital angular momentumUnpolarized TMD: cylindrically symmetric
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Wigner distributions
(x,�k�,�b�)

Impact-parameter
distributions (x,�b�)

Transverse-momentum
distributions (x,�k�)

Parton distribution
functions (x)

see, e.g., C. Lorcé, B. Pasquini, M. Vanderhaeghen, JHEP 1105 (11) 

TMDs

PDFs

these two variables are NOT Fourier conjugate
~b? dependence

~k? dependence
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Recent review
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EPJ A (2016) 52 

http://link.springer.com/journal/10050/topicalCollection/AC_628286e999d9a60c9a780398df15f93d


The unpolarized TMD
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The unpolarized TMD

10

How “wide” is the distribution? 

Is there a difference between flavors?  

Does it get wider at low x?



Extracting TMDs
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Drell-Yan@

Z production@

Abbot et al. hep-ex/9909020 
Affolder et al. hep-ex/0001021 
Abazov et al. arXiv:0712.0803 
Aaltonen et al. arXiv:1207.7138 

Ito et al., PRD93 (81) 
Moreno et al. PRD 43 (91) 
Antreyan et al. PRL47 (81)
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Presently or soon available fits
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Framework HERMES COMPASS DY Z production N of points

KN 2006 
 hep-ph/0506225

NLL ✘ ✘ ✔ ✔ 98

Pavia 2013  
(+Amsterdam,Bilbao)  

 arXiv:1309.3507
No evo ✔ ✘ ✘ ✘ 1538

Torino 2014  
(+JLab)  

 arXiv:1312.6261
No evo ✔  

(separately)
✔  

(separately)
✘ ✘ 576 (H)  

6284 (C)

DEMS 2014  
arXiv:1407.3311  NNLL ✘ ✘ ✔ ✔ 223

EIKV 2014  
 arXiv:1401.5078 

NLL 1 (x,Q2) bin 1 (x,Q2) bin ✔ ✔ 500 (?)

Pavia 2016 NLL ✔ ✔ ✔ ✔ 8059

http://arxiv.org/abs/hep-ph/0506225
http://arxiv.org/abs/arXiv:1309.3507
http://arxiv.org/abs/arXiv:1407.3311
http://arxiv.org/abs/arXiv:1401.5078


The TMD “eight-thousander” fit
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8000 data points

Broad Peak, Karakorum, 8051 m



The TMD “eight-thousander” fit

14

8000 data points

Broad Peak, Karakorum, 8051 m

Pavia 2016 
!



Executive summary of Pavia 2016 results 1/3
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Total number of data points: 8059 

 
Total number of free parameters: 11  
(4 for TMD PDFs, 6 for TMD FFs, 1 for TMD evolution) 

 
Total χ2/dof = 1.52±0.03 
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where !Ng ¼ !! !Nr ¼ !!ð !ng þ !niÞ is used. The covariance
from the "no and " !!ni terms between bins k and l is
!!k !nkl þ !!l !nlk.
The ratio, Rg, of "

2N0
g to "

2Ngð¼ !NgÞ is the variance of
the model relative to the variance of only the produced
events. Figure 6 shows both the ratio and the scaling
correction factor as functions of PT. In the low PT bins,
!no and !ni are separately much larger than !ng. Their effects
are significant as Rg ¼ !!þ !no= !Ng.

For the uncertainty evaluations, the cross section is
rewritten as "# ¼ !!Nr=ðLA0Þ, where A0 % !!A & $. The
uncertainty on L is systematic and is considered sepa-
rately. Thus, the fractional uncertainty on "# is a combi-
nation of the fractional uncertainty of !!Nr and A0. The
fractional uncertainty of !!Nr is defined as the uncertainty
of !!Nr from the model ("NgÞ) divided by !! !Nrð¼ !NgÞ. The
correlation of these fractional uncertainties between PT

bins l and k is given by the fractional covariance matrix:
!Vlk=ð !Ngl

!NgkÞ, where !Vlk is the covariance matrix of the
model, and !Ngl and !Ngk are the !Ng of bin l and k, respec-
tively. The small acceptance fractional uncertainties are
added in quadrature to the diagonal part of the fractional
covariance matrix. The measured cross sections are used to
convert the unitless fractional matrix into units of cross
section squared, and this matrix is used to propagate
uncertainties for the total cross-section measurement
and for the comparison of a prediction with the measured
cross section.

C. Systematic uncertainties

The largest source of uncertainty is the effective inte-
grated luminosity, L. It has an overall uncertainty of 5.8%
that consists of a 4% uncertainty of the acceptance of the
gas Cherenkov luminosity detector [24] to p !p inelastic
collisions and a 4.2% measurement uncertainty. It is com-
mon to all PT bins and not explicitly included. The accep-
tance uncertainty is primarily from the uncertainty in the

beam line and detector geometry (material), and from
the uncertainty in the model of the inelastic cross section.
The inelastic cross-section model contributes 2% to the
acceptance uncertainty. The measurement uncertainty con-
tains the uncertainty of the absolute p !p inelastic cross
section.
The uncertainty on A & $ has a component from the

input electron efficiency measurements which depends
on %det and instantaneous luminosity. The simulation is
used to propagate these electron measurement uncertain-
ties into an uncertainty for the ee-pair PT and to include
correlations of the same measurements. The calculated
uncertainty is uniform and amounts to about 1% over
0<PT < 20 GeV=c. It slowly decreases at higher PT. A
large fraction of the uncertainty is due to plug-electron
measurement uncertainties. The fractional uncertainty de-
creases with PT because the fraction of plug events de-
creases. Because the same measurements are used on all
PT bins, the uncertainty is treated as fully correlated across
bins.
The calorimeter response modeling uncertainty analysis

is limited by the statistical precision of the simulated data.
At the peak of the PT distribution, the statistical uncer-
tainty is 0.3%. The variations on the central and plug
calorimeter global energy scale and resolutions tunings
allowed by the data propagate into changes of A & $ that
are no larger than its statistical uncertainty. These changes
are not independent.

D. Results

The Drell-Yan "#="PT for eþe' pairs in the Z-boson
mass region of 66–116 GeV=c2 is shown in Fig. 7 and
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FIG. 6. RgðPTÞ and !!ðPTÞ. The solid histogram is Rg, the bin
variance of the uncertainty model relative to the variance of the
produced events. The abrupt drops are where the bin size
changes. The lower, dashed histogram is !!.
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FIG. 7 (color online). The "#="PT cross section versus PT.
Cross-section values are plotted at the bin center. The horizontal
bars represent the bin extent and the vertical bars are the cross-
section uncertainties. The solid (black) crosses are the data and
all uncertainties except the integrated luminosity uncertainty are
combined and plotted. The solid (red) histogram is the RESBOS

calculation. The dash-dotted (blue) bars of the PT > 25 GeV=c
region are the FEWZ2 calculation. For the calculations, only
numerical uncertainties are included but they are too small to
be visible. The inset is the PT < 25 GeV=c region with a linear
ordinate scale.
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where !Ng ¼ !! !Nr ¼ !!ð !ng þ !niÞ is used. The covariance
from the "no and " !!ni terms between bins k and l is
!!k !nkl þ !!l !nlk.
The ratio, Rg, of "

2N0
g to "

2Ngð¼ !NgÞ is the variance of
the model relative to the variance of only the produced
events. Figure 6 shows both the ratio and the scaling
correction factor as functions of PT. In the low PT bins,
!no and !ni are separately much larger than !ng. Their effects
are significant as Rg ¼ !!þ !no= !Ng.

For the uncertainty evaluations, the cross section is
rewritten as "# ¼ !!Nr=ðLA0Þ, where A0 % !!A & $. The
uncertainty on L is systematic and is considered sepa-
rately. Thus, the fractional uncertainty on "# is a combi-
nation of the fractional uncertainty of !!Nr and A0. The
fractional uncertainty of !!Nr is defined as the uncertainty
of !!Nr from the model ("NgÞ) divided by !! !Nrð¼ !NgÞ. The
correlation of these fractional uncertainties between PT

bins l and k is given by the fractional covariance matrix:
!Vlk=ð !Ngl

!NgkÞ, where !Vlk is the covariance matrix of the
model, and !Ngl and !Ngk are the !Ng of bin l and k, respec-
tively. The small acceptance fractional uncertainties are
added in quadrature to the diagonal part of the fractional
covariance matrix. The measured cross sections are used to
convert the unitless fractional matrix into units of cross
section squared, and this matrix is used to propagate
uncertainties for the total cross-section measurement
and for the comparison of a prediction with the measured
cross section.

C. Systematic uncertainties

The largest source of uncertainty is the effective inte-
grated luminosity, L. It has an overall uncertainty of 5.8%
that consists of a 4% uncertainty of the acceptance of the
gas Cherenkov luminosity detector [24] to p !p inelastic
collisions and a 4.2% measurement uncertainty. It is com-
mon to all PT bins and not explicitly included. The accep-
tance uncertainty is primarily from the uncertainty in the

beam line and detector geometry (material), and from
the uncertainty in the model of the inelastic cross section.
The inelastic cross-section model contributes 2% to the
acceptance uncertainty. The measurement uncertainty con-
tains the uncertainty of the absolute p !p inelastic cross
section.
The uncertainty on A & $ has a component from the

input electron efficiency measurements which depends
on %det and instantaneous luminosity. The simulation is
used to propagate these electron measurement uncertain-
ties into an uncertainty for the ee-pair PT and to include
correlations of the same measurements. The calculated
uncertainty is uniform and amounts to about 1% over
0<PT < 20 GeV=c. It slowly decreases at higher PT. A
large fraction of the uncertainty is due to plug-electron
measurement uncertainties. The fractional uncertainty de-
creases with PT because the fraction of plug events de-
creases. Because the same measurements are used on all
PT bins, the uncertainty is treated as fully correlated across
bins.
The calorimeter response modeling uncertainty analysis

is limited by the statistical precision of the simulated data.
At the peak of the PT distribution, the statistical uncer-
tainty is 0.3%. The variations on the central and plug
calorimeter global energy scale and resolutions tunings
allowed by the data propagate into changes of A & $ that
are no larger than its statistical uncertainty. These changes
are not independent.

D. Results

The Drell-Yan "#="PT for eþe' pairs in the Z-boson
mass region of 66–116 GeV=c2 is shown in Fig. 7 and
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FIG. 6. RgðPTÞ and !!ðPTÞ. The solid histogram is Rg, the bin
variance of the uncertainty model relative to the variance of the
produced events. The abrupt drops are where the bin size
changes. The lower, dashed histogram is !!.
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FIG. 7 (color online). The "#="PT cross section versus PT.
Cross-section values are plotted at the bin center. The horizontal
bars represent the bin extent and the vertical bars are the cross-
section uncertainties. The solid (black) crosses are the data and
all uncertainties except the integrated luminosity uncertainty are
combined and plotted. The solid (red) histogram is the RESBOS

calculation. The dash-dotted (blue) bars of the PT > 25 GeV=c
region are the FEWZ2 calculation. For the calculations, only
numerical uncertainties are included but they are too small to
be visible. The inset is the PT < 25 GeV=c region with a linear
ordinate scale.
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Width of TMDs changes of one order of magnitude: we can explain this with TMD evolution
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• It has to be such that

lim
bT→0

F̃NP
q/N = 1 , (2.33)

in order to guarantee that the perturbative series is not altered where its convergence

properties are sound.

We have not included a dependence on x, as data eventually do not need such correction

and to keep the model simple enough. In eq. (2.33) we are assuming that the values of x

are not extremely small (say x > 10−3), in which case the whole TMD formalism should

be re-considered.

We have studied several parametrizations of the non-perturbative part (Gaussian, poly-

nomial, etc.) and the final one which better provides a good fit of the data, with the

minimum set of parameters and DNP = 0, is

F̃NP
q/N (x, bT ;Q) = e−λ1bT

(
1 + λ2b

2
T

)
. (2.34)

As discussed below in the text the data for Z-boson production are basically sensitive just

to the parameter λ1, that is to the exponential factor and not to the second power-like term

that, controlling the large-bT region, is more sensitive to small-qT data. The global fit so

performed allows to fix, to a certain precision, the value of this non-perturbative constant.

In other words, this fit can be used to fix the amount of non-perturbative QCD corrections

in the transverse momentum spectra. As commented above, the parameter λ2 corrects the

behavior of the TMDPDF at high values of bT and results necessary to describe the data

at low dilepton invariant mass and low qT .

Considering now a nonzero DNP, this results in a Q-dependent factor in the non-

perturbative model (see the studies of refs. [23, 24] and more recently refs. [5, 8]). Thus,

from eqs. (2.31) and (2.34), by setting DNP = λ3b2T /2, we have

F̃NP
q/N (x, bT ;Q) = e−λ1bT

(
1 + λ2b

2
T

)(Q2

Q2
0

)−λ3
2 b2T

. (2.35)

We anticipate here that the sensitivity of the data to this extra factor with λ3 is not

very strong, although we observe an improvement in the χ2. This is a consequence of the

fact that the fully resummed D function is actually valid on a region of impact parameter

space which is broad enough for the analysis of the sets of available data (notice that we

have in all cases a dilepton invariant mass Q > 4GeV). It might be that at lower values

of Q such corrections could be more significant. On the other hand one expects that also

the factorization theorem should be revised when the values of Q become of the order

of the hadronization scale. It is then possible that the non-perturbative corrections to

the evolution kernel happen there where the basic hypothesis of the factorization theorem

(Q ≫ qT ∼ ΛQCD ∼ O(1 GeV)) become weaker and so are more difficult to extract. A

more detailed study in this direction is beyond the scope of this paper.

Finally in figure 2 we show the effect of the model of eq. (2.34) on the TMDPDF at

low scale, Q = 2GeV, where we expect that its impact is more substantial. We see that the
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lidity of the W -term approximation does not end at a
sharp point in qT, and thus a smooth function character-
izes general physical expectations. A reasonable choice
is

Ξ

(

qT
Q

, η

)

= exp

[

−

(

qT
ηQ

)aΞ
]

, (39)

with aΞ > 2.
The only differences between the old and new W -term

are: i) the use of bc(bT) rather than bT in W̃ , and ii) the
multiplication by Ξ(qT/Q, η). (The second modification
was proposed by Collins in Ref. [4, Eq. (13.75)]. There Ξ
is called F (qT/Q).) Equation (38) matches the standard
definition in the limit that C5 and η approach infinity.
Finally, we will present a fully optimized formula for

WNew(qT, Q; η, C5) corresponding to the one for the orig-
inal W (qT, Q) in Eq. (35).
But first it will be convenient to construct some auxil-

iary results.
Naturally, b∗ is to be replaced by

b∗(bc(bT)) =

√

b2T + b20/(C
2
5Q

2)

1 + b2T/b
2
max + b20/(C

2
5Q

2b2max)
. (40)

Also we define

bmin ≡ b∗(bc(0)) =
b0

C5Q

√

1

1 + b20/(C
2
5Q

2b2max)
. (41)

Then, for large enough Q and bmax

bmin ≈
b0

C5Q
. (42)

Thus, bmin decreases like 1/Q, in contrast to bmax which
remains fixed. Note also that

b∗(bc(bT)) −→

⎧

⎪

⎨

⎪

⎩

bmin bT ≪ bmin

bT bmin ≪ bT ≪ bmax

bmax bT ≫ bmax .

(43)

For bT ≪ 1/Q, b∗(bc(bT)) ≈ b∗(bT). Instead of µb∗ , we
will ultimately use the scale

µ̄ ≡
C1

b∗(bc(bT))
(44)

to implement renormalization group improvement in
TMD correlation functions. There is a maximum cut-
off on the renormalization scale equal to

µc ≡ lim
bT→0

µ̄ =
C1C5Q

b0

√

1 +
b20

C2
5 b

2
maxQ

2
≈

C1C5Q

b0
.

(45)
The approximation sign corresponds to the limit of large
Qbmax. Note that,

bminµc = C1 . (46)

The steps for finding a useful formula for the evolved WNew(qT, Q; η, C5) are as follows. Equation (32) becomes

WNew(qT, Q; η, C5) = Ξ

(

qT
Q

, η

)
∫

d2bT
(2π)2

eiqT·bTW̃NP(bc(bT), Q)W̃ (b∗(bc(bT)), Q) . (47)

Now the definition of W̃ (bT, Q) is unchanged, and only the bT → bc(bT) replacement is new. Therefore instead of
Eq. (35) we simply need

W̃ (bc(bT), Q) = H(µQ, Q)
∑

j′i′

∫ 1

xA

dx̂

x̂
C̃pdf

j/j′ (xA/x̂, b∗(bc(bT)); µ̄
2, µ̄,αs(µ̄))fj′/A(x̂; µ̄)×

×

∫ 1

zB

dẑ

ẑ3
C̃ff

i′/j(zB/ẑ, b∗(bc(bT)); µ̄
2, µ̄,αs(µ̄))dB/i′ (ẑ; µ̄)×

× exp

{

ln
Q2

µ̄2
K̃(b∗(bc(bT)); µ̄) +

∫ µQ

µ̄

dµ′

µ′

[

2γ(αs(µ
′); 1)− ln

Q2

µ′2
γK(αs(µ

′))

]}

× exp

{

−gA(xA, bc(bT); bmax)− gB(zB, bc(bT); bmax)− 2gK(bc(bT); bmax) ln

(

Q

Q0

)}

. (48)

This is the same as Eq. (35) except that b∗(bc(bT)) and µ̄ = C1/b∗(bc(bT)) are used instead of b∗(bT) and
µb∗ = C1/b∗(bT). Note that gK(bc(bT); bmax) depends on Q through bc, albeit only for bT ! 1/Q. For bT ≫ 1/Q,
gK(bc(bT); bmax) → gK(bT; bmax). Also, gK(bc(bT); bmax) does not vanish exactly as bT → 0 but instead approaches a
power of 1/Q.
Up to this point, we have introduced two new parameters, η and C5, in the treatment of the W -term.
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inal W (qT, Q) in Eq. (35).
But first it will be convenient to construct some auxil-

iary results.
Naturally, b∗ is to be replaced by

b∗(bc(bT)) =

√

b2T + b20/(C
2
5Q

2)

1 + b2T/b
2
max + b20/(C

2
5Q

2b2max)
. (40)

Also we define

bmin ≡ b∗(bc(0)) =
b0

C5Q

√

1

1 + b20/(C
2
5Q

2b2max)
. (41)

Then, for large enough Q and bmax

bmin ≈
b0

C5Q
. (42)

Thus, bmin decreases like 1/Q, in contrast to bmax which
remains fixed. Note also that

b∗(bc(bT)) −→

⎧

⎪

⎨

⎪

⎩

bmin bT ≪ bmin

bT bmin ≪ bT ≪ bmax

bmax bT ≫ bmax .

(43)

For bT ≪ 1/Q, b∗(bc(bT)) ≈ b∗(bT). Instead of µb∗ , we
will ultimately use the scale

µ̄ ≡
C1

b∗(bc(bT))
(44)

to implement renormalization group improvement in
TMD correlation functions. There is a maximum cut-
off on the renormalization scale equal to

µc ≡ lim
bT→0

µ̄ =
C1C5Q

b0

√

1 +
b20

C2
5 b

2
maxQ

2
≈

C1C5Q

b0
.

(45)
The approximation sign corresponds to the limit of large
Qbmax. Note that,

bminµc = C1 . (46)

The steps for finding a useful formula for the evolved WNew(qT, Q; η, C5) are as follows. Equation (32) becomes

WNew(qT, Q; η, C5) = Ξ

(

qT
Q

, η

)
∫

d2bT
(2π)2

eiqT·bTW̃NP(bc(bT), Q)W̃ (b∗(bc(bT)), Q) . (47)

Now the definition of W̃ (bT, Q) is unchanged, and only the bT → bc(bT) replacement is new. Therefore instead of
Eq. (35) we simply need

W̃ (bc(bT), Q) = H(µQ, Q)
∑

j′i′

∫ 1

xA

dx̂

x̂
C̃pdf

j/j′ (xA/x̂, b∗(bc(bT)); µ̄
2, µ̄,αs(µ̄))fj′/A(x̂; µ̄)×

×

∫ 1

zB

dẑ

ẑ3
C̃ff

i′/j(zB/ẑ, b∗(bc(bT)); µ̄
2, µ̄,αs(µ̄))dB/i′ (ẑ; µ̄)×

× exp

{

ln
Q2

µ̄2
K̃(b∗(bc(bT)); µ̄) +

∫ µQ

µ̄

dµ′

µ′

[

2γ(αs(µ
′); 1)− ln

Q2

µ′2
γK(αs(µ

′))

]}

× exp

{

−gA(xA, bc(bT); bmax)− gB(zB, bc(bT); bmax)− 2gK(bc(bT); bmax) ln

(

Q

Q0

)}

. (48)

This is the same as Eq. (35) except that b∗(bc(bT)) and µ̄ = C1/b∗(bc(bT)) are used instead of b∗(bT) and
µb∗ = C1/b∗(bT). Note that gK(bc(bT); bmax) depends on Q through bc, albeit only for bT ! 1/Q. For bT ≫ 1/Q,
gK(bc(bT); bmax) → gK(bT; bmax). Also, gK(bc(bT); bmax) does not vanish exactly as bT → 0 but instead approaches a
power of 1/Q.
Up to this point, we have introduced two new parameters, η and C5, in the treatment of the W -term.

Collins et al., arXiv:1605.00671 

see, e.g., Bozzi, Catani, De Florian, Grazzini  
hep-ph/0302104  

http://arxiv.org/abs/hep-ph/0302104
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Justification: the modification is allowed because it affects a region where the TMD formalism is anyway 
unreliable (high transverse momentum), and allows us to recover the integrated cross-section (unitarity 
constraint) instead of leading to infinite results.

http://arxiv.org/abs/hep-ph/0302104
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These are all choices that should be  

at some point checked/challenged
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We made the following choices for the nonperturbative terms
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with We choose the following functional form for the average square transverse momentum of flavor a:
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(ẑ), and ẑ = 0.5. (15)

The free parameters �, �, and � are equal for all kinds of fragmentation functions.

III. DATA SELECTION

HERMES HERMES HERMES HERMES

p! ⇡

+

p! ⇡

�

p! K

+
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�

Reference [? ]
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Q
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> 1.4 GeV2

0.2 < z < 0.7

PhT < Min[0.2 Q, 0.6 Qz] + 0.5 GeV

Points 188 186 187 185

Max. Q

2 9.2 GeV2

x range 0.06 < x < 0.4

Notes

�

2

/points 4.24 3.49 0.63 1.00

TABLE I: Semi-inclusive DIS proton-target data

IV. RESULTS

V. CONCLUSIONS AND OUTLOOK
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(ẑ� + �) (1� ẑ)�
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(ẑ), and ẑ = 0.5. (15)

The free parameters �, �, and � are equal for all kinds of fragmentation functions.

III. DATA SELECTION

HERMES HERMES HERMES HERMES

p! ⇡

+

p! ⇡

�

p! K

+

p! K

�

Reference [? ]

Cuts

Q

2

> 1.4 GeV2

0.2 < z < 0.7

PhT < Min[0.2 Q, 0.6 Qz] + 0.5 GeV

Points 188 186 187 185

Max. Q

2 9.2 GeV2

x range 0.06 < x < 0.4

Notes

�

2

/points 4.24 3.49 0.63 1.00

TABLE I: Semi-inclusive DIS proton-target data

IV. RESULTS

V. CONCLUSIONS AND OUTLOOK

Acknowledgments

This work is supported by the European Research Council (ERC) under the European Union’s Horizon 2020
research and innovation programme (grant agreement No. 647981, 3DSPIN). The work of AS is part of the program
of the Stichting voor Fundamenteel Onderzoek der Materie (FOM), which is financially supported by the Nederlandse
Organisatie voor Wetenschappelijk Onderzoek (NWO).

x-dependent width

Fragmentation function is similar  
Including TMD PDFs and FFs, in total: 11 free parameters 
(4 for TMD PDFs, 6 for TMD FFs, 1 for TMD evolution) 
 



Data selection
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Q2 > 1.4 GeV2

0.2 < z < 0.7

PhT , qT < Min[0.2 Q, 0.7 Qz] + 0.5 GeV



Data selection
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Total number of data points: 8059 
Total χ2/dof = 1.52  

Preliminary

Q2 > 1.4 GeV2

0.2 < z < 0.7

PhT , qT < Min[0.2 Q, 0.7 Qz] + 0.5 GeV



Data vs. theory plots
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χ2/dof = 4.80  
 

The worst of all channels…
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35

χ2/dof = 4.80  
 

The worst of all channels…

However normalizing the theory 
curves to the first bin, without 
changing the parameters of the fit, 
χ2/dof becomes good
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the peak was at 0.4 GeV and now is at 1 GeV
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Anti correlation between transverse momentum in TMD PDFs and in TMD FFs, in spite of Drell-Yan data
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In TMD distribution functions In TMD fragmentation functions

Boglione, Mulders,  
PRD 60 (1999)
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Nonperturbative evolution parameters

42

g2 (GeV2) bmax(GeV-1)

BLNY 2003 0.68 ± 0.02 0.5

KN 2006 0.184 ± 0.018 1.5

EIKV 2014 0.18 1.5

Pavia 2016 0.12 ± 0.01 1.123

TMD evolution is not uniquely determined by pQCD calculations. Nonperturbative input is needed to 
determine evolution precisely. Different schemes may behave differently.
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Nonperturbative evolution parameters

42

g2 (GeV2) bmax(GeV-1)

BLNY 2003 0.68 ± 0.02 0.5

KN 2006 0.184 ± 0.018 1.5

EIKV 2014 0.18 1.5

Pavia 2016 0.12 ± 0.01 1.123

Faster evolution: transverse momentum 
increases faster due to gluon radiation

Slower evolution: the effect of gluon 
radiation is weaker

TMD evolution is not uniquely determined by pQCD calculations. Nonperturbative input is needed to 
determine evolution precisely. Different schemes may behave differently.
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The key asset of a polarized EIC: the kinematic coverage

[Figure taken from EPJA 52 (2016) 268]

Emanuele R. Nocera (Oxford) Unpolarized and polarized PDFs at an EIC November 14, 2016 23 / 33

from EIC white paper EPJA 52 (2016)
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To test the formalism, we would need more data covering the same x range and spanning over a large 
range in Q2. Data from JLab and Drell-Yan would be very important.  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To test the formalism, we would need more data covering the same x range and spanning over a large 
range in Q2. Data from JLab and Drell-Yan would be very important.  

More Drell-Yan?
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To test the formalism, we would need more data covering the same x range and spanning over a large 
range in Q2. Data from JLab and Drell-Yan would be very important.  

More Drell-Yan?TMD factorization 
-breaking process



Recent 3He data from JLab Hall A
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FIG. 17. (color online). 2D binning cross section for π+ channel. The red circles are from the data. The black solid lines are
from the model including the structure functions FUU , F

cos φh

UU and F cos 2φh

UU with parameters ⟨k2
⊥⟩ and ⟨p2⊥⟩ from stand-alone

data fitting. The blue dashed lines are from the model including only the structure functions FUU with parameters ⟨k2
⊥⟩ and

⟨p2⊥⟩ from fitting the data of this work only. The error bars represent the statistical uncertainties of the data. The error band
on the bottom of each panel represents the experimental systematic uncertainty.
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FIG. 18. (color online). 2D binning cross section for π− channel. The definitions of the markers, the lines and the bands are
the same as the figure above for π+ channel.

Yan et al., arXiv:1610.02350

Not included in the present fits on the ground that it is at 6 GeV: needs to be checked!

http://arxiv.org/abs/arXiv:1610.02350
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To test the formalism, we would need more data covering the same x range and spanning over a large 
range in Q2. Data from JLab and Drell-Yan would be very important.  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The key asset of a polarized EIC: the kinematic coverage

[Figure taken from EPJA 52 (2016) 268]

Emanuele R. Nocera (Oxford) Unpolarized and polarized PDFs at an EIC November 14, 2016 23 / 33

from EIC white paper EPJA 52 (2016)
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To test the formalism, we would need more data covering the same x range and spanning over a large 
range in Q2. Data from JLab and Drell-Yan would be very important.  

We need the Electron Ion Collider
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Conclusions

• We demonstrated for the first time that it is possible to fit simultaneously SIDIS, DY, and Z boson 
data

• We extracted unpolarized TMDs using several thousand data points

• The TMD framework seems to hold pretty well

• Most of the discrepancies come from the normalisation

• Y terms still to be implemented
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Drell-Yan + Z production data (DEMS 2014)
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D’Alesio, Echevarria, Melis, Scimemi, JHEP 1411 (14)
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FIG. 3. Comparison of our theoretical estimates for (1/�) d�/dqT with Tevatron data [14–18]. The results are obtained from
the global fit with DNP = 0 (Eq. (36)), Qi = Q

0

+ qT , at NLL accuracy with collinear PDFs at NLO (left panel), and NNLL
accuracy with NNLO PDFs (right panel). For the collinear PDFs we use the MSTW08 set [31].

10-40

10-39

10-38

10-37

10-36

10-35

10-34

 0  0.5  1  1.5  2

E
 d

3
σ

/d
3
p
 [
cm

2
/G

e
V

2
]

qT [GeV]

E288 pN El= 200 GeV, √s=19.4 GeV, y=0.4

4<M<5 GeV
5<M<6 GeV
6<M<7 GeV
7<M<8 GeV
8<M<9 GeV

 

 

 

 

 

 

 

 0  0.5  1  1.5  2

 

qT [GeV]

NLL-NLO

E288 pN El= 300 GeV, √s=23.8 GeV, y=0.21

4<M<5 GeV
5<M<6 GeV
6<M<7 GeV
7<M<8 GeV
8<M<9 GeV

 

 

 

 

 

 

 

 0  0.5  1  1.5  2

 

qT [GeV]

E288 pN El= 400 GeV, √s=27.4 GeV, y=0.03

5<M<6 GeV
6<M<7 GeV
7<M<8 GeV
8<M<9 GeV

11<M<12 GeV
12<M<13 GeV
13<M<14 GeV

10-40

10-39

10-38

10-37

10-36

10-35

10-34

 0  0.5  1  1.5  2

E
 d

3
σ

/d
3
p
 [
cm

2
/G

e
V

2
]

qT [GeV]

E288 pN El= 200 GeV, √s=19.4 GeV, y=0.4

4<M<5 GeV
5<M<6 GeV
6<M<7 GeV
7<M<8 GeV
8<M<9 GeV

 

 

 

 

 

 

 

 0  0.5  1  1.5  2

 

qT [GeV]

NNLL-NNLO

E288 pN El= 300 GeV, √s=23.8 GeV, y=0.21

4<M<5 GeV
5<M<6 GeV
6<M<7 GeV
7<M<8 GeV
8<M<9 GeV

 

 

 

 

 

 

 

 0  0.5  1  1.5  2

 

qT [GeV]

E288 pN El= 400 GeV, √s=27.4 GeV, y=0.03

5<M<6 GeV
6<M<7 GeV
7<M<8 GeV
8<M<9 GeV

11<M<12 GeV
12<M<13 GeV
13<M<14 GeV
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Figure 3. Comparison of our theoretical estimates for (1/σ) dσ/dqT with Tevatron data [14–18].
The results are obtained from the global fit with DNP = 0 (eq. (2.34)), Qi = Q0 + qT , at NLL
accuracy with collinear PDFs at NLO (left panel), and NNLL accuracy with NNLO PDFs (right
panel). For the collinear PDFs we use the MSTW08 set [31].
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Figure 4. Comparison of our theoretical estimates for d3σ/d3q with E288 at three different ener-
gies [11]. The results are obtained from the global fit with DNP = 0 (eq. (2.34)), Qi = Q0 + qT ,
at NLL accuracy with collinear PDFs at NLO (upper panels) and at NNLL accuracy with NNLO
PDFs (lower panels). For the collinear PDFs we use the MSTW08 set [31].

unaffected by the higher order contributions being the same in both approximation, while

λ1 presents some differences even if within the relative errors. The technical reason for

this shift is the appearance at NNLL of the one-loop contribution of the coefficients Ĉ as

outlined in table 1 and visible also in figure 1. We expect that higher order contributions

on this coefficients would stabilize the result.

– 18 –

The fit implements TMD evolution at Next-to-Next-to-Leading log (state of the art)  
Several choices are peculiar to this fit and not “standard” 
The agreement with data is excellent (χ2/dof = 1.10)
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mHx,z,PhT ,Q2L, proton target

Xx\~0.15
XQ2\~2.9 GeV2

0.0 0.4 0.8
PhT
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0.27<z<0.30
0.38<z<0.48

Example of original data

two targets

4 final hadrons

5 x bins

7 z bins
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mHx,z,PhT ,Q2L, proton target

Xx\~0.15
XQ2\~2.9 GeV2
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0.27<z<0.30
0.38<z<0.48

Data are replicated (with Gaussian distribution)
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The fit is performed on the replicated data
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mHx,z,PhT ,Q2L, proton target

Xx\~0.15
XQ2\~2.9 GeV2
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The procedure is repeated 200 times
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mHx,z,PhT ,Q2L, proton target
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XQ2\~2.9 GeV2
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0.38<z<0.48

For each point, a central 68% confidence interval is identified


